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lpeducnosue

OCHOBHOM TpeaMeT KHUTM — TEOopus alNrOpUTMOB — HBIHE
oO0IIeNpU3HAHHO SIBISETCS AUCLHUIIMHOM, 00pa3yoeil TeopeTnaecKuit
(GyHIAMEHT IS CO3JaHUS BBIYMCIUTEIBHBIX M YIPABISAIOMINX CHCTEM.
B »5TOil CBSI3M MHTEpEC K OCHOBaM JTOM TEOpUM BO3HUKAET IIPU
W3yYeHHH MHOTMX pa3/eloB COBPEMEHHOM M  KJIaCCHYECKOH
mareMaTukd. OCHOBHOE BHUMAaHHUE YIEJEHO crocobaM (opMalbHOro
MPEJCTaBIEHUS]  aNrOpuTMOB  (MammHBI  THIOpWHTA,  AITOPUTMBI
MapkoBa, pekypcHBHbIE (QYHKIIUH).

PaccmoTpenHble B KHHUre (parMeHTHl TEOpPHH OECKOHEUHBIX
MHOXKECTB, a TakXX€ BO3HHMKAIOIIME B CBS3M C OTHM IapajioOKCHI,
MpU3BaHbBl  PACHIMPUTh MaTEMaTHUECKyl0 IIHPOTYy  BOCHPHUATHUSA
a0CTPaKTHOTO MTOATOTOBJICHHBIM YUTATEIIEM.

Psn BompocoB, CBs3aHHBIX € HpoOJIeMaMH aIrOPUTMUYECKOM
HEepa3peIIMOCTH, BKIIIOYEH B JJAHHYIO KHUTY C TOH e LEeJbIo.

Hacrosimass kHura Bo3HHMKJIAa B pe3yjibraTre  o0paboTKu
KOHCIEKTOB JIEKIIMH IO TEOPHH aJITOPUTMOB, YHUTABIIHUXCS aBTOPOM C
2003 roma B  MOCKOBCKOM HHXXE€HEPHO-(DM3MYECKOM  HHCTUTYTE
(rocynapcTBeHHOM yHUBepcuTere). OCHOBHOM JIEKIIMOHHBIN MaTepHual
chopMUpOBaIICs B pe3ysbTaTe OOIIEHUS C BBIIAIOIINAMCS MaTeMAaTHKOM,
¢unocodbom wW  wmccumemopareneM, —TpodeccopoM M TPOCTO
YIAUBUTENBHBIM 10 CBOEH AYLIEBHOM TEILIOTE 4el0BEKOM, 1loBapoBBIM
I'ennem Hukomnaesuuem.

[Mamsti mpod. IToBapora I'.H. mocBsmaercs nannas KHATA.



BeedeHue

Eme Ha caMbIX paHHUX CTYINEHSX pPa3BUTHS MaTeMaTWKUA B HEH
CTalld BO3HHMKATh PA3JIMYHBIE BBIYHCIUTEIbHBIE IPOLECCHl YHCTO
MexaHndecKkoro xapakrepa. C UX IMOMOIIbI0 UCKOMBIE BEJIHMUWHBI pPsaa
3a7a4 BBIYMCIUIMCH M3 HCXOJAHBIX BEJIMYMH 1O OIpPEIeIICHHBIM
npaBwiaM M HHCTpYKIusM. Co BpeMeHeM Bce TakHe MpoIecch B
MaTeMaTHKe MOTyYNIIH Ha3BaHUE allTOPUTMOB.

[lepBoHayambHO TEOpHsSI ANTOPUTMOB BO3HHKJIA B CBSI3U C
BHYTPEHHUMH MOTPeOHOCTAMHU TEOPETUIECKON MaTEeMaTHKH.
Maremarnyeckas JIOTMKa, anreOpa, TE€OMETpUsS U aHAIN3 SBISIOTCS
OCHOBHBIMHU 00JTACTAMU MPUIIOKEHHUS TEOPHUH aJTOPUTMOB.

Hpyras o6iacte TeOpuU anropuTMoB Bo3HHKIA B 1940-x romax B
CBS3U c CO3JIaHHEM OBICTPOACHCTBYIOIINX 3IIEKTPOHHBIX
BBIYMCIUTENIBHBIX W ynpapistomux wmamuH. [logasienue 3SBM
CIOCOOCTBOBANIO PAa3BUTHIO TEOPHU aJTOPUTMOB, BBI3BAJIO K IKH3HU
pa3zmensl 3ToH Teopuu (aNrOPUTMUYECKUE CHCTEMBI H alTOPUTMUYECKHUE
SI3BIKH), UMEIONIHNE SPKO BHIPAKCHHYIO TPUKIAJHYIO HAIPABICHHOCTS.
Haxkoner, Teopusi aaropuTMOB OKa3allaCh TECHO CBS3aHHOH U C PIIOM
oOmacTeil  JIMHTBUCTHKH, OKOHOMHKH, (HU3HOJIOTMHM  MO3ra H
TICUXOJIOTUH, PUITOCO(UH, €CTECTBO3HAHUS.

3amaua  HAXOXACHWS  eAMHOOOpa3HOH  (OpMBI  3alHCH
ITOPUTMOB, PpEIIAIONINX pa3IMYHbIC 3a]aud, SIBISETCS OJHOW U3
OCHOBHBIX 33/1ad TEOPHH AITOPUTMOB. B Hacrosmeld kuHure OymyT
PacCMOTPEHBI Sy IOIINE TTOAXObI:

® OIpeNeIeHne aNrOpUTMa dYepe3 TOHSATHE BBIYHCIUTEIHHON
MaIuHbI (MamyHbl ThIOpUHTA, TpeaoxkeHo Triopuarom B 1937 rony);

e OIpeNeIeHrEe alTOpUTMa Yepe3 MpoIenypy mnepepaboTKH CIOB
MO 3aJaHHBIM TpaBWiaM (HOpDMalbHBIE  alTOPUTMBI, TPEIT0KEHBI
MapxkoBsiM B 1956 rony);

® ONpezAeeHUEe aNropuTMa 4Yepe3 PEeKypPCUBHYIO (DYHKIHIO
(mpennoxxeno Knuan u I'enenem B 1936 rony).

Kak BBIICHWIIOCH, BCE OTH TOHSITHS OKBHUBAJICHTHBI, 4YTO B
HEKOTOPOH CTENEeHHU CBHJCTEIBCTBYET O NPAaBHILHOM HaIPaBICHUH
WCCIIEJIOBAaHMH B 3TOM 00JIaCTH.



Nnaea 1. PopmasnbHbIe onucaHusi afi2c0pummos

§ 1.1. AaropuTmbl: onpeiesieHie U OCHOBHbIE CBOIiCTBA

ITonsaTue ajropurtMa ABJIACTCA OAHUM M3 OCHOBHBIX MMOHATHH
coBpeMeHHON MaremaTukud. Camo CcIIOBO “‘anroputm”  sBISETCS
MPOU3BOAHBIM OT MMEHH CpellHea3uaTCKOro y4deHoro Anb Xope3mu,
ypOsKeHI1a XHUBbI, KHUBIIETO B [X Beke Halel spbl.

UtoObI WMETh BO3MOXKHOCTH 0OoJiee  yBEpPEHHO pemaTh
AJITOPUTMUYICCKUC 3aJa4yd, BO3HUKAIOIIHME B PA3JIMYHBIX pas3aciax
TEOPETHYECKON W TPUKIAJAHON MaTeMaTHKH, HEOOXOAWMO HWMETh
JIOCTATOYHO Pa3BHUTYIO TEOPHIO aJTOPUTMOB.

Anzopumm — 3mo mouHoe npeonucaHue 0 bINOJIHEHUU 6
HEKOMopoM Nopsoke cucmemvl onepayuil, Onpeoensouux
npoyecc nepexooa Om UCXOOHBIX OAHHBIX K UCKOMOMY
pe3ynbmamy OJis peuleHus 3a0auu 0aHHO20 Muna.

DTO TMOHATHE OTHOCUTCI K HCXOJHBIM MAaTeMaTHYECKHM
MOHSATHUSAM, KOTOPBIE HE MOTYT OBITh ONpPEACICHBI Yepe3 Apyrue, domuee
mpocThle TOHATHA. MHOrma Takoe WM TOJOOHOE OIpeaeicHue
HAa3BIBAIOT UHMYUMUBHBIM, T.€. TIOHATHBIM U3 OIIBITA.

[Ipenmucanue cuuTaeTcs aJIrOPUTMOM, €CIA OHO oO0JamaeT
CIIETYFOIIUMU C8OLICHEAMU:

® OIIPENICICHHOCTRIO, TO €CTh OOIIEIOHATHOCTRI0 W TOYHOCTBIO,
HE OCTaBJIIONIMMH MECTO TIPOU3BOITY,

® MacCOBOCTBIO, TO €CTb BO3MOJKHOCTBIO HCXOIHWTHL W3
MEHSIONINXCS B M3BECTHBIX Tpe/eliaX 3HAUCHUH UCXOAHBIX JaHHBIX,

® PE3yJIbTaTUBHOCTBIO, TO €CTh HAMNPABICHHOCTHIO HA MOJMyYCHUE
MCKOMOTO pPe3yJbTara,

® 3JIEMEHTAPHOCTHIO  IMAaroB, Ha  KOTOphle  pa30OuBaeTcs
MTOCJICTOBATEIFHOCTE OTIEPaITnid.

Kaxnpiii  anroputM, B 0O0IIeM cioy4ae, JOJDKCH 3aJlaBaThCs
CIIEIYFOIIUMU TTapaMeTpamMHu:

® MHOXECTBOM JIOIYCTUMBIX HCXOJHBIX JaHHBIX,
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Ha4daJlbHbIM COCTOSIHHEM,

MHOXXCCTBOM OOIMYCTUMBIX ITPOMEIKYTOYHBIX COCTOﬂHHﬁ,

NpaBUIaMU [IEPEeXo/1a U3 OAHOTO COCTOSHUS B PYTOE,

MHO>KCCTBOM KOHCYHBIX PE3YJILTATOB,

KOHCYHBIM COCTOSHUEM.

[lepeuncieHHBIX CBOMCTB BIIOJHE AOCTaTOYHO, YTOOBI MOXHO
OBLIO OMpeaACINThb, SABIACTCA JIM JAHHOC KOHKPETHOC IIPEAIIMCAaHNC
AJITOPUTMOM.

Ha npoTsi>keHur MHOTHX BEKOB MOHSATHE aJTOPUTMA CBS3BIBAJIOCH
C YUCIIAMHM U OTHOCHTENBHO IPOCTHIMHM ACHCTBHSIMHU Hal HUMH, Ja U
caMa MaTeMaTHhKa OblIa, 1Mo OOJNBIIEH YacTH, HAYKOH O BBIYHCIICHHSIX,
HayKo#l mpukianHod. Yaiie Bcero aaropuTMbl MPEACTaBISUINCH B BUAE
MaTteMaTudeckux ¢Gopmyi. Ilopsnok sneMeHTapHBIX IIAroB aaropuTMa
3aJaBajicid pPAacCTaHOBKOW CKOOOK, a camMH IIard 3akKiIlovaliuch B
BBIIIOJTHEHUH apHU(QMETHYECKHX OIlepaluii W omnepanuil OTHOLICHHS
(mpoBepkH paBEHCTBA, HEPABEHCTBA U T.A.). YacTo BRIMHMCICHUS OBLIM
TPOMO3AKHMY, @ BBIYMCICHUS BPYYHYIO — TpPYNOEMKHMH, HO CYTb
CaMOI0 BBIYHUCIUTEJIBHOIO IIpPOLlecCa OCTaBalach OYEBUIHOW. VY
MaTeMaTHKOB HE BO3HUKaNa IMOTPEOHOCTh B OCO3HAHUM W CTPOTOM
OIpeleNIeHNH TIOHATHS ajropuT™Ma, B ero obobmennu. Ho ¢ passutuem
MAaTEMAaTUKH IIOABIAIIMCH HOBBIC O6’beKTBI, KOTOPBIMU TIPUXOOUIIOCH
OmepupoBaTh: BEKTOPHI, Tpadbl, MaTpUIbl, MHOXecTBa M Ap. Kak
OIpeNeJINTh U1l HUX OJHO3HAYHOCTh WJIM KaK yCTaHOBUTH KOHEYHOCTD
aNropuTMa, KaKWe IIard cyuTarth aneMeHTapHeiMu? B 1920-x romax
3ajaya TOYHOTO ONpEJAENCHUs TOHITUS aNrOpHTMa CTana ONHOW W3
LHEHTPaJbHBIX MpoOeM MaTeMaTWKd. B TO BpeMs CyLIecTBOBajO ABE
TOYKH 3PEHHsI Ha MaTeMaTHYECKUE IPOOIEMBI:

e Bce mpo0ieMbl anrOpUTMUYECKH PAa3pelINMbl, HO I HEKOTOPHIX
ANTOPUTM elle He HaiilleH, TIOCKONbKY elle He pa3BUTHI
COOTBETCTBYIOIINE pa3Aeiibl MaTEeMaTHKH.

e Ectp mpobnembl, Ui KOTOPHIX alTOPUTM BOOOILIE HE MOXKET
CYLIECTBOBATh.

Nnes o0 CylECTBOBAaHMM QJITOPUTMUYECKH HEpa3pelINMBbIX
nmpo0JjieM oOKa3ajiach BEPHOH, HO JJs TOro, 4roObl e¢ 00OCHOBATh,
HEOOX0auMO OBUIO JaTh TOYHOE OIpelesieHHe anropurMa. [lombiTku
BBIpa0OTaTh TaKO€ OIpeNelIeHHE NMPHUBENN K BO3HUKHOBEHHIO TEOPUHU
AJIITOPUTMOB.



Kpome Toro maremaTwku CTpEeMHIHCH CO37aBaTh Oosee oOmue
ITOPUTMBI, KOTOpPBIE MOTJIM pEIIaTh pa3Hble KiIacChl 3ajgad. Bo3HHMK
Bormpoc: "A Henb3s n co3aaTh BeeoOmuii ANroputM, KOTOPBIH perat
Obl MO0y MaTeMaTHYeCKYH 3ajady aKCHOMAaTH4YecKoul Tteopuu"?
WzBectHerii mMatematuk I'.B.JIeHOHHUIT cunTan, 9YTO TaKOH aaropuTM
Oyner HaiimeH. Omnako B 1936 romy amepukaHCKuii ydeHblid Yepd
¢dopmanbHO n0Ka3an, 4to Beeobmiero AnropurMa He CyIiecTBYeET.

B mo0oM ciygae BO3HHKJIA HEOOXOIWMOCTH paccMaTpHUBATh
AITOPUTM KaK MaTeMaTH4YeCKUH 0OBEKT, YTO OKa3aJ0Ch HEBO3ZMOYKHBIM,
TaK KaK He ObUI0 (hOpMaTBEHOTO ONPEICICHUS aIropruT™Ma.

B 1935 roxgy amepuxkaHckuii wmatematuk Owmwib [locT
onmybiukoBal B« KypHanme CHUMBOJIMYECKOM JIOTUKHW»  CTaTbiO
«DuHUTHBIE KOMOWHATOPHBIE Mpolecchl, GopmynupoBka 1». B a3roit
CTaThe M B TNOSBUBIIEHCS oaHOBpeMeHHO B Tpynax JlonmoHckoro
MaTeMaTH4YecKOro oOOINecTBa CTaTbe aHITIMMCKOTO MaTeMaTuka
Triopuara «O BBUHCIMMBIX YHCIaX C MPHIOKEHHEM K Mpobieme
pelieHrsD» OBUIM JaHbl MEpBble YTOYHEHUS MOHSATHA «aJTOPUTM.
Baxnocts wupeit Ilocta u TelopuHra cocToMT B TOM, YTO OBLI
OPEJIOKEH TPOCTEHIHMA  crmocod TmpeoOpa3oBaHusl WHPOPMAIUH,
MOCTPOEHA aJITOPUTMHUYECKAs] CUCTEMA.

B Teopun anropuTMOB mpennojaraercs, YTO KaKIbIH 1mar
ITOPUTMa TAKOB, YTO €T0 MOJKET BBINOJHUTH JOCTATOYHO IPOCTOE
ycTpoiicTBo (Mammaa). JKenmaTenpHO, YTOOBI 3TO YCTPOMCTBO OBLIO
YHHUBEPCAIbHBIM, T.€. YTOOBI HA HEM MOXKHO OBUIO BBINOJHATH JIOOOM
anroput™M. MexaHu3M paOoThl MalIMHBI JODKEH ObITh MaKCHMaJIbHO
MPOCTHIM IO JIOTHYECKOH CTPYKTYpe, HO HACTOJILKO TOYHBIM, YTOOBI 3Ta
CTPYKTypa  MOTJa  CIIy>KUThb  HpPEAMETOM  MaTeMaTH4eCcKOTro
UCCIIeIOBAaHUSI.

§ 1.2. Knacenyeckue mamunbl Thropunra

Onpenenenue anzopumma dYepe3 TOHATHE BBIYUCIUTEIHLHOM
MaIlllMHbBl OCHOBAaHO Ha MOHMMaHWUM J((EKTUBHON MPOIEAYPHI,
MPEJCTABIISAIONIEH COOOW MHOMXKECTBO COOOINAEMBIX HCIIOJHUTEIO
BpeMsl OT BpPEMEHH TMPaBWI, KOTOPhIE TOYHO OIPEIENSIIOT €ro
nmoBeAcHUe. UTOOBI pemmTh mpobdiieMy HHTEpPIpETAIiui (TTOHUMAHUS)
MIPaBHI HEOOXOIMMO YCTAaHOBUTH!



® S3pIK, Ha KOTOPOM  OIIMCHIBACTCS MHOXKECTBO  IMPAaBUI
MOBEICHHUS,

® KOHCTPYKITUIO HHTEPIPETUPYIOMIETO yCTPOWCTBA, KOTOPOE
MOXET ITOHMMATh» YTBEPKICHUS, CACIaHHbIC Ha 3TOM S3bIKE, U, TAKUM
00pa3oM, BBIMOJIHATH IIar 3a IIArOM KaXKIblii TOYHO ONpEACIICHHBIN
mpotiecc.

CrenmoBaTellbHO, 3aada ONWCAHHS aJIrOPUTMa MOXET OBITH
CBeJIeHA K TIOCTPOCHHMIO MAIIMHBI HEKOTOPOTO THIIA, KOTOpas CIiocoOHa
BOCIIPHHUMATh HA0Op TPaBWII, BBHIPAXKEHHBIX Ha HEKOTOPOM S3bIKE, U
JIeaTh TO, YTO MPEATHCAHO STUMH PaBHIIAMHU.

Anrmmiickuit MmatemMatuk A.M.Teropusr B 1937 roay mpemioxumt
MOJIENTb BBIYMCIUTEIHHON MAIIUHEI, U3BECTHOU TEMEPh MOJ] Ha3BaHUEM
mawuna Toropunea.

Mawuna Tewopunza - abcmpaxmuas (8oobpasicaemast)
"ebruucaumenvras mawuna" HEeKomopozo MOYHO
OXaAPAKMepU306aHHO20 Mund, 0arowas npucooHoe 0 yenell
MAMeMamu4ecko20  PACCMOMPEHUs.  YMOYHeHUe  00ue2o
UHMYUMUBHO20 NPeOCmAasieHus 00 arzopumme.

C mnomompio  MamuHBI  ThIOpHHTa  MOXHO  J0OKa3aTh
CyIIECTBOBaHHWE WJIM HE CYIIECTBOBaHHE aJTOPUTMOB pPELICHUS
pa3IMuHBIX 3afad. Tak Kak MallliHA BBINOJHAET ONpEeACICHHBIN
ITOPUTM, TO K MAlIMHE NPENbSBIAIOTCS TPEOOBaHNUS, BBITEKAIOIINE U3
CBOMCTB anropuTMOB. Bo-MepBrIX, MalmnHa JOKHA OBITH MOJHOCTHIO
JETePMUHUPOBAHHON  (BBIYMCIICHHS [JOJDKHBI OBITH TOYHBIE H
OOIIETTOHATHBIC) M IeHCTBOBATh B COOTBETCTBHH C 33TaHHON CHCTEMOM
mpaBwi. Bo-BTOpBIX, OHa JODKHA JOMYCKAaTb BBOJ —Pa3lIUYHBIX
“HayvaJbHBIX  JaHHBIX  (COOTBETCTBYIOLIMX pa3UYHBIM 3ajjauaM H3
JAHHOTO Kjacca 3ajad). B-TpeTbux, 3alaHHas cUCTeMa MpaBHi pabOTHI
MAaIlIMHbl U KJIACC peIIaeMbIX 3aad JOJDKHBI OBITh COTJIACOBAHBI TaK,
9TOOBI BCETa MOYXKHO OBIIO “TIPOYHUTATH” PE3yJIbTaT PadOTHl MAILIHHBIL.

HccnenoBanus B 3TOM e HAIPaBICHUH IPUMEPHO B TO XKE CaMOe
BpeMsl BEJIUCh U aMepUKaHCKUM MaTematukom 3. JI. TTocTtom, KOTOpbIH
JlaJl OHO W3 TIEPBBIX ONpEAENCHUH MOHATHS aJTOPUTMa B TEPMHHAX
"aOCTpakTHOH  BBIYMCIMTENLHOW  MamMHB" W copMymrpoBai
OCHOBHOW TE3UC TEOPHUH AJTOPUTMOB O BO3MOKHOCTH OITMCAThH JIFOOOH
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KOHKPETHBI  QJIrOPUTM  TIOCPEICTBOM  3TOTO  OMpEACICHUS.
BrocniecTBHM CTaI0 MPUHSITO CYMTATh, YTO AJTOPHUTMBI 3TOrO Kiacca
OCYIIECTBIISIFOTCSI OCOOBIMUA MAIlIMHAMU, Ha3bIBAEMBIMU B HACTOSAIICE
BpeMms MammHamu Treropunra-Ilocta winm WHOTIAA MPOCTO MAallMHAMH
Tetopunra. Maivabl ThlOpHHra KOMUPYIOT B CYIIECTBEHHBIX 4HepTax
paboTy dYenoBeKa, pEIIaroIIero HEKOTOPYIO JIOTHYECKYIO 3axady, U
4acTO pPacCMaTPUBAIOTCS B KayeCTBE MAaTEMaTHYSCKOM MOJAETH IS
M3y4eHns (QYHKIHOHHPOBAHHUA deJoBedecKoro mosra. O0e MaIInHEI
SIBIISIIOTCSL a0CTPAKTHBIMU BBIYMCIUTEILHBIMUA MOJCISIMH, TEM HE MEHEe
B 1970 roay wmammua Ilocta Obuia pa3paboTaHa B MeTaJie B
CuMpeporonnbckoM yHHUBEpPCHTETE, a MaminHa [hlopuHra Oblia
¢u3nYecKu TOCTpoeHa 9yTh mo3xke, B 1973 roxy B Mamoii Kpemmckoi
aKaJeMUH HayK.

1.2.1. OgHoJsienTOYHasi MamMHA ThlOpUHTa

Knaccuyeckoif MoOJenbpl0 CUMTaeTCs OJHOJCHTOUHAs MallnHa
Teropunra. Iloxn odmonenmounoii mawunoii Teropunza TOHUMAIOT
KHOEPHETUIECKOE YCTPOHUCTBO, COCTOSIIIIEE U3 CICAYIOMNUX JIEMECHTOB:

o OECKOHEYHOM JICHTHI, pa3IeJICHHON Ha SYEHKH,

® YIPABISIOMIE TONOBKHM, CHOCOOHOM YHTaThb  CHUMBOJIBL,
coaepxkamuecs B sUCWKaxX JIEHTHI, W 3alUChIBATH CHUMBOJIBI B 3THU
STYCHKH,

® BLIJICJICHHON  SAYEHKH IMaMsITH, coaepxalen CHUMBOIJI
BHYTPEHHETO aji(paBUTa, 3aJafOIIHHA COCTOSHIE MAaIMUHbI THIOpHHTA,

® MEXaHMYECKOTO YCTPONCTBA YIIpaBJICHHS, OOECIEYHBAIONIETO
MIEPEMEIICHUE TOJIOBKA OTHOCHUTEIHHO JICHTHI,

e (QDYHKIMOHATIBHON CXEMbl — OOJACTH MaMSTH, COJEpIKaIlIe
KOMaHJbl (MporpaMMy) MamuHbl ThiopuHra (3T2 00JaCTh OCTYITHA
TOJIBKO VIS YTCHUSA).

OO0bruHO MammHa THIOpHHTA CXEMAaTUIHO M300pa)kacTCs B BHIIEC
JIEHTHI C OTMEUCHHOM yKa3aTenem sruerikoi (puc.1.1).

aﬂ ajg ajk aj,

Puc. 1.1. Cxematnyaoe n300pakeHHe MalIMHbI T hIOpUHTA
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JleHTa

[TockonmbKy OECKOHEYHYIO JIEHTYy (DH3MYECKH CMOJAETHPOBAThH
3aTpyAHUTENFHO, OOBIYHO TMpEANoiaraeTcs dYTo OHa KOHEYHas,
HampuMep, MarHWTHas JOpPOXKKa Win OyMaKHas JIGHTa THIa
tuniorpadHON, W pa3OWTa Ha KOHEYHOE YHCIIO s4ueek. B mpormecce
paboThl K CYIIECTBYIOIIMM SYEHKaM MalliHa MOXKET IPHCTpPanBaTh
HOBBIE SYCHKM, TaK UYTO JIEHTA MOXET CYHTAThCS MOTCHIIMAIBHO
HEeOTpaHWYCHHOW B 00e cTopoHBl. Kakmas sdeiika JIEHTBI MOXKET
HaxOJIUTHCSA B OJHOM W3 KOHEYHOTO MHOXKECTBA COCTOSHHUH. OTH
COCTOSIHMSI MBI OyneM o0003HAa4yaTh CHUMBONAMHU dg, dj, ..., Oy WIA
Ipyrumu cumBojiaMu. [lo cyTH 3TO M €CTh CUMBOJIBI, 3allUCAHHBIC B
sueiikax neHThl. COBOKYITHOCTh TAKUX CHMBOJIOB Ha3bIBACTCS 6HEUIHUM
anghagumom MalIMHBI, a caMa JIGHTAa YacTO Ha3bIBAeTCAd GHeuiHeil
namamoio MammHEL. Ecnu sdeiika mycras, OyJeM cuuTarh, 4TO B HEl
3aMmMcaH YCIOBHBIM CHMBOJ A. B mpormecce paOOTHl MaITUHBI SYCHKH
JIEHTBI MOTYT U3MEHSATH CBOE COJIEPKIMOE, HO MOTYT U HE JIeJIaTh 3TOTO.
Bce BHOBb mpucTpamBaeMbie — SYCHKH NPUCTPAUBAIOTCS ITYCTHIMHU
(comepkat ycIoOBHBIN cuMBOJ A). be3 orpaHuueHUs] OOIIHOCTH JICHTY
MOXXHO CYHTAaTh OECKOHEYHOW JHUIIh ¢ OAHOU cTopoHBI (pmc.l1.2). B
3TOM cliyyae JUis YJI0OCTBa BBEIEM CHCIUAJbHBIA CHUMBOJI O,
0003HAYAIOMUI HAYalo JIGHTBL. OTOT CHMBOJ HMEET CTpOTO
OTpefieIeHHOE MECTO, €r0 HeJb3s HU CTHpaTh, HW CABHTaTh. loraa
JIEHTY MOKHO CUMTATh OJHOHAIIpaBiIeHHOW (OECKOHEYHOM BIIPaBO) U €¢
sUeHKU yI0OHO TPOCMATPUBATh CIIEBa HAMPABO.

IS

g

(—=) [IelsTalsTel7[e]o]

&

Puc. 1.2. IlpeoOpazoBanme IByCTOPOHHE-0€CKOHESTHOM JICHTHI B
OJIHOCTOPOHHE-0ECKOHEUHYIO
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YHpaBnmomaﬂ rojoBKa

Ynpaenaouwaa zonoexka — smo nexkomopoe ycmpoticmeo,
KOmopoe Moxcem nepemeujamscsi 800.1b JIeHMbl MAaxK, 4mo 8
KaxNcOblll paccmampueaemsblii MOMEHm 8peMeHU OHO HAXOOUMCSL
Hanpomue onpeoeneHHol AuelKu 1eHmbl.

Wuorma, Hao0OpOT, CYHTAIOT  YHOPABISIOMIYID  TOIOBKY
HETIOJIBI)KHOM, a ABMXKYIIEHCS 4YacTbl0 CTAHOBUTCHA JieHTa. B Takom
cllydyae MpeArnoJliaraeTcsa, 4To B YIPaBJSAIOLIYIO0 TOJIOBKY BBOJMTCS TO
OJlHa, TO Jpyras sueiKa JIeHThl. Ecnu xakas-HUOyAp s4elika HaXOUuTCs
B YHPAaBISIOIIECH T'OJIOBKE, TO TOBOPST TakXK€, YTO MAIMHA B JaHHBIN
MOMEHT «BOCIPUHUMACT)» WK «0003pEeBacT» 3Ty SUCHKY.

BHyTpeHHsisi MaMATH

Buympennsaa namamos Mauwiunwbl — M0 GblOCNeHHAA
AvelKa namamu, Komopas 6 Kadjicovlll paccmMampueaembvlil
MOMEHM HAXOOUMCSI 8 HEKOMOPOM «COCMOSTHUUY.

[Ipenmonaraercs, 4TO YHCIO BO3MOXHBIX COCTOSHUN BHYTpEHHEH
MaMATH KOHEYHOE W JUIS KaXKI0M MamuHbl GpukcrupoBanHoe. CocTosHIE
BHYTPCHHEHW MaMATH MBI OyaeM 0003Ha4YaTh CHMBOJIAMHU Sy, S;, ..., S,
Wik JIOOBIMA JIPYTUMH CUMBOJIAMH, HE BXOJSMIIMMU BO BHEIIHUH
andasur MamuHBL. COBOKYMHOCTH CHMBOJIOB, 0O0O3HAYaromnX
COCTOSIHMSI ~ BHYTPEHHEW  MaMsATH,  HA3bIBACTCA  GHYMPEHHUM
angpagumom MalIVHBI WIH GHYMPEHHUMU COCMOAHUAMU MAIIWHBIL,
OnHO M3 3TUX COCTOSHUHN HA3bIBACTCH HAYAIbHBIM, C HETO HAYMHAET
paboty Jsrobas MamyMHa, IMyCcTh 3TO OyaeT cocTosHME S,. B mpomecce
paboOThl MallMHA MOXET KaKOe-TO KOJUYECTBO INAaroB OCTaBaThCS B
COCTOSHMHM S, WM BO3BpamlaThcsi B HEro mo3aHee. FEmie oxHO
CHEINNATFHOE COCTOSTHUE — 3aKatouumenvroe. CuMBOII, 0003HAYAIOIITNI
3aKJIFOYUTENILHOE COCTOSIHUE, OYIeT HAa3bIBAThCS CHON-CUMB0.10M. POJIb
CTOI-CUMBOJIA Jlajiee OyaeT urpath cuMBo (. Eciiv B kakol-TO MOMEHT
BPEMEHH BHYTPEHHSS MaMATh MAaIIMHBI NPUXOJUT B 3aKIIOYATEITHHOE
COCTOsIHHE Q, TO HaﬂbHeﬁmHX W3MEHEHHI B MaIlllHE HE IIPOUCXOOUT 1
MalllMHA Ha3bIBACTCS OCHMaHoguguieiicsi. MOXET CIydduThCS, YTO B
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MallliHEe HHUKOrJa He OyJeT MPOMCXOOUTh HMKAKMX W3MEHEHUH W IpH
KaKOM-TO JPYrOM BHYTPEHHEM COCTOSHHUHU .S;. OHAKO B 3TOM cilyd4ae
MBI OyJIeM TOBOPHTB, YTO MallMHa MPOAOIDKAET padoTaTh «BEYHO». B
OONBUIMHCTBE CIy4Yae HEOCTAHABIMBAIOLIMECS MAIIMHBI HE HMEIOT
HUKaKOW IIEHHOCTH, TaK KaK HEBO3MOKHO 3aIPOTOKOJIMPOBATH (aKT
OKOHYAHMS BBIIOJIHEHUS aNTrOPUTMa K, COOTBETCTBEHHO, CUHTATh
noiy4eHHbId oTBeT. OOBIYHO TOBOPST, YTO €ciod MamuHa T He
OCTaHABIMBAETCSI HAa BXOJHOM CJIOBE t, TO OHa K 3TOMY CIJIOBY
HenpumeHnuma. YCTPOWCTBO MalWMHbBl TBHIOPUHIA IPENCTABIECHO HAa
puc.1.3.

v BHELIHWI AJIGABUT
oltjdfefrrymAfi a,b,¢,0,1,2...
A 0 - HAYaJIbHBIA CUMBOJI
<— C———>) A - mycroii cHMBOI
L H R
BHYTPEHHUI AJIOGABUT
R A, B,C...
Aa — bBL Sy — HaYaJbHOE COCTOSIHUE
A4 H () — KOHEYHOE COCTOSIHUE
Konguryparms
MalIWuHbI

Puc.1.3. YcrpoiictBo MamuHb! ThropuHra

MexaHnuyeckoe yCTPOMCTBO

[Ipeamonaraercs, yTo MamuHa cHa0XeHa 0COOBIM MEXaHU3MOM,
KOTOpBI B 3aBHCHMOCTH OT CHMBOJIAa B BOCIHPHHHUMAacMOMN sYEHKEe U
COCTOSAHHUA BHYTpeHHeﬁ naMiaTh MOXET BBIIIOJIHUTE CJICAYIONIUC
JIEUCTBUS:

® NU3MCHHUTH COCTOAHUC BHYTpCHHGﬁ ImaMsTH,

® OIHOBPEMCHHO U3MCHHUTDH COACPIKUMOC BOCHpHHHMaeMOﬁ
SIYCHKH,

e COABMHYTH (BIPaBO, BJIEBO) YIPABIAIOLIYI0 TOJOBKY B
COCEJIHIOIO STYEHKY.
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B dacTHOM cityyae cofep:KuMoe BOCIIPHHUMAEMOM STUEHKU W/Win
COCTOSIHHE BHYTPEHHEH HaMsITH MOTYT OCTaBaThCS HEM3MEHHBIMH, a
yopasisitoiias rojgoBka — HemojBwxHoH (H). Ecnm ympasnsromas
TOJIOBKA HaXOAUTCS B CAMOM MPaBoH siueiiKe U M0 X0y padoThl MallIHa
JOJDKHA CIBHHYTH YINPABISIIOILYIO TOJOBKY B COCEAHIOI CIIpaBa
(OTCYTCTBYIOIIYIO) SYEHKY, TO MPEAIIONaraeTcs, 4To, CABUrasi TOJIOBKY,
MalllHa OJHOBPEMEHHO MPUCTPOUT HEAOCTAIOIIYIO SUYEHWKY C ITyCTHIM
CHUMBOJIOM. AHAJOIHYHO paboTaeT MallMHA U B Cllydyae, KOI/ia roJOBKa
BOCIIPMHUMAET CaMyI0 JIEBYIO sUEHKy WM IO XOJy Jejia MalllhHEe HaJo
CABUHYTh TOJOBKY emle JieBee. Bmpouem, pajgee B  KHHUTE
npearnoaraeTcs, 4ro JieHTa OEeCKOHEYHa BIpPaBO, a €€ camas JieBas
s4elKa 3aHATa CIleLMaIbHbIM CHMBOJIOM Hayaja JIEHTbI, 0003Ha4YaeMbIM
0.

Konduzypayusa mawunvr Tovropunza — cosoxynnocmo,
00pA306AHHASL COOEPACUMBIM MeEKYUel 0003pesaemol a4etiku
a; u cocmosHuem eHympenHeu namamu S;.

Pabora MammHBI COCTOMT B TOM, 4YTO OHA W3 JaHHOTO
«COCTOSIHUS» II0 MCTCYCHHU OJIHOTO TaKTa Pa0OThl MEXaHHYECKOTO
YCTPONCTBA MEPEXOAUT B CIEAYIOIIEE «COCTOSHUEY», 3aTeM M3 3TOrO
COCTOSTHHS T10 UCTECYCHHUH TaKTa pabOTHI MIEPEXOIUT B HOBOE COCTOSHHUE
n Tak pamee. Takum o0OpazoM, e€CiaM MalllMHA, WMES BHYTpPEHHEE
COCTOsIHUE S; ¥ BOCIPHHUMAs SYEHKY JIEHTBI C CHMBOJIOM @, H3MEHSET
CBOE BHYTPEHHEE COCTOSHHE Ha S, M OJHOBPEMEHHO COIEPKHMOE
BOCTIPUHUMAEMON SYEUWKH 3aMEHSAET CHUMBOJIOM d,, a yIpaBisAoIas
TOJIOBKA CABUHETCS Ha OAHY siueliky BmpaBo (R), To roBopsr, 4To
MallliHa BBIIIOJIHAET KOMaHAy COOTBETCTBEHHO S; a;/—a; R S Ecim
yIpaBisiomas ToioBka caBuHercs BieBo (L) wmimm  ocraHercs
HenoBMkHOM (H), To KOMaHbI 3aIIMCBIBAIOTCS. COOTBETCTBEHHO:

S;a—ai L S,

Si a—a H S
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IIporpamma mamuHbl ThropuHra

Ilpozpamma mawunvt  Tolopunza — COBOKYNHOCHb
KOMAHO YCMAaHOBNEeHH020 hopmama.

Tak xak paboTa MamIWHBI 1O YCJIOBHIO IEIMKOM OIpeaeseTcs
COCTOSHMEM B JIaHHBIH MOMEHT €€ BHYTpeHHeH mnamsath S; Hu
COAEPKHMBIM BOCIIPHHUMAEMOH SA4EHKH a;, TO IS Kaxawx S; a; (i=1,
.., n; j=I, ..., m), mporpaMMa MaIllMHBI JOJKHA COAEPKaTh ONHY U
TOJIBKO OJHY KOMaHJy, HAUMHAIOIIYIOCs CIOBOM S; a;. Takum obpaszom,
nporpaMma MalldHbl ¢ CUMBOJaMu{d,, aj, ..., , § ¥ COCTOSHUAMU {S),
Si, ..., Su } comepxuT MakcuMyM n-m KoMmasn. [Ipm 3ToM HEkoTOpbIe
KOMaH/IBI SIBJISIOTCS «MEPTBBIMU», B TOM Clly4yae, €Clii HU IPU KaKuX
BXOJIHBIX CIIOBaX B JIAHHOM aj(aBUTE HEBO3MOXKHO HACTYILUIEHUE 3TOH
KOHUTYypanuu. B rpaMoTHOMN, C TOUKH 3peHUs pean3alii, IporpaMmme
TaKUX CTPOK OBITH HE JOJDKHO, XOTS (JOPMATBFHO UX HATWYHE OLIHOKOMH
He SIBIIETCS.

Tezsuc Toiopunza — 711000t  areopumm  MOIICHO
npeobpazosams 8 mawiuny Teropunea.

DTy TUNOTE3y HEBO3MOXKHO JOKa3aTh, IOTOMY UTO OHA OMEPUPYET
HeOpMaNBHBIM MOHATHEM anroputMa. OTHaKO 000CHOBaHHE THIIOTE3bI
€CTh: BCE aJITOPUTMBI, IPUYMaHHbIC B TEYCHUE CTOJICTUI, MOTYT OBITh
peanu3oBaHbl Ha MamuHe TrhropuHra. Kpome Toro, sKBHBaJI€HTHOCTb
BceX (hOpMaNBHBIX ONpEeNieHHil anropuTMa HeciydaiiHa M TOBOPHUT B
MOJIb3y THUMOTE3bl. YUTOOBI OMPOBEPTHYTH OCHOBHYIO THIIOTE3Y,
HEOOXOAMMO MPHUIYMATh TAKON ajlrOpUTM, KOTOPBIH HEBO3MOMXKHO OBLIO
OBl peamM3oBaTh Ha MalinHe THIOPHHTA, HO MOKa TAaKOTO ajiropurMa
HET.

1.2.2. MHoroIeHTOYHBbIe MAIIMHBI ThIOpHHTA

s HEeKOTOpBIX 3aJad COCTAaBJICHHWE aITOPUTMOB PaOOTHI st
OIHOJICHTOYHOM MaIIMHBl TBIOpHHra IPEICTABISET 3HAYNUTENBHBIE
TPYZHOCTH, CBSI3aHHBIE C HEOOXOUMOCTBIO T/Ie-TO XPaHHUTDb PE3yIbTaThI
IIPOMEKYTOUHBIX BBIYUCICHHA WJIH [POU3BOAUTH IIOCHUMBOJIBHOE
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CpPaBHEHHE HECKOJBKUX TIpPYyNI JIEMEHTOB. B HEKOTOpBIX Cilydasx
HaJIM4#e JTOTIOTHUTENbHOM (paboueil) IEHTHI N pa3MeNIeHHe BXOTHBIX
CJIOB Ha HECKOJIBKUX JICHTaX OJHOBPEMEHHO MO3BOJISIET MOIY4UTh OoJiee
JIAKOHUYHOE pPeLIeHHE.

OpHako, Kak 3TO HH  IOKA&XETCS  IapagoKCaJbHBIM,
BBIUMCIIMTEIbHAST CIIOCOOHOCTh TAaKMX MAallMH COBEPIICHHO HE
MIPEBOCXOANT UX OJHOJEHTOYHBIX aHAJOroB. MHBIMH clioBaMH, 33734,
KOTOpblE MOKHO pELIMTh Ha MHOIOJIEHTOYHOH  MamuHe ¢
MIPOM3BOJIBHBIM KOJIMYECTBOM JICHT, BCET/Ia PEIIAIOTCS M MPU ITOMOIIH
OJHOJICHTOYHOU MAaIlIUHBEI.

MHoroJyieHTOuHasi MallfHa JUIl KaKAOH JIEHTHl B 00IIeM cirydae
MOJKET UMETh CBOW BHEImHHWH andaBuT. JIGHTH B MallMHE IBMXKYTCS
HE3aBUCUMO JpYT OT Apyra. OJJHaKO COCTOSIHUE JIJIsl BCEX JIEHT MaIlMHbI
€AMHOE, TI0 CYTH, 3TO COCTOSHHE YNpaBIAIOLIEr0 MexaHu3Mma. PaHee,
IPU PaCCMOTPEHUH OAHOJCHTOUYHBIX MAIIUH, ObUIO HPUHITO CUHUTATh,
YTO JIEHTa HEMOJBW)KHA, @ YNPABJISAIOMIAs TOJOBKa IEepeMeInaeTcs B
3aJaHHOM HampaBieHuMd. Ho 11 paccMOTpeHHs MHOTOJIEHTOYHBIX
MAaIlliH 3TO MOET OKa3aThCsl HEe BIOJHE YAOOHO, MOTOMY YTO JICHTHI
SBIIIOTCS HE3aBHUCHMBIMH, a HArjsIHO TMpPEJICTaBUTh IepeMelIeHne
€IMHOTO0  YIPAaBIAIOLUIET0O MEXaHHW3Ma [0 pa3HbIM HalpaBICHUAM
BeCchbMa Npo0IeMaTHYHO.

Ilepsoe pewienue npPOONEMBI: CUUTAEM, YTO YHPABISIOLIMHA
MEXaHM3M HETOABI)KEH, a JIEHTHl MOTYT CBOOOJHO I€peMemaThCs
BIIPAaBO, BJIEBO WJIM OCTABaThCsS HAa MECTE HE3aBHCHUMO IPYT OT Apyra.
Torma mnpu COCTaBIEHHMH HPOrpaMMbl MamMHBl ThIOPHHIa IIpH
YKa3aHUW HATIPaBJICHUsI JIBUKEHUS CIIEAYeT MPHJIEPKUBATHCSI OOpaTHOM
3alUCH: €CNHM OOBIYHO YNPAaBJSIIOIIUA MEXaHW3M Ha IIepBOM Ilare
JOBUTAJICS BIPaBO, TO TENEph JICHTHl MAalIMHbl HAYMHAIOT JBH)KEHHUE
BJIEBO OTHOCHUTEJIEHO HETIOABMKHOTO MEXaHU3MA.

Bmopoe pewenue mpobneMbl: eciu MOA00OHOE «3epKATBLHOE
OpeACTaBICHUE HE  KaXeTcs YIOOHBIM, MOXHO TIOWTH IO
KJIaCCHYEeCKOMY IyTu. JlomyCcTHM, 4YTO YHPaBILSIIOIIMA MeXaHH3M
MONCOEIMHEH K HAOOpy OKOIIeK, B KOTOpble 0003peBaroTcs
HEINOCPEICTBEHHO CHUMBOJIBI Ha JIEHTaX. 1orja cuuraeM, YTO 3TH
OKOIIKM Ha KaKAOH M3 JIGHT IBIKYTCS HE3aBHUCHMO JApYr OT Apyra.
BupTyanpHO 3TOT mporiecc CTaHOBUTCS XOTh KaK-TO MPEICTaBHMBIM,
ecid BOOOpa3UTh HaJIM4YHE HEKUX NPYKUHOK, KOTOPBIE COECIUHSIOT
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MEXy COOO0# OKOIIKH U TMPHUBS3BIBAIOT UX K SAMHOMY YIPABIAIOIIEMY
MCXaHU3MYy. B sTtom ClIydya€ HOTalus IJid 3allMCh KOMaH B IIporpamMme
MamuHbl TEIOpPUHTa OCTAETCS HEU3MEHHOM.

Janee B KHUTe OyAET HCIONB30BATHCS KIACCHYECKHH CIOCOO
(mBHTaeTCS yMpaBISIFOLIMIA MEXaHW3M, JICHTHI HEMOJBIIKHbI) U TPUHST
cleayoomuil popmar 3armncu:

Si{a,b,c}—{a'b'.c'} {R,L,H}S;.

Mawuna B Ikeueanemmna mawune A, eciu 6
coomeemcmeylowje maxkmsl ux pabomol aenma mawiurvl B
cooepaicum 6cio UHopmMayuio o ieHme mauiurvl A.

OpHa W3 MamMH MOXET paboTaTh ropa3fo MeIJIeHHee IpYyTrow,
T.K. KQX/IbI TAKT OHAa MOJICIIUPYET HECKOJIBKUMH TaKTaMH, IO3TOMY MBI
TOBOPHM O COOTBETCTBYIOIIMX TaKTax. EcCIM B KOHIE KOHIOB A
OCTAaHOBHUTCA, TO B TOXe OCTaHOBUTCA M K 3TOMY MOMEHTY Oyner
coJiep KaTh BCIO MHPOPMAIHIO O JICHTE MAILIMHBI A.

T.1.2.(1) Teopema

Besikas Kk -eHToyHass mamnHa Teropunara M mosker
OBbITh NMpeodpa3oBaHa B JKBHBAJICHTHYI0 MaminHy M*
C OJTHOH JIEHTOIA.

JokazaTeabCcTBO

Ilycth ecth k-neHtrounas mamiraa M W OJHOJICHTOYHAs MallldHa
M*, 3anuiieM coaepKUMOE JICHT MaliMHbl M B BHJe MaTpHilbl ¢ 2k
CTpOKaMH W OECKOHEYHBIM YHCIIOM CTOJOIOB. B MaTpuile HedYeTHbIE
ctpoku (1, 3, 5 m T.0. mo 2k-1 -i) 3aHUMAIOT HEMMOCPEICTBEHHO JICHTHI
ManmHbl M, a detHeie (2, 4, 6, ..., 2k-s1) sBustorcs ciykeOHbiMU. Ha
KaXKIOW U3 CITY>KEOHBIX CTPOK 3aIMCaH TOJIBKO OJIUH CHUMBOII «*», U €T0
pacroyoKeHne yKa3blBaeT Ha IIOJIOKEHHE CMOTPOBOTO OKOIIKA
YIIPaBIBIIONIETO MEXaHM3Ma Ha COOTBETCTBYIOMmEH JeHTe. Hampumep, Ha
2-0i CTpOKE CIlelHajbHBI CHMBOJI * CTOUT B TOH KIETKE, KOTOpas
HaXxOIUTCS  HEMOCPEACTBEHHO  TOX  KIETKOH,  0003peBaeMoit
YIIPaBJISIIOIICH TOJIOBKOM Ha TepBoii JeHTe (puc.l.4.).

18



a1 | by | oy -7 cTpoka, cooTE. 1-H merme MarrsEer I
2-A CTpOEA, CITVE ., XPAHHT HHQODMATIHED O
% TIOITE R HHH OROLEA Ha 1- 8 IerTe Matmsmes IV
3-A CTROEA, COOTE. 2-H JEHTE MATHHED Iv]
a2 | b | ¢z % 8
4-A CTROEA, CITFE., XPAHHT HEQOMALEED O
- TIOTIOGHEHEH OROIES Ha 2- 5 IeHTe MarrsHes I
ap | be | oy 2k-1-7 cTpora, cooTe. k-Haerre marmeme IV
* 2k-1-7 cTPOEKA, CITVE ., XPAFET HHDOPMATIHID O

TIOTIOGEE HEH OEOIEA Ha 2- H JRHTe MAHHED Il

Puc. 1.4. Marpura, cogepsxarias HHGOPMAIIHIO O JEHTaX MaTuHs M

IMoctpoum jeHTy MamuHbl M*. JI7is 3TOTO COMEPIKMMOE MATPHIIHI
nepeHeceM Ha JICHTY OJHOJICHTOYHOH MaIIMHBI MO CTOJOIAM: CHadaia
MepBBIA cToyOer, 3aTeM BTOpod W T.n. OmHa rHmepkieTrka (HaOop
KJIETOK) MaluHel M* paBHa 1ienomy crooiy B Taduuie (puc.1.5.).

Puc. 1.5. JIenra mamunaer M*

B stom ciydae pabora mammHel M* Oyner moBTOpSATH padoTy
MalmuHel M ¢ TeM OTIWYMeM, 4YTO JUIsi BOCHPOU3BENCHUS KOMAaHbI
MammHbl M moTpedyeTcs Habop MepeIBHKEHAN C TENbI0 OTpPeaeTIeHIS
UCTUHHON KOHQurypamuu. J[ns srtoro Ha JieHTe MamuHbl M¥*
MOOYEPEHO OTBHICKUBAIOTCS BCE CHMBOIBI *, W CUUTHIBAIOTCA
HaXOJsIIMECs cJeBa OT HHAX CHMBOJIBI BHENIHEro asdaBuTa
COOTBETCTBYIOIINX JIEHT. TakuM o00pa3oM OIpenensercs TeKyIas
KoHpurypanus wMammHel M. Jlanee mo mnporpamme MamiuHbel M
OTIpeNIeIIAIOTCS HEOOXOAUMBIE NEHCTBUS, 1 OHH MOAEIHPYIOTCS, HCXOAS
n3 ¢opmara 3anucum MamuHBl M*. Hanpumep, mnepememeHue
YOpPaBISIOMIETO MEXaHW3Ma BIPAaBO HA KaKOW-HUOyAb U3 JIEHT
UMUTHPYETCS TIEPEHOCOM COOTBETCTBYIOIIETO CUMBOJIA * Ha 2K KIETOK
BIIPaBO.

3mech CTOMT 3aMeTUTh, YTO B OOIIEeM CiIydae HE BIIOJIHE
OUEBHIHO Kak MamuHa M* Oyner omo3HaBaTh, Ha KakOW W3 JIEHT
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HaXOIUTCS CUMBOJI, PACIOJI0KEHHBIN JieBee ouepeJHON 0OHapy>KEHHOM
* B cinydae, ecnu andaBuThl Ha BceX K JIGHTaX pas3IdYHBI, 3TO
TPYAHOCTEH HE cocTaBisieT W OyJeT YYTE€HO IIPH COCTaBJICHUH
IPOrpaMMBbl COOTBETCTBYIOIIMM MTOI00POM BO3MOKHBIX KOH(DUTYPALHH.
B cnyuae ecnm andaBuTHl Ha HEKOTOPBIX WM BCEX JIEHTAaX COBIAJAIOT
WIH HWMEIOT HeMyCcToe TNepecevyeHre, BO3HHMKAeT IOTPEOHOCTh B
pa3IMyHBIX CHMBOJAaX, Hampumep I, I, I3 W T.J. BMECTO
NPEIJIOKEHHOTO BhIIIE €AMHOTO CUMBOJIA *,

Taxum o6pa3oMm mokazaHo, 4to k-nmeHTouHas mamuHa TrropuHTa
MOXeT OBITh NpeoOpa3oBaHa B HKBUBAICHTHYIO € OJHOJICHTOYHYIO
MamuHy Teropunra, Q.E.D.

3nmecs u Janee MpW 3aBEPIIEHUH JIOKA3aTeNbCTBA TEOpeM OyIer
3allUCaHO OOLICTIPHHATOE COKpAIllCHHOE 0003HaUYEeHHE OKOHYAHUS 3TOTO
npouecca, Q.E.D.

Q.E.D. (abbpesuamypa om  nam. quod  erat
demonstrandum — «umo  00KaA3bIBANOCLY,  «YMO U
mpe608anoch 00Ka3amv») AAMUHCKOE sbipadicenue,
obo3Hauaouee 3asepulerue 00KA3AmMelbCmaeda meopembi.

§ 1.3. Cnenuanbabie MamuHbl ThropuHra

Camoananusupywine MamuHbl ThlOpuHTa

Paznenum 3Haku TaOmuipl MamMHbl ThIOpHHTa Ha JICHTOUHBIE U
ciryxeOHbIe:

® JICHTOYHBIE 3HAKU — 3TO CUMBOJIBI BHEIIHETO andaBura,

e CiIy’)KeOHBbIE 3HAKHM — O3TO CHMBOIJIBI BHYTPEHHErO anQaBUTa
(cocTosSIHMSI MAIlIMHBI), pa3ienuTeNb (OH HyXeH, eciu Tabmuma
3anuchiBaeTcs B 1 CTPOUKY), 3HAKH JIBUKEHMUSL.

CamMoaHAJM3HpYIOIIHe MALIMHBI — 3TO MAIIWHBI, B
KOTOPBIX BCE CIy)KEOHBIE CHMBOJIBI KaK-THOO H300pa)aroTcs
JICHTOYHBIMH CUMBOJIaMH.

IIpuBenem npuMep camoananusupyronieil mamnael M. Jonmyctum:
A — 3HaK €JMHCTBEHHOT'0 BHYTPEHHETO COCTOSHUS
R — 3Hak nBMKEHMS BIpaBo
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H — 3HaK ocTaHOBKU
X — TaOIUYHBIN pa3aenTuTeh KOMaH]T
Toraa BBesieM JICHTOYHBIE 00pa3bl 3TUX 3HAKOB:

A-a
R-p
H-%

X-&

MOXHO TPEUIOKATh HAPOYUTO YIMPOUICHHBIN MPHUMEp TNPOTPaMMBI
MaluHbl M.

Ao — & R A /ecinm MammHa HaxoguTCsS B COCTOSHUH A
(JteHTOYHBIH 00pa3 ), TO Ha ATO MECTO CTaBUTCS 00pa3 pasleuTes
koMaHn X (&).

A& — &R A //mepexon depe3 JEHTOYHBIH 00pa3 pa3aenuTels
komauna X (§).

Ap — O0HA /ecmn MamuHe TIPEANTHCAHO ABUTATHCS BIIPABO,
OHa MEHJET JICHTOYHBIH 00pa3 cumBoia R (p) Ha JNEeHTOUYHBIH 00pa3
cumBoina H (3) u ocTaHaBinMBaeTCA.

ITocmoTpuM, Kak OyJeT NpOUCTEKaTh CaMOaHaIN3 MalIuHBl M.

Kak yxe ymoMuHaIOCh, 0O0pa3bl CIIYyXEOHBIX 3HAKOB MOTYT
COBIIAIaTh C CaMHUMH CIIy>)KEOHBIMH 3HaKaMH, HO B HAllleM OINHMCAHUH
pabouero mporecca Mbl JOJDKHBI X Pa3/INdaTh.

Koz nmporpaMMbl MaIiHbI BBITIISANT TaK:

Aa ERA X AEERA X ApdHA X

Torma Ha JeHTe 3amuIIeM JTOT e  KOJ, 3aMEHUB 3HAKU
JEHTOYHBIMH oOpa3zaMu (TIpoOeNbl ITOCTaBICHBI IS  TTOBBIMICHUS
YUTAEMOCTH, Ha JIEHTE CHUMBOJIBI PEalbHO 3alHCaHbl JAPYT 3a JPYTOM).
MamHa HaX0IUTCS B COCTOSIHAM A, ee MOJI0KEeHUE Ha JICHTE TIOKa3aHO
rpauuecKy.
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lmar: oaaépa & a&&pa & apdda &

2 mmar: a&é&pa E apoda &

Jve
=]
Je
o
=]
Jre

B3mar: L EEpa & ol Epa & apdda
4mar: EEEpa & a&fpa & apdda &
Smar: £E&EE0 a0 & a&fpa & apodda &

Ecnu B nonaTne MammHbl ThIOpUHTa BKIIOYUTE YCIOBHE, UTO NPH
NOSBIICHUU KOH(UIYpalLuii, He IPEeSyCMOTPEHHBIX B Ta0JINIE MALIUHBL,
OHAa OCTaHaBIHMBAaeTCA, TO M3 000 MammHbl ThIOpUHTA JIETKO
MOJIyYUTh CAaMOAHAJIU3UPYIOUIYI0 MallVHY, BKJIIOUYUB B €€ JICHTOYHBIN
anaBuUT BCe CIIy)XeOHbIe 3HAKH, paHee B HEM OTCyTCcTByomue. Eciau B
TIIEpBOHAYAIIBHOM aﬂ(l)aBI/ITe HnX BOBCC HC 6I)UIO, TO HOBas MallWHa IpU
caMoaHa/lli3€ cpa3y OCTAHOBHUTICA (T.H. TPUBUAIBHBIN caMOaHAIN3).

YHuBepcajbHble MAIIHHbBI

ThIOpUMHT TIOKa3aldl BO3MOXXHOCTb IOCTPOEHUS OINpEAeIEHHON
BBIYMCIUTEIbHON MamuHbl U, yHUBEpCAIbHON B TOM CMEBICHE, uTo Ha U
MOJKHO BBITIOJTHHUTD JTFO00€ BBIYHCIICHHE.

YHuaepcaJleaﬂ mawiunHa — MauluHa TblOpuHZa,

obnaoaiowas CnocoOHOCMbIO nymém nooxoosuezo
KOOUPOBAHUSL GLINOHUMb TH000€ BbIUUCTEHUE.
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OngHako K HTOMY, HECOMHEHHO, HAI0 NPUCOCAUHUTH TO
yYCJIOBHE, YTO KOAMPOBAHWE [OJDKHO OBITh B HEKOTOPOM CMEICIIE
npocThiM. B camoM jierne, HeT 0co00H BBITO/IBI CYMTATh YHUBEPCATBHOMN
MamHy ThIOpHHTa, Y KOTOPOH KOJUpOBaHHE, MO CYIIECTBY, TpeOyeT
paboTHI Ipyroil yHHBepcadbHOW MamuHBL. OTCIOa BO3HHKAET 3ajada
SIBHOTO OIIpEAEIEHUsl yHuUuegepcanvnoi mawunvl Toropunza. [lanee
YHUBEpCalbHas MamuHa ThIOpUHTa OyIET COKpAIICHHO UMEHOBATHCS
YMT.

Ha nenre YMT 3ammceiBaeTcsl KOJOBas IMOCIEAOBATEIIHLHOCTD,
xapakrepusytomas aanHyro MT (mporpamma mnpowusBoiasHOH MT wu
BXOJMHOE cJoBO), u YMT fomkHa YuTaTh 3TOT KOJOBYIO
MOCIIEIOBATEIFHOCTh W BBIMOJNHATH BCIO paboOTy TOW MAaIlHHEI,
nporpaMma KOTOpoi 3anucaHa Ha €€ neHte. YMT nomkna nedaraTth
3HAaKH B TaKOM e KoJie, Kak U B Tabnuie. COOTBETCTBEHHO ISl TAKOH
MalIMHbl HEeOOXOIMMBI BXOJHBIE CJOBa, 3alMCAHHBIE MO KaKOMY-TO
MeToay (eXnHOOOpa3HBI METOA 3aIllMCH MPOrPaMM M BXOIHBIX CIIOB).
[MockoabKy YHCIIO BO3MOYKHBIX 3HAKOB — OCGCKOHEYHO, a y MAIIHMHBI
KOHEYHBIH aj(aBUT, MOITOMY BCE (M COCTOSIHHS, ¥ CHMBOJIBI)
KOJUPYETCS TOCIEI0BATEIFHOCTHIO APYTHX 3HAKOB (YUCEN).

ITycts mammHa A WMEET /m CHMBOJIOB d; M 7 BHYTPEHHHX
cocTossHUM S; . 3aKkoAupyeM 3HaKW, HCIOJIb3yeMble IPU HANMUCAHUU
MpOrpaMMBbI PabOTHI TAKOH MAITUHBI CIIEAYIOIUM 00pa3oM:

aj=1..1 (a;=1, a;=11, as=111nt.1.)

Si= 2..2(8;=2, 8,=22, §;=222uT.n.)

R=3
L =33
H =333

B »TOoM cnywae Bcloo mporpamMmy paOOTBl MAaIllMHBI MOXHO
3anycaTh HEKUM YHCIIOM, TPHYEM BO3MOJXKHEI JIBa BApHAaHTA 3aIVCH:

1. C pa3genuteneM KOMaHA, IOMYyCTHM X, KOTOPBIE MOKHO
3aKOUPOBATh YUCIOM 4. B 3TOM citydae KilacCHUecKas 3aruch Sy doid—
Anew R Syews

2. be3 pazmenurens koMaHI. B 3TOM ciyuae KOMaHABI CIIEIyeT
nucatb B POpMaTe dyig Soid Anew R Spey, TOTTIA JBE KOMAHJIbI, 3aITUCAHHBIC
HENOCPENCTBEHHO JpPYr 3a JApyroM, OyAyT SBHO pa3imdaThCs
DJIEMEHTAPHBIM aHATU3aTOPOM.
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Bo3pMeM B kadecTBe mpuMepa MamvHy ThIOpUHTA, KOTOpas Ha
MyCTOW JIeHTe OSCKOHEYHO MHOTO pa3 MedaTaeT MOCIe0BaTeIbHOCTD
001. Cpazy oroBopumcs, 4TO M3 COOOpakeHWH ynoOcTBa ¢opmar
3anucu Oyner cienyromuMm aS; — a'{RLH}S; Ilpu Takoil 3anucu
o003HaUYeHNE CHUMBOJIAa YKa3bIBaeTCs paHee 0003HAUYEHHUS COCTOSHUSL.
Lens naHHOW TEpECTAaHOBKU TOBOJHHO OaHAIIbHAS: M30€KATh HATMIUS
JIUITHETO Pa3aeIUTENs.

IIporpamMma Takol MaIIWHBI BRITISIUT CICTYIONTAM oOpazoM (4-
MTyCTOH 3HAK):

AAORB

ABORC

ACIRA
3akoAupyeM CUMBOJIBI 1 COCTOSTHUSI:

A=1 A=2

0=11 B=22

1=111 C=222
Toraa 3amuch MporpaMMbl MAlllMHBI OYAET BBITJISACTh Tak (MPOOEIIBI
MOCTABJICHBI JIJIS MOBBIMICHUS YUTAEMOCTH, B PEaIbHOCTH UX HET):

1211322 122113222 122211132
B wurore kaxpgas MT mnpencraBieHa 4YUCIOM — 3TO JAECKPUIITHUBHOE
(omucarenbHOE) YMCIO MalIuHBL. BMecTe ¢ TeM OHO SIBISIETCS KOJOM
JUII  BXOTHOTO cioBa. TakuMm oOpa3oMm permiaeTcs TmpoliieMa
YHUDUKAITIN 3alACH TPOTPAMMBI MaIlHbBl THIOpUHTA W BXOJIHOTO
CJIOBa Ha €& JICHTE.

HecmoTpst Ha 3TO, TOCTpOCHHE peaabHO paboTaroIIeH
VHHBEPCAJIbHOW MalvHbl ThIOpUHTA TpEACTaBISET COOOH JTOBOJBHO
CII0>KHBIN Mpolecc.

IIpumep nmocTpoeHust yHuUBepcaabHO MamIuHbI ThIOpHHTa

ITo cytm VYMT sBiasercs NporpaMMUPYEMOH — MAIIUHON
TeropuHra, ¢ TeM OTIMYHEM, YTO COOCTBEHHO NpOrpaMma He SIBISETCS
BHYTPEHHHUM 3JIEMEHTOM (YHKIIMOHAIBHON CXEMBI, KOTOpas yIpaBisieT
CUMTBHIBAIONIEH  TOJOBKOM, a TIPOCTO 3alkMcaHa Ha  JIEHTE.
CrnenoBaTesnbHO, OJHA W Ta JK€ MalllMHa I[IOJy4yaeT CIOCOOHOCTD
BBINOJHATH JIIOOYIO0 3afgady (pasyMmeercsi, ecid Al 3TOM 3ajadu
CYIIECTBYET AJITOPUTM PEILICHHUS).
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Paccmorpum YMT. Ee andaBut orpannven cumBonamu 1,2,3.4.
Torma, ecnmm 1mdpy S5 HCHOIB30BATh JUISI PA3CICHHUS] OMHCAHUS
MAaIIMHBl U ONHCAaHUS BXOAHOIO CJIOBA, JIEHTA BBHIMJISIIUT CIEAYIOLUINM
obpasom (puc.1.6):

Lol lar| [5] faw] | [ ] | |
Puc. 1.6. CxemaTnuHOe n300pakeHue jgeHTsl YMT

Ha puc.1.6. dT - onmcanmne mammubl, dW — OoNHMCaHUE BXOIHOTO
CJI0Ba, B KOTOPOM KaXKJIbIii CUMBOJI CJIOBA @; 3aIICaH B BUJIC HAOOPOB IO
HECKOIILKO /, pa3JIeNIeHHBIX CIIEUATBHBIM CUMBOJIOM 4 (pa3IelIuTeNb).

Omnrcande MallMHBI — CJIOBO, pa30uToe Ha KoMmaHmbl. YMT
YUTACT ONMCAHUE JAHHOW MAIMHBI, a 3aTEM MepepadaThIBacT BXOJIHOC
CJIOBO TaK, Kak ObI 3TO caenana koHkpeTHass MT. YMT umeet Takoi xe
andaBuT, KaK W Yy TPEObABICHHOW e MammHbl. OTCIoma BBITEKACT
HEOOXOAMMOCTh HAIMYUA METOK JUIsl YKa3aHUS TOJIOKCHHSI MCXOJTHON
MT. Takue METKM YJOOHO CTaBUTh BMECTO Pa3JCNIUTEIIsA, CTOSIICTO
HEMOCPENCTBEHHO Iepe] TPYIIoM  s4Yeek, COIepXKalluX  KOJI
paccMmarpuBaemMoro cuMBouia. [lockonbKy mepBbie mATh U anpaBuTa
3aHATHI TOJ] KOJupoBaHue mnporpammbl MT, Oyaem 3aMeHSTH
paslenuTenb Mepel CUMBOJOM, Ha KOTOPOM OCTaHOBMJIACH HCXOJHAs
MT, Ha mudpy 6.

CocraBienne TaOiunel Uit oqHoJIeHTOYHONH YMT — ummrenbHas
W MaJoNpHUrojgHas Jis TOHUMaHHUA B Y4YEOHBIX IENsAX MpoIeaypa.
[loaTOMy nns HarasgHOCTH MOCTPOMM TPEXJICHTOUHYIO MAalIUHY,
KOTOPYIO BCETZla MOXHO TIpeoOpa3oBaTh B OJHOJCHTOUHYIO IO
NpUHLHUIY, paccMoTpeHHoMY B Teopeme 1.2(1). JIEHTBI TpexJIeHTOUHOI
YHUBEpCATBHON MammHbl ThiOpUHTa OyAyT HWMETh CIEIYIoIIee
Ha3HAYECHUE:

° WCXONHAsI JICHTa, HA KOTOPOW 3amucaH KoOJ TaOJHUIIkI
ucxognot MT,

. pabouass JeHTa, Ha HEH 3aMHUCHIBAIOTCS BHYTPEHHUE
cocrossHus ucxoanoi MT,

. BBIXOJIHASI JICHTA — 3aKOJUPOBAaHHAs JIeHTa ucxogHoi MT.

B navane MomenmupoBaHus KaXXa0ro TakTa paboTsl nexomuoit MT,
YMT 3anmmaer Ha 3-i JIeHT€ TMEpPBYIO KIETKy. OJTa KIEeTKa
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COOTBETCTBYET TOM KJIETKE Ha JeHTe UcXoAHON MT, KoTopyo B JaHHBII
MOMEHT BOCIIPUHUMAET CUUTHIBAOIAs FOJOBKA HCX0MHOU MT.

VYMT pBumxkeTcs 0 BXOAHOM JICHTE, ITIOKA HE TOMAET 0 KOMAaHIHI,
B KOTOPOH BHYTPEHHEE COCTOSIHHE COBIAJAET C 3alHUChIO Ha 2-H JIEHTE,
a BOCIPUHUMAEMbId CUMBOJI — C T€M, KOTOPBIM 3amucaH Ha BXOJHOM
JIeHTe, B KOJOBOW S4YeiKe KOTOPOI M300paKE€HO MOJIOKEHHE NCXOTHOMN
MamuHbl. CpaBHEHHE MPOUCXOAUT To paspsgaM. B wurore YMT
HaxOJUT Ha BXOJHOM JIEHTE HYKHYIO JIJISl UCTIOHEHU KomaHy MT.

OdeHb BaykKeH MEXaHWU3M OIMO3HAHUA TOTO (paKTa, 4YTO BHyTPEHHEE
COCTOSIHHE COBIIQJAaeT C 3alMchbio Ha 2-i JIeHTe, a BOCIPUHHMAEMBIi
CUMBOJI — C Te€M, KOTOpBIM 3amucaH Ha BXOOHOM JeHrte. JlroOoe
3allOMUHAHHUE TPOYNUTAHHBIX CHMBOJIOB MOXET MPOU3BOIUTECS TOJIBKO
MyTeéM  W3MEHEHHs  BHYTPEHHEro  COCTOSIHHSA,  OJHAKo  IpH
nporpamMmmupoBanul YMT KOJIMYECTBO COCTOSIHUH JOJDKHO OBITH
OTpaHHYEeHO. B 2TOM CBA3M METOJ BBEACHUS BCE HOBBIX M HOBBIX
cocrosumii tuma S' S st gHL gt gL S, w T o
3alIOMHHAHUS KOJIMYecTBa «2» Ha BTOPOHM JeHTe U «1» Ha TpeThei
JEHTe sBIseTcd HeocylecTBMMBIM. Ham mpoctro He  XBaTut
ONHCATENbHBIX BO3MOXKHOCTEH i mepebopa BCeX JIOMYyCTHMBIX
cocTosiHMi. PeansHO TpeOyeTcs MexaHU3M HOpa3pAOHO20 CPABHEHHS.
Crioco00B eCTECTBEHHO OTPOMHOE MHOKECTBO.

I[Io cytn, Ha TmepBOH JeHTE HYXHO HAWTH HEKHH HAOOP
nocienoBaTenbHOCTER «1» U «2», HAYMUX cpa3y IMOcie pa3IeTuTeNs
KOMaHJl, KOTOPBI COOTBETCTBYET HaXOAALIEMYCS Ha BTOPOH JIEHTE
KOy COCTOSIHMS HCXOJHOW MAIUMHBI (TIOCIENOBATENBHOCTh «2») H
0003peBaeMOMy Ha TPEThEH JIEHTE KOy CUMBOJIA (TIOCIEA0BATEIHHOCTD
«l»). Jlnsg oONTUMHU3AIMM  TOSTATHOTO  CPAaBHEHHUS, BO3MOXKHO,
NEPBOHAYATILHO CTOMT MPOBEPSTH COBIAJCHUE CHMBOJA (T.€. IBHUTraTh
CMOTpPOBBIE OKOIIKM Ha 1-ii m 3-ii JNeHTe) W, B cCiy4ae yIadw,
MPOJOKUTE CPaBHEHHE, JBUTasl OKOLIKY Ha 1-i u 2-1 JeHTe.

BepositTHbl u  apyrue cmocoObl  MOPa3psSAHOTO  CpaBHEHUS
(HanpuMmep, KOIMPOBAaHUE TEKyIled KoHurypauuu Ha 4-yio JEHTY U
MOWCK COOTBETCTBHS €€ CONEPKMMOMY Ha 1-0# JIeHTE), HO Ba)KHBIM
ocraercsi caM (DakT: 3alOMHUHATH CIIOBO HEONpPEAETICHHOW JUIMHBI
LENAKOM HEBO3MOXHO, B paMKax HAIIUX BO3MOXKHOCTEH TOJIBKO
MOpa3psTHOE CPAaBHEHHE COJIEPKUMOTO JICHT.
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Taxk  wnmm  uHaue, YMT CUUTBIBAET  UHCTPYKIIUIO,
COOTBETCTBYIOII[YIO  3TOM  KOMaHAe. 3aTeM 3Ta  WHCTPYKIUS
BBITOIHSIETCS, TIPU 3TOM COBEpILIAeTCa TPU JeHCTBHUS.

e l3mensiercs mnonoxenue wucxonnod MT. Hanpumep, ecnu
MHCTPYKIUS TJACUT «IIar BIpPaBo», TO Ha 3-H JIEHTEe JenaeTcs
HEOO0XOOMMOE KOJIMYECTBO ILIAroB BIPABO 1O OJMKadIIero HOBOTO
pa3aenurens KOMaHJi, KOTOpbI 3aMeHseTCsl METKOM TEeKyUIero
TMI0JIO’KEHUS (BMECTO 4 cTaBUTCS CUMBOI 6).

e lI3mensiercs BHyTpeHHEe cocTosiHue ucxoaHoit MT. Ha BTopoi
JIEHTE BMECTO CTapOro 3alKChIBAETCSA €€ HOBOE COCTOSHUE.

e lI3MeHsieTCsl CHUMBOJI, COJEpKalllMiCs B paccMaTpUBaeMou
sueiike.  IlockombKy pa3HBIE CHMBOJBI KOIWUPYIOTCSA DPa3IWIHBIM
KOJINYECTBOM E€JUMHHMYEK, TO B CIy4yae 3aMEHbl CHUMBOJAa HEOOXOAHMO
MpeIyCMOTPETh TPOLENypy CIBUTA (pacTATMBaHUE WM C)KUMaHHUE
CJIOBA Ha HY>KHOE YHCJIO KJIETOK).

[ocne aToro Moaenupyercs CIeAyOmui TakT paboThl UCXOTHON
MT. [ns 3T0r0 CHOBa aHATU3UPYETCs COJEPKAHUE BTOPOU JICHTHI (3TO
Tereps Tekymee cocrosHue MT) m CHMBOJ, 3alMCAaHHBIN ClpaBa OT
yKazaTeis TEKYIIETo MOJI0KEHHUS yIPABISIFOIIEH TOIOBKH (CHenaabHas
MeTKa 6).

§ 1.4. Teopembl IllenHona

T.1.4.(1) Teopema Illennona Nel

Besikans  mamuHa Toropuara A4 MoxkeT ObITH
npeodpa3oBaHa B JKBUBAJEHTHYI0 MaliuHy B He
0oJiee 4eM ¢ IBYMsl BHYTPEHHHMMH COCTOSTHUSIMM.

Joka3zaTeabCcTBO

Jloka3aTenbCTBOM TEOpEeMBbl OYyJeT cxXeMma IOCTPOCHHS TaKoi
MamuHeL. [IpudemM cTpouTs OynmeM, Mo CyTH, YHUBEPCAIbHYIO MAIIHHY
TrrlopuHTa, HCIONB3YIOUIYI0 OJHY JIGHTY M HUMEIONIYI0 JIMIIL JBa
BHYTPEHHUX COCTOSHHUS, KOTOpas CMOXKET MOJCIHpPOBaTh paboTy
m000#t MamuHb! ThIOpHUHTA.

[TycTs MammHa A CONEPIKUT:

® M CHMBOJIOB BHEIIHETO andaBuTa ay,.__j, ..m,

.
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® N BHYTPEHHUX COCTOSHUM S1,._ji...n,

Torna mamuna B Oyner comgepkaThb:

e /IBa BHYTPEHHHX COCTOSIHUSA o 1 3,

e m OOBIYHBIX CHMBOJIOB BHeIIHero andaButa b; , sBisromuxcs
aHAJIOTaMU a;,

¢ 4mn 0COOEHHBIX CUMBOJIOB b, 32 cUeT KOTOPHIX MPOU3BOIUTCS
pacuupeHre BHyTpeHHEN aMsTH.

OO0mas naest MOCTPOEHUs!

B o0mux geprax MeToa MOCTPOSHHUS TakoB. [T MpOM3BOILHOM
mamuHbel  Teiopunra A ¢ andaButoM u3 m  OykB (CHMBOJIOB,
3allMChIBAGMBIX Ha JICHTE, BKJIIOYas IIyCTOHl CHMBOJI) U C R
BHYTPEHHHUMH COCTOSIHUSAMH TIOCTPOMM MammHy B ¢ 1Byms
BHYTPEHHHUMH COCTOSIHUSIMH M andaBuToM He Oosiee deM u3 4mn+m
cuMBOIOB. Mammna B Oyner paborarh, IO CYIIECTBY, Tak K€, Kak H
mammHa A. Bo Bcex KieTkax JIEHTBI, KpOME BOCIPHUHHMAeMOIO
CUMTHIBAIOIIEH TOJOBKOM M OTHOTO CMEXHOI'0 C HUM, Ha JICHTE MAIIUHBI
B 3anucaHo TO e, YTO M Ha JIGHTE MAalIMHBI 4 B COOTBETCTBYIOILNE
TaKThl paOOTHI IBYX MAIIIKH.

Mammba B MopenupyeT MOBeA€HHWE MAamMHbI A, HO XpaHUT
WHQOPMAaIMI0 O BHYTPEHHEM COCTOSHMM MAaIIMHBI A C TOMOIIBIO
CHMBOJIOB, 3allMCaHHbIX B KJIETKE IO CUYMTHIBAIOLICH TI'OJIOBKOH, U B
KJIETKE, KOTOPYIO CUHWTHIBAIOIIAasl TOJIOBKAa MamMuHBI A coOupaercs
nocetuTb. OCHOBHAs 3aJaya — CBOEBPEMEHHO OCBEXaTb 3Ty
MHPOPMAIMIO W JepKaTh €€ IMOJ CUYMTHIBAaIOUIed rojoBkoil. Ecim
NOCIEHSI IEepeABUraeTcsi, TO HH(GOPMALMIO O COCTOSIHUM Halo
MEPEeHECTH B HOBBIM KBaJpaT, HWCIIONB3YysS BCEro JBa BHYTPEHHHUX
cocrosiHusl MammHbl B. Ilycth, Hampumep, CIEAyIOIIUM COCTOSHUEM
MamuHel A JODKHO OBITH cocTosHHME 17 (coriacHo KaKoW-HHUOYIb
cucteMe curcieHns). UToObl MepeHecTH ero CHMBOJI, CUUTHIBAIOLIAs
roJioBKa "kKauyaeTcs" BOEpe. - Ha3a MEXAy CTapol U HOBOM KJIeTKoM 17
pa3 (Tounee, 18 pa3 B HOByr0 KIeTKy W 17 pa3 Hasan B crapylo). B
TEYEHHE TOTO MPOIIECcCa CUMBOJI, CTOAIINI B HOBOW KJIETKE, ITpoOeraeT
CBOET0 poja IOCIEeN0BaTeIbHOCTh CYETa, KOTOpas OKAHYMBAETCS
CHMBOJIOM, COOTBETCTBYIOIIMM COCTOSIHUIO 17 W B TO e Bpems
COXPaHSIOMUM HHGOPMALUIO O IPEABIIYIIEM CUMBOJIE B 3TOM KIETKE.
IIpomecc kavaHus BO3BpamlaeT TaKXKe CTApyI0 KIETKY K OJHOMY M3
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3JIEMEHTapHBIX CHUMBOJIOB (HAaXOAALIMXCS BO B3aMMHO OJHO3HAYHOM
COOTBETCTBHH C CUMBOJIAMH, UCTIOIH3yEMbIMH MAIINHOW A), a UMEHHO:
K TOMY DJIEMEHTAPHOMY CHMBOJY, KOTOPBIH JOJbKEH OBITH 3amvcaH B
9TOM KJIETKE MOCJIe OKOHYaHUA JaHHOM onepanuu.

dopmaibHas cxeMa MOCTPOeHUs

®opmanbHo MammHa B crpoutces Tak. [lycts cumBoibl andasura
MalmuHel A CyTh a;, @y, ..., dy U MYCTh €€ COCTOSIHUA S, S, ..., S, B
MalmmHe B MBI MOCTaBUM B COOTBETCTBHE an(aBUTy MamuHbel A m
3JIEMEHTAPHBIX CUMBOJIOB by, b, ..., b, . 3aTeM omnpeaeaum 4mn HOBBIX
CHUMBOJIOB, COOTBETCTBYIOIIMX IapaM M3 COCTOSIHHA W CHMBOJA
MAalluHbl A, CHaOXEHHBIX IBYMs HOBBIMH [IBy3HAYHBIMH HHAEKCAMH.
Takue HOBbIE CHUMBOJIBI OylieM Ha3biBaTh 0cofbimu. OcoObIi 3HAK
MaluHel B umeet gpopmar b iy, re:

i- HOMep JeHTOYHOrO CHMBOJIA, i=1,2,...,m

j- HOMep BHYTpEHHET0 COCTOSHUS MamuHbl A, j=1,2,....,n

X- HaszHaueHue (posib) KIJIETKH: €clIH KIeTKa IepelaeT
MH(QOPMAIMIO BO BpEeMs «KadyaHUs», TO X = 7+, a eCly NoIy4aeT — TO X
=7-". CaMH KJIETKH Ha30BEM COOTBETCTBEHHO: MEPEAATYNK / TPUEMHUK.

y- TOJOKEHUE Ipyroil ocoOoi kieTku (MammHa B He MOXKeT
3allOMHUTHh OTKyJa OHa yIUIa): B 3aBUCHMOCTH OT TOTO, BIIPaBO HJIH
BIEBO OT BOCHPHUHHMAeMOH KIETKE JOJDKHA IEpPEABHUHYTHCS
CUMTBHIBAIOIASI TOJIOBKA ITPU KayaHuH, y = R nm L.

JlBa coctossHMs MammHbI B HaszoBeM o M B. OTH cocTOSHUSA
UCIOIB3YIOTCS. ABOAKO. BO-NEpBBIX, NMpH MEPBOM INare KadaHUs OHHU
MEPEeHOCIT B  OMIKAWIIYI0 TOUIEKAIIYI0 ITOCEIIEHHIO  KIETKY
WHQOPMAIMIO O TOM, BIIPaBO (@) WM BIIEBO (B) OT HOBOH KIETKH JICKUT
cTapas KJeTka. JTa HMH(oOpMaunus HyXHa B HOBOH KIETKe, YTOOBI
YIPaBIAIOMMHA 3JIEMEHT NEPEIBUHYJI CUYUTHIBAIONIYIO TOJIOBKY Has3ajd B
HY>KHOM HanpasieHud. [locie mepBoro mara wHpopmauus o6 3ToM
COXpPAHAETCS B HOBOM KJIETKE C MOMOIIBIO 3alIMCAaHHOIO TaM CHMBOJA
(mocnenamii MHAEKC y). BO-BTOPHIX, COCTOSHUSA O U B UCTIONB3YIOTCA,
9TOOBI COOOIIUTH W3 CTAPOW KJIETKW B HOBBIM O (haKTe OKOHYAHUS
kayanus. [locne mepBoro mara xauaHus cocTosiHME [ MepeHOCUTCS B
HOBYIO KJIETKY BIIJIOTH JO KOHIIA KadaHWs, KOTAAa MEPEHOCUTCS 0. DTO
O3HaYaeT KOHEI[ OmIepalud, W HOBas KIETKa HAYMHAET 3aTeM
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JeHCTBOBaTh KaK MEepeJaTYuK M YIPaBIACT CIEIYIOIIMM IIarom
BBIYHCIICHHUS.

Komanna mammsbl 4 yKa3bIBaeT, YTO OHA IPHU CUYUTHIBAHHUU
KOH(UIYpaLuH BHIIOJIHAET TPU ACHCTBHSA: 3alIMCh HOBOTO CUMBOJIA, Te-
pexol B HOBOE COCTOSHHE M IEPEeIBMUKEHHE CUUTHIBAIOIIEH I'OJIOBKH
BITPaBO WM BiIeBO. COOTBETCTBYIOUINH (PparMeHT IPOrpaMMBbl MaIIMHbI
B npuBeneH HUXe:

(04 bi — bi,],—,R R (04 i=1,2,...,m

bi g bi 1-L L (04 i=],2,...,m

j=1,2,...,n-1;

=X ™

~
S

bi,j,';y — bi,j+],-,L i:],Z,...,m

- j=12,...n-1;
bi,j,+,)/ - bi,j-l,+,y vy Boi=l2.m y=R L

bi,1,+,y — b; y a i=12,..m y=RL

IR ™R

OTu onepanuu IOKa YTO HHUKAK HE 3aBHCAT OT TaOJUIIBI
pabotel MamuHBEI A (KpoMe YHClIa HCIOJIB3YEMBIX CHMBOJIOB).
Onepanuu Ke  CICOYIOMEro © TMOCIEAHEro THma, (QopMyiu-
pylOTCI B TepMHUHAX TaOMUIBI pPa0OTHl MOJACIHPYEMON MAITUHBI.
[IpeanonoxuM, 4to MamurHa 4 UMEET KOMAaHY:

R
S,a, >a, — 8§
L
Torna mammua B Oynetr nMeTh KOMaHIy:

a b, ->b R E

k,l,+,z L «a
UYroObI 3acTaBUTh MalnHy B paboTaTh aHAJNOTUYHO MamiuHe A,
MBI 3allOJHSEM HAYaJbHYIO JIEHTY MAallMHbl B COOTBETCTBEHHO
Ha4daJIGHOHN JIeHTe MamuHel A (¢ 3aMeHOU a; Ha b;), 3a HCKIIOYCHHUEM
KJICTKH, 3aHHUMaeMOM CUHMTHIBAIOIIECH I'OJOBKOM B HayaJbHBIM MOMECHT.
Ecnu S; - HauanpHOE COCTOSIHME MAIIWHBI A U a; HAYalbHBIA CUMBOJ B

3TOM KBajJpare, TO B COOTBETCTBYIOLIEM KBaJpaTe JIEHThl MalluHbl B
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3ammceiBaeM b, iy

MHCTPYKLUS MaIIHbI A 3aMEHSeTCsl IPUBEICHHON BBIILIE HHCTPYKLHUEH
I MamuHel B. MammHa B paboTaer BIDIOTH 1O MOMEHTa, KOTa
BMECTO 0CO0OT0 CHMBOJIAa B OAHOM M3 JIBYX OCOOBIX KIJIETOK OKayKeTCs
3alIMCaHHbIM SHCMCHTapHI)IP'I CHUMBOJI, COOTBCTCTBYIOHII/Iﬁ CUMBOJIYy U3
BHemHero andasuta MamuHbl A. Takum oOpa3zoM OyzaeT Mpou3BelcH
HabOp JAEWCTBUIl, SKBUBAJICHTHBIA IEPBOW KOMaHJIE (MHCTPYKLIHH)
MamuHbel A. Jlanee aHamOTHYHO SMyIHpPYETCs BTOpas KOMaHIa U T..I.
BIUIOTH 10 OCTAHOBKH MAalIMHbI A W SKBUBAJIEHTHOW €€ MamuHbl B.
Takum o00Opa3oMm TMoOka3aHO, Kak MammHa A TpeoOpasyercss B
SKBHUBAJICHTHYIO € MallMHy B ¢ ByMs BHYTPEHHUMH COCTOSHUSIMH,
Q.E.D.

U OpUBOIMM MamMHy B B cocrosHue a. [lanee

T.1.4.(2) Teopema Illennona Ne2

Besikas  mammHa Telopunra A MoxkeT OBITh
npeodpazoBaHa B JKBHBAJIeHTHYI0 Mamuuny C He
0oJiee yeM ¢ IBYMsl 3HAKaMU BHellHero ajgasura.

Jdoka3zateJnCcTBO
Kak u B cmyuae teopemsl 1.4.(1), mokazarenscTBoM OymeT cxema
noctpoeHus. Ilokaxewm, 4TO MOXKHO IIOCTPOUTH Mamuny C,

pabotaromyto momobHO r000¥ 3amaHHO MamuHe Thropunra 4 U
WCTIOJB3YIONIYI0 TOJNBKO /IBa CHMBOJIA BHEMIHWN an()aBUT, HAIIPUMEp
cuMBOJIBI O 1 1.

[TycTte Mammnaa A COOEPKUT:

® 1 BHyTPEHHUX COCTOSIHUH .S},

® m CUMBOJIOB BHEIIIHETO andapura a;,

Torna mamuna C OyzneT conepxars:

® n BHYTPEHHHX COCTOSHHH T, ABIAIOIINXCS aHAJI0TaMu S,

e He OoJiee UeM 8nm CrielUanbHBIX BHYTPEHHHUX COCTOSHUM,

e 2 cuMBoya BHemrHero ajdasura: 0 u 1.

OO0wmas uaest NoCTpoeHust

[lycth / — HanMeHbIIee 1IeJI0e YHCIIO, IS KOTOPOTO m<2'. Torna
CHMBOJIaM mamuHel A MO>KHO COIIOCTaBHUTh JIBOMYHEIE
MOCJICTIOBATEIBHOCTH  JUTMHBI [ TakuM 00pa3oM, dUTO pPa3IMIHBEIM
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CUMBOJIaM OyayT COOTBETCTBOBATH pa3iIuyYHbIC xKe
nmocnenoBaTenbHOCTU. [Ipu 3TOM TycTOMy CHMBONIY MamWHBI A MBI
CTaBUM B COOTBETCTBHE MOCJEIOBATEeIbHOCTh M3 [ Hyinei. Mamuna C
OyneT paboTaTh C JBOMYHBIMU TOCIEIOBATEILHOCTAMH. DIeMEHTapHAS
omeparysi MamuHbl A Oy/JeT cOOTBETCTBOBATh B MarmHe C mepexomry
CUNTHIBAIONMICH TOJNOBKM Ha [ - 1 KJIETOK BIpaBO (C COXpaHECHUEM
CUMTaHHOW MH(OpMAIMKM BO BHYTPEHHEM COCTOSIHUH TOJOBKH), 3aTeM
oOpatHOMY Tiepexoy Ha / - 1 KIIeTOK BIIEBO, 3alMCH HOBBIX CHMBOJIOB
MO0 MYTH W, HAKOHEI, JABIKEHUIO BIPABO WJIM BJIEBO Ha / KJIETOK, B
COOTBETCTBUM C JBWKEHHEM CUHTHIBAIONIEH TOJOBKM MamuHbl 4. B
TE4YEHHE ITOT0 MPOLECCa COCTOSHUE MAIIUHBL A, KOHEYHO, COXPaHAETCs
u B MammHe C. 3aMeHa CTaporo COCTOSHUS HOBBIM IIPOUCXOINT B KOHIIE
orepanyy CYUThIBaHUS.

®opMaJbHAsA CXeMAa MOCTPOCHHS

Havanpnas nenta mammuel C mpeacTaBisieT cO00W HaYaTbHYIO
JIEHTY MaIlIuHBI A, rae KaXXJIbId CHMBOJI 3aMeIlcH
COOTBETCTBYIOILIEH €My JBOMYHOMH MocJIeIOBaTeNIbHOCTRIO. Ecin
pabora MamuHbl A HAYUHAETCS ¢ KAKOTO-TO OIPENeICHHOTO CUMBOJIA,
TO paboTa MamuHbl C HAYHETCSI C CaMOTO JIEBOTO JBOUYHOTO CHMBOJIA
COOTBeTCTBYIOIIEeH Tpymnmbl. Ecnmn mammHa A HaunHaeT paboty B
cocrosiHuH S;, TO C HA4HET pabdoTy B COCTOSTHUH ;.

®opmansHo MammHa C ctpoutcs tak. Cocrosausam S;, S, ..., S,
MaIIuHEI A MBI CTAaBUM B COOTBETCTBHE cOCTOSIHUS 1, 1>, ..., T, MaIIMHBI
C (mocnemnme OynmyT BcTpedaThes, korma MammHa C HaduHAET
OIEPALTHIO, CUMTBIBAs MepBbIN CHUMBOJI B JIBOMYHOU
MOCIIeI0OBATEILHOCTU AnuHbI [). [ kaxaoro u3 3tux 7; onpenenum
nBa coctosiHus Ty u T;;. Ecnu mammHa C HaXonUTCs B COCTOSHUU 1; U
yutaeT cuMBOJa 0, TO OHa JBUXKETCS BIIPABO U MEPEXOAUT B COCTOSHUE
T;,. Eciu oHa untaer 1, To ABMKETCS BIPaBO U MEPEXOAUT B COCTOSHHE
T;;. Takum oOpa3oM, C TOMOMIBK 3THUX JBYX COCTOSHUH MaIIWHA
3alIOMHUHAET, KaKAM ObLI MepBbIN CHUMBOJI JIBOMYHOM
MIOCJIEN0BATENBHOCTH. J{J1s1 Kak1oro U3 3TuX T;9 U T;; onpeneauM omnsiTh
no aBa cocroauusi: Tjy, T w0 T T;;. Bciiu, Hampumep, mamvHa
HaxXOJIUTCS B COCTOSIHMM Tj) U uuTaeT cuMBoJ O, TO OHa MEPEXOIUT B
cocrosiaue Tjpp ¥ T. A. TakuM 0OpazoMm, ¢ TIOMOIIBIO ITHX COCTOSHUI
3allOMHUHAETCA Ha4YaJbHOE COCTOSHHE W JBa TIEPBBIX CHUMBOJIA,
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MPOYMTAHHBIX B Tpolecce pabdoTel MamwuHbL [IpogomkuM Takoe
MOCTPOEHUE COCTOSHUHN BIUIOTH A0 /-1 miaroB. [lomyumBmieecss B utore
pa3Hoo0pa3ue COCTOSHUN MOXHO 0003HAYUTh 4epe3 1 .7 x2 .. xs» THC
j=12,....n; x=0,1; s=1,...,1-1.

Ecam MammiHa HaXOMUTCS B OTHOM M3 3THX COCTOSHUH (s < [-1) u
gutaer 0 wm 1, To oHa mBmwkercs BmpaBo W 0 wmim 1 memaercs
JNaJbHEHIITIM HHJIEKCOM COCTOsAHUS. B TOT MOMeEHT, korga S
CTAHOBUTCS paBeH [ — 1, MammHa YHTaeT MOCICTHUN CHMBOJ
MTOCJICTOBATEIPHOCTH UIHHEI /. Teneps mpaBuiia omepanudii  3aBUCST
OT KOHKPETHBIX TIPaBHJ MalIuHBl A.

HonyctuM, Tekyeil HHCTpYKUue MauHbl A Oblia KOMaHAa

R
S,a;, > a, ZSP

Mammna C yXe TroToBa K BBIIOJIHEHUIO COOTBETCTBYIOIICH
HWHCTPYKIHWHU, a 3HA4YuT B I[aJIBHefIHIPIX COCTOSAHHAX OOJIXKHA OBITH
3aKOMpoBaHa HHPOPMAIHS O TPEX MapaMeTpax:

® 0 HOBOM CHMBOJIE @4, KOTOpBIA ClleyeT 3amucaTh Ha MECTO
CTaporo CUMBOJIA 4,

® O HaANPaBJICHUH JATHLHEHINEro ABMKEHUS MaHbl: R i L,

® 0 HOMEpE HOBOTO COCTOSIHUS S,,.

HoBr1il cuMBOI ai MOXET OLITH 3aKOANpPOBaH OIBY3HAYHBIM KOJIOM
B BHJIE MOCIEIOBATENBHOCTH V) V2, ..., Vs.1, Vs T ¥=0,1. Onpenennm
IBa HOBBIX MHOKECTBA COCTOSIHUM, KOTOPbIE HECKOJIBKO MOXOXKH
Ha BBEJEHHOE BHIIE MHOXECTBO COCTOSHUN 7, HO COOTBETCTBYIOT
HE CUMTBIBAHUIO, a 3amucu: R, y; 2 . W L, 1,2 . 4 Ha3Banue
coctosiHust (R wmmu L) Oyner MHAMKATOpOM JBIKEHHS MAalIdHBL A,
mmepBoe 4YuCiIo B uHAEKce (p) — OydeT IOKas3pIBaThb HOMEpP HOBOTO

COCTOSIHHSL S, MAIlINHbI A, @ HHIEKCHI V) V), ..., V5.5, Vs - 3HAUCHUA KOJa
HOBOT'O CUMBOJIE a.
[lycte mocnenoBaTrenbHOCTb X; X2, ..., X5, Xs COOTBETCTBYET

HEKOTOPOMY CHUMBOIY MallvHbI 4. JomycTUM MamuHa A 4YUTAET 3TOT
CHMBOJI B COCTOSIHMM Sj, TOI/Ia OHa 3alHCBhIBAET CHUMBOIL,
COOTBETCTBYIOIIUNA ABOUYHON MOCHAEAOBATEIBHOCTU V) V2, oo, Vsl Vs
MIEPEXOTUT B COCTOSIHWE S, W ABIDKETCSH, CKa)XeM, BIIpaBo. B 3Tom
ciydae, o onpeneieHuto, MmamuHa C, OyIydd B COCTOSHUHA 1 17 2. .. xi-1
Y 4YUTasi CUMBOI X; , IEPEXOAUT B COCTOSIHUE R; ,; 12 .. 1.7, 3IIACHIBAET
CHMBOI ;1 ABUXKETCA BlIeBO. B 11060M U3 cOCTOSIHUM R), 1/ 12 s (MIN
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L, v y2 .. ys) MammHa C 3aNVCHIBACT V;, IBUKETCS BIEBO M MEPEXOINT B
cocrostHue R, 41 42 .. ysq (wmm L, ;12 . 45). [locpeacTBom atoro
mpoliecca JBOWYHAS IOCIEI0BATEIBHOCTh, COOTBETCTBYIOIIAsT HOBOMY
CHUMBOITY, 3aMKMCHIBAETCS BMECTO cTapoi JIBOMYHOM
mociemoBaTeNbHOCTH. [Ipn s=1 3Ta 3amuch 3aKaHIMBACTCS HA CHMBOJIE
;. OcTaercst TONBKO MEPEIBUHYTH CUHTHIBAIOIIYIO TOJIOBY Ha / KJIETOK
BIIPAaBO WJIU BIIEBO, B 3aBHCHUMOCTH OT TOTO, HaXOJUTCS JIM MalllliHA B
COCTOSHUH R WA B COCTOSHUH L. ITO AeaeTcs ¢ ITOMOITBI0 MHOKECTB
cocrostamid Uy u Vi (i= 1,2, ..., n, 5= 1,2, ..., [-1). B cocrossaun R;y;
MallliHa 3aMUChIBACT X, JIBIDKETCS BIIPABO U MEPEXOIUT B COCTOSHUE
Uj;. B kaxnoM wu3coctosHuid U MalimHa MOPOJOJIKACT JBHXKECHUE
BIIPaBO, HE 3allMChiBasd HHYETO M IepexoAs B coctosHue U co
CIIEYIOINMUM TIO0 BEJIMYMHE MHIEKCOM, TIOKa He OyJeT JOCTHTHYTO
nocinegnee cocrosiuue U. Takum oOpazom, Ui BEI3BIBAET OBIKEHHE
BrpaBo U cocTtosiHue Ui (s</-1). Hakoner cocrosiaue U, IpUBOIUT
MOCJIC IBM)KCHHSI BIIPABO K COCTOSIHWIO 7;, 3aBepiias TeM CaMbIM
UK. AHaJOTUYHO, L;, TPHUBOIUT K ABUKCHHUIO BIEBO U COCTOSIHHIO
Vi1 Vs naer aBwxenue BieBO u Vi, (s< [ -1), nakonen, V;,, nmaer
JIBIDKCHME BICBO U 1.

§ 1.5. AsiropuTMHYecKH Hepa3peminMble 3312491

ITocne Toro, kak ThrOpUHTOM ObLIa MPEAIOKEHA CTONb YA00HAs
¢dopManbHas MoOJETbh AITOPUTMAa, BO3HUK BONPOC O TPaHUIAX €e
MPUMEHUMOCTHU. Eciu o060 anropuT™ MOKHO MPE0O0Pa3uTh B MAIIUHY
TriopuHra, TO BO3HHKAET BOIPOC O TOM, JJIS JII000M JIK 3a1a4H, BOOOIIIe
rOBOPs, CYIIECTBYET AIITOPUTM PELIEHHUS.

Janee OyayT paccMOTpeHBI IPUMEPHI AITOPUTMHYECKU Hepaspe-
MIFMBIX TIPOOJIEM W JI0Ka3aTeNbCTBa WX Hepa3zpemuMocTd. Baagane ot-
METHUM, YTO JOKa3aTCJILCTBAM HEBO3MOXHOCTH, IIPUBOJUMBIM B TCOPUU
aJITOPUTMOB, TIPUCYINA Ta XK€ MaTeMaTH4ecKas CTPOTOCTh, YTO U JIOKa-
3aTenbCTBaM HEBO3MOXKHOCTH, POBOJUMBIM B JPYTHUX OOJIACTSIX Mare-
MAaTUKH.

CylIecTBYIOT JIBa METO/Ia JIOKa3aTeIbCTBA HEPA3PECIIUMOCTH.

IlepBriit, npamolt mMemood, COCTOUT B TOM, UYTO, UCXOJS U3 MPE.I-
TIOJIOKEHUSI O pPa3pemMMOCTH JaHHOW MpoOJIeMbl, TyTeM Habopa
JIOTHYECKHX MpeoOpa3oBaHmii (IIepexo10B) MBI PUXOJUM K IPOTHBOpE-
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YHIO C JIOKa3aHHBIMU paHee YTBEPXKICHHUSIMH JHOO C 3JIeMEHTapHOM
JIOTUKOH (CO 3IPaBBIM CMBICIIOM).

Bropoii, koceennuiit memoo (Ha3pIBaeMbIi eUIE Memooom ceede-
HuA), COCTOUT B CIEAYIONIEM: IMOKA3bIBACTCSA, YTO Pa3pelIMMOCTh HC-
ciaexyeMoil mpoOaeMBl BICYET Pa3pelInMOCTh MPOOJIEMbI, 0 KOTOPOH
YK€ M3BECTHO, YTO OHA Hepa3pemmnmMa. MeTon CBe/IeH!sT 9acTo OBIBAacT
Oosiee yIOOHBIM, YeM MPSIMON METO/I.

IlepBbIii MeTOX HMCHONB3YETCS BOOOINE JTOCTATOYHO IMHPOKO B
JIOKa3aTeIbCTBE TEOpEeM Pa3IMYHOro THuma. B oO0iieM Buae OH
HaspiBaeTcs reductio ad absurdum - Jdokazamenvbcmeo  «om
npOmMuUEHO20». DTO OIWH W3 CaMbIX YacTO HCIIOJNB3YEeMBIX METOJIOB
JI0OKa3aTeabCcTBa yTBEpKAeHU. JloKa3aTenbCTBO yTBEpKIAEHUS A
MPOBOAUTCS  cienyromuM  oOpazom.  CHadana  NIPUHUMAIOT
MPEINONI0KEHNE, YTO yTBEPKIEHHE A HEBEPHO, a 3aT€M JIOKa3bIBAIOT,
9TO TIPM TaKOM TMPEANOJIOKEHHH OBUI0O OBl BEPHO HEKOTOPOE
yTBEp)KACHUE B, KOTOpoe 3aBeioMo HeBepHo. I[loayueHHOE
IMPOTUBOPCYMUEC TIOKA3bIBACT, YTO MHCXOAHOC IMPECAIIOJIOKCHNUE GI)IJ'IO
HEBEPHBIM, U TOTOMY BEPHO YTBEPKICHUE «OTPUIAHHE OTPUIAHHS
A», KOTOpOE TIO 3aKOHYy OB0UHO20 OmMpuUYyaHus PaBHOCHUILHO
YTBEPHKACHUIO A.

Kpome 3TOro, BO MHOTHX JOKa3aTeNbCTBaX IPUMEHSETCS TaK
Has3pIBaeMasi anazozusn (rped. nar. deductio) — JOTHYECKUH TpHeM,
KOTOPBIM AOKa3bIBACTCSA HECOCTOATCIbHOCTD KaKOI‘O-HI/I6y,Z[L MHCHUA
TakuM 00pa3oM, YTO HIIM B HEM CaMOM, WJIH XK€ B HEOOXOJUMO U3 HEro
BBITEKAIOIINX CIIEACTBHUSX, MBI OTKpPBIBaeM npomugopeyue. lloaTomy

anarorudeckoe JIOKa3aTeNbLCTBO SIBIISIETCS JIOKa3aTeIbLCTBOM
KOCBEHHBIM:  37IcCh  JIOKa3bIBAIONIMi  oOpalmaeTcss CcHavajga K
MPOTHUBOIIOIOXKHOMY MTOJIOJKEHHIO, 4TOOBI OKa3aTh ero

HECOCTOSITETILHOCTD, U 3aTeM 10 3aKOHY UCKIIOUEHUS Mpembe20 NeNaeT
BBIBOJI O CIIPaBEUIMBOCTH TOTO, YTO TPEOOBAIOCH J0Ka3aTb. ITOT POA
JIOKa3aTeNbCTBA HA3BIBACTCA TAaKXKE€ NPUBEICHHEM K HEJEIOCTH:
deductio ad absurdum. CymecTBeHHOI €ro NPUHAAIEKHOCTHIO
SIBJISIETCSI JTOBOJI, YTO TPEThe HE CYIIECTBYET: tertium non datur, T. €.,
YTO KpOME MHEHUS, CIPaBEUIMBOCTh KOTOPOTO JOJDKHO JOKa3aTh, U
BTOPOTO, €My NPOTHBOIIOJIOKHOTO, KOTOPOE CIYXXUT HWCXOIHBIM
MyHKTOM JIOKa3aTelIbCTBA, HUKAKOH TpeTHil (akT He IOMyCKaeTCsl.
[TosTOMy  KOCBEHHOE  [IOKAa3aTeNbCTBO  HCXOAWUT M3  (QakTa,
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MMPOTUBOPCYALICTO IMMOJOKCHUIO, CIIPABCIJIMBOCTE KOTOPOI'O Tpe6yeTc51
J0Ka3aThb.

1.5.1. 3agaya 006 ocTtaHOBKe NMPOM3BOJBbHOI MamuuHbl ThOpuHra
NPH MPOU3BOJILHOM BXOHOM CJI0Be

T.1.5.(1) Teopema

3agaua 00 oOCTaHOBKE TMPOU3BOJBLHOW MAIIMHBI
ThlopuHra Ha NPOU3BOJBHOM BXOJHOM  CJIOBE
AJIrOPUTMHYECKHU Hepa3pelmmnMma.

WNHbMu crioBaMu, HENb3sl MPUAYMATh YHUBEPCATIbHBIM aITOpPUTM,
B pe3yJIbTaTe BBHINOIHEHUS KOTOPOTO OyJIeT MOJyYeH OJHO3HAYHBIN
OTBeT: “‘na”- eciu Npou3BojibHAsA MaminHa 7 OCTaHOBUTCS Ha JIEHTE C
MIPOU3BOJIEHBIM BXOJHBIM CIIOBOM tu “HeT” — ecnu T HE OCTAaHOBUTCS
Ha JieHTE t.

JokazaTeJbCcTBO

Joxkaxem Teopemy OT npotusHoro. Ilpennonoxum, 4ro 3axaya
00 ocCTaHOBKE TmpOW3BOJNBHOW MamuHbel T 1pu  0OpaboTke
MIPOU3BOJIBHOTO CJIOBA t QJITOPUTMUYECKU pa3peliuMma. DTO O3HAYaeT,
UTO CYWECTBYET aJIroputM pelIeHusd, a 3HA4YUT W CYHICCTBYET
peanusyromnias ero mamuHa Trelopunra /.

IToctpoum mamuny /J, Ha JIeHT€ KOTOPOM 3amMCcaHO KOJI0BOE
omnmcanue MamuHbl 7' 1 KOJOBOE OMMCaHUE BXOIHOTO clioBa t (puc.1.7).

dT dt
| & | I |
L, A A
KOJIOBOE OITMCaHHE  KOJOBOE ONHMCAaHUE
mamuHel T BXOJHOTIO cjioBa t

Puc. 1.7. HayanbHO€ COCTOAHUE JICHTHI MAIUHbBI /]

/I oOpabaTteiBaeT 93TWM aABa ciaoBa W nwmmeT “nma”, ecaum T
OCTaHABJIMBAETCS TIpH 00paboTKe t, M “HET™ €CJIM 3TOTO HE MPOUCXOJINT.
Ecnu 5TOT anroputm pabotaeT Aiis M000r0 ciny4das (Jr000ro BXOAHOTO
cioBa t), TO JOJDKeH paboTaTh M JJIs YacTHOTO ciy4as. B kauectBe
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HAYaJbHOTO CJIOBA, B TOM YHCJE, MOKHO BBHIOpATh OIMCAaHHE MAIIWHEI,
T.€. Bo3bMeM  dt =dT.

[octponm mammny E, xoropass OyAeT Ha CBOEH JIGHTE HUMETh
omnHcaHue MPOW3BONBbHON MammHbl 7. Pabora mammnasl E cocTrout B
TOM, 4TO OHa kormmpyeT omucanue dT , a 3arem pabotaet xak /. Eciu
cymectByet A, To cymectByet E.

[Moctpoum mammny F. F pabotaer kak E, HO OTJIMYHE COCTOUT B
TOM, YTO, €CIH Iociie paboThl Ha BXogHoM ciioBe dT  mammHa E
OCTaHABJIMBAETCA C OTBETOM “‘ma” (4To oO3HavaeT 4yTo MammHa 7T
OCTaHaBJIMBAeTCs), TO MalllnHa F HE OCTaHABIUBAETCS, a MPOAOIIKAET
OecKOHEYHOE JBM)KEHUE BIIpaBo 0e3 M3MEHEeHHUs 3HAKOB Ha JieHTe. Ecimu
e BAPYT MaminHa E OCTaHaBIMBAETCS C OTBETOM «HET» (3TO O3HAUaeT,
4710 MamuHa T He ocTaHaBIMBaeTcs), To F IpoCcTo ocTaHaBIMBAETCs.

Ecnu nanseblii anroputM pabotaeT 11 IpoU3BOIbHON MatuHbl 7,
TO M I KOHKpETHOW Toxke Oyzaer paborats. Ilomokmm T=F. Takum
00pasoM, Ha JIeHTe MauHbl F OKa3bIBACTCS OMMCAHUE CAaMOW MAaIllMHBI
F. B pe3ynbraTe noiay4yuM, uto MamuHa F aHanusupyet camy ceost (F —
caMOaHATM3UPYIOIIAasi MAIlIUHA).

ITonyyaem, yto F He OCTaHAaBIMBAETCS B TOM ciydae, ecau E
OCTAaHOBUTCSA C OTBETOM “ma”, a 3TO oO3Hadaer, 4ro MammHa T
octa"oBurcs. [Tockonsky 7=F, umeeM cutyanuto: F oCTaHOBUTCS, €CIIU
F He ocranmoBurcsa, nu F He ocrtanoBuTcs, ecnd F ocTaHOBHUTCS, UTO
SIBHO TIPOTHBOPEYHUT 37PABOMY CMBICTY. Takoil MamIuHBI CyIIeCTBOBAThH
HE MOJXKET.

ITockonmpky Bce paccykaeHHs OBUIM JIOTHYeCKH OOOCHOBAHEI,
MOJTly4eHHOE TPOTHBOPEYME O3HAYAET, YTO OIMMOKAa B H3HAYAIBHOM
MPEANOIOKEHUH O CYIIeCTBOBaHMM MammHbl /[ (B JaHHOM
JIOKa3aTeNbCTBE HCMONb3yeTcsl mpsiMoil Meton). OTcroia HampsMylo
clemyer, 4ro 3ajada o0 OCTaHOBKE IPOW3BONBHON MamuHBl T Ha
MIPOU3BOJIEHOM CJIOBE t aAJITOpUTMUYECKH Hepaspemuma, Q.E.D.

1.5.2. 3ana4ya 06 ocTaHOBKe NMPOHU3BOJIBLHOM MAIIMHBI ThIOpHHTa Ha
ILYCTOM JIeHTe

Ecmu Obl mmencs anmroput™M (a 3HAa4YUT U COOTBETCTBYIOIIAsS
MalluHa TeropuHra) st pemeHuss NpoOJIeMbl  OCTaHOBKH
MIPOM3BOJIBHON MamuHbl Ipu 00paboTKe MPOU3BOJIBLHOTO CJIOBA, TO 3Ta
MallliHa MOorjia Obl PelIuTh W MPOOJIEMY OCTaHOBKH Ha IYCTOM JIEHTe
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KaK YacTHbBIN ciydail. Ho HepaspemmMocTh mpo0ieMbl OCTAaHOBKH IIPH
aHaJgn3e TPOU3BOJIHHOTO CIIOBA HETIOCPEIICTBEHHO HE O3HadaeT
HEPa3pEIIMMOCTH POOJIEMbI OCTAHOBKH HAa IYCTOM JICHTE, IOTOMY KaK
MOCTIETHSAS 3a]]a4a MOXKET OKa3aThCs Ooliee MPOCTOi, Tak Kak ee chepa
MIPUMEHEHUS SIBHO YIKe.

OnHako MBI MOJKEM IIOKa3aTh, YTO 3TH 3aJayd JKBUBAJIEHTHI, B
TOM ciyd4ae, €clid A KaXJoW mapbl MamuHa-ieHta (7-t) Jokaxkem
HaJMYHe COOTBETCTBYIOIIEH MammHbBl My , paboTaromeil Ha YHCTOMH
JIEHTE.

T.1.5.(2) Teopema

3agaya 00 ocTaHOBKEe NPOM3BOJbHOI MAaIIMHBI
Tolopunra Ha TycTOH JeHTe AJITOPUTMUYECKH
Hepa3pemmnma.

Jloka3aTeJbCcTBO

Jna kaxaod mapel mamuHa-neHta (7-t) gokaxem Hamudue
COOTBETCTBYIOILEH 337ja4ll OCTAHOBKHU Ha IIyCTOM JIEHTE JUIsl HEKOTOPOM
JIpYrol MaluHbl, HOpeaAnonoxkuM My, Mamwmsa My crpoures
HEINOCPEICTBEHHO M0 onucanuio 7' U t, ecau auarpammy cocTosHuil T
JIOTIOJIHUATH MOCIEN0BATEIbHOCTHIO HOBBIX COCTOSTHHM.

IIpeanonoxxum, uto uist napel 7T, t B HEKOTOPBI MOMEHT BPEMEHU
JICHTA BBITJISIUT TaKUM 00pazom (puc.1.8):

EIDE B DA S P B CR R

Puc 1.8. Jlenra mamuas! T B BRIOpaHHOH MOMEHT BpEMEHHU

HoBas mammna Mrp, HaunHaer paboOTy Ha IyCTOW JEHTE U
paboraet no cieayoeil mporpamMme:

S] A— I R Sz

Sz A— I R S3

Sm A— rmR Sm+1
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Smi1 A — xR Spia
Smi2 A = Inia R Spis

Sah— 1L S,
Sx Ih1 — Ina L Sx
Sx Iho — Ino L Sx

Sx Tm+2 — I'm+2 L Sx

Sy x—r1m LSy

S rm — nanee pabota aHanoruyHo mamuHe T Ha JIeHTe t,
re:

X — HEeKoTopasi OyKBa, B APYTUX CIydasx HE BCTPEYAOMIAsCS Ha

BXOJIHOM JICHTE t;

S1. ... Sy, Sx — HOBBIE coCcTOSTHUS MalTUHBI M7, KOTOPBIX HE OBLIO B
Maiune 7.

CrnenoBatensHo, MammHa M7, TIpU 3alycKe Ha IyCTOH JICHTE
SKBUBaJicHTa MariuHe 7, paborarolieil Ha JieHTe t, TaK Kak, IO CYTH,
MamimHa My, IPOCTO TedaTaeT KOMUIO JICHTHI t Ha CBOEH JIeHTe, 3aTeM
BBIOMpAET HYXHYIO IMO3UIIUI0 M TIOCIE ATOTO CTAHOBHUTCS TIOJTHOCTHIO
naentuynor mamune T. 3Hauutr My, u T - S5KBUBaJIEHTHBIE MAIIUHEI.

[Ipenmonoxxum, 9To 3a7a4a 00 OCTAHOBKE MAIIMHBI Ha YUCTOH
JIGHTE aJrOPUTMHYECKH paspelinMa, 3HAYUT €€ MOXHO pelluTbh U
MPUMEHUTENBHO K MammuHe M, HAUMHAIOIICH padoTy Ha YHCTOH JICHTE.
COOTBETCTBEHHO, TaKas 3ajaya pemaercs U Juist MaiuHsl 7' Ha JeHTe t,
9TO ©CTh TIPOTHBOpEYHE C JOKa3aHHBEIM B Teopeme 1.5.(1)
YTBEP)KICHHEM O TOM, YTO IS TPOW3BOJBHONH MammHBl T 3amada
OCTaHOBKHM IPU 00pabOTKE MPOU3BOJIHHOTO CIIOBA t aJTOPUTMUYECKH
HepaspemmMa. OTCrOfa Cleayer, 4To 3ajadya 00 OCTAaHOBKE MAIIWHEI
Ha YHUCTOH JIEHTE aJITOPUTMUYECKH HepaspenuMma, Q.E.D.

B naHHOM Jn0OKa3aTenbCTBE HWCHOJIB3YETCS KOCBEHHBIM METO],
Ha3bIBaeMbIH METO/IOM CBEIICHUSI.

B m.1.5.1. 6pu1a mokazaHa HEPa3pEUIUMOCTH MPOOIEMBI OCTAaHOBA
Jutst ipou3BoJIbHBIX Nap (7, t). Tonbko YTO MOKa3aHO, YTO KaXKO0M mape
(T, t) cooTBeTCTBYeT JIETKO KOHCTpyHpyemas MamuHa My, KoTtopas
OCTaHABJIMBACTCS HA IyCTOW JIEHTE TOT/IAa U TOJNBKO TOTJa, KOTJIa NUMEET
MecTo octaHoB mapkl (7, t).
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CriocoOHOCTh pemiath YacTHble mpoOneMbl octanoBa (7, mycras
JIeHTa), KOTOpas BKJIIOYaeT Bce curyauun (Mry, TycTtas JeHTa),
npenocTaBuia Obl BO3MOXHOCTh PELIUTh BCE MPOOJIEMBI OCTaHOBA IS
npou3BosbHEIX Tap (7, t). MoxXHO cKa3aTh, 4TO 3HAYUTENLHO Oolee
TpynHas mpobnema mns map (7, t) ceéenrach ¥ 3HAUNTEIBHO Ooliee
npoctoit mpobiieme s map (7, mycrast IeHTa).

CBOJIMMOCTB — TOCTATOYHO TOHKOE M BAKHOE IMOHSITUE B TEOPUU
BbIAUCTMMOCTH. (OKa3bIBaeTCsi, MOXHO OIPEAETUTh OECKOHEYHYIO
MepapXuio MpoOiieM Hepa3pemnMOCTH BO3PACTAIOMIEH CI0KHOCTH, HU
OJHAa M3 KOTOPBIX HE CBOJAUTCA K MpeAlIeCTBYIOWIEH. bbuio naxe
MOKAa3aHO, YTO CYHIECTBYIOT MMapbl Hepa3peIMMbIX Ipo0IeM, HU OJHA U3
KOTOPBIX HE CBOAUTCS K APYTOH.

1.5.3. 3agaya 00 ocTaHOBKe KOHKPETHOW YHHUBEPCAJIbHOM MaIIMHBI
HA NPOU3BOJIBHOM JeHTe CHelHAILHOI0 THIIA

T.1.5.(3) Teopema (0€3 J0KA3aTEILCTBA)

3anaya 00 oCTAaHOBKE KOHKPETHON YHHBeEPCAJbHOM
MalIMHBI HA NPOM3BOJILHON JIEeHTEe CHenHaJIbHOro
THUIA AJITOPUTMHYECKHU Hepa3pemmnMma.

Ilomemenue omnucanus MamuHbel 1 W JIEHTHI t Ha JICHTE
yHUBepcanbHOH MamuHbel U W 3allyck TOCHETHEH daeT HEKOTOpoe
ynpoineHue mpobieMbl octaHoBa. B cimydae korma T Ha neHte t
OCTAHOBHTCS, JOTMYHO YTBEpPXkAaTh YTO OCTAHOBUTCA M MamunHa U.
CooTBeTCTBEHHO, ecii T Ha JIeHTe t HUKOT]a HE OCTAaHOBUTCS, JIOTUYHO
YTBEPKAATH YTO HUKOTAA HE cTaHOBHUTCA U MamuHa U. [ToaTtomy obmas
mpobsemMa ¢ MPOU3BOJIEHON MAIIMHON ¥ MPOW3BOJIBHON JICHTOH JIETKO
CBOIOUTCSA K IpodieMe KoukpemHol yHUBepcalbHOW MammHbl U ¢
JIGHTOM BUJIA, NIpe/ICTaBIeHHOM Ha puc.1.9.:

6 | dT t A

S

Puc. 1.9. Jlenta ynuBepcanbHoi MamuHsl U
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Ha mepBbIif B3 yTBepKIEHUE KAXKETCS CIIOPHBIM Ha OCHOBE
OOBIYHBIX TO3HAHMK B KOMOMHaTtopuke. Eciam mNpeanosoXuTh, HYTO
MpOLECC BBIYUCIEHU B KOHEYHOM MTOI€ 3aBEpUIMTCA, TO C
MaTEeMaTHYeCKOW TOYKM 3PEHUS MOXHO HAWTH BEPXHIOI TPAHUILY
BpPEMEHH, 3aTpaueHHOTr0 Ha BhIUMCIEHUsA. Takas rpanuma, 6€3yciIoBHO,
CYIIECTBYET, TNOTOMY 4YTO MamuHa 7 WMeeT H3BEeCTHOE YHCIO n
COCTOSIHUM, ee an(aBUT COCTOMT M3 M3BECTHOTO YMCIIa M CHMBOJIOB, a
JeHTa t COAEPKUT HW3BECTHOE YHCIO ( HEMyCThIX sueeK. Takum
00pa3oM, B IPUPOJIE CYIIECTBYET TOIBKO KOHEYHOE YHCIIO BEIYUCIICHUH,
CBSI3aHHBIX CO 3HAYEHUsMU (N,m,q), H, CIEAOBATEIHHO, TOJIBKO
KOHEYHOE YHWCJIO BBIUYMCICHUH, KOHYAIONIMXCS OCTaHOBOM. Toraa
f(n,m,q) — ToYHas ATWHA CaMOTO JUIMHHOTO IPOIecca BHIYUCICHUS W3
3TOr0 KOHEYHOI0 MHOKECTBA.

OcTanochk BCEro JHIIb 3aCTaBUTh MammHy U BBIYHCIATH OTY
BEpPXHIOIO TpaHMIy, T.e. (QyHKIuio f(n,m,q), 3HaYCHHUE KOTOPOH paBHO
KOJIMYECTBY TAaKTOB, 3a KOTOpBIE MAallMHA [OJDKHA TEpPerTH K
3aKJIIOYUTENILHOMY COCTOSIHUIO M OCTaHOBUTBCS, €CIM e BooOlle
cynb0a xoraa - HuOyIb OCTaHOBUTHCS. [Ipu aToM MammHa U (a TouHee,
ec Oosiee mMpoABUHYTas MoAM(HKAIMs), MOXET HadyaTh HMUTAIMIO
noBeAcHUA MalIuHBI 1 ¢ JIEHTOH t U BECTH cueT 4Hciia HUKIoB. Eciu
BEIYMCIICHHE HE 3aBEepIIMIIOCh 3a Bpems f(n,m,q), To U MOXeT cMmelo
OCTaHABJIMBATHCA M COOOIIATH YTO BHIYMCICHUS Ha MammHe 7 HUKOTIA
HE 3aKOHYATCH.

[Ipu Bceil NOTMYHOCTM TaKOTO XOJa PEUICHHS MPOOIEMbI
OKa3bIBaeTCA, YTO HE CYMIECTBYET MAIIWHBI, KOTOPas MOXET BBIYMCIUTH
BEpXHIOIO rpanully ¢pyHknuu f(n,m,q), Ipu BceM NpU TOM, 4TO cama 3Ta
rpaHulia cyujecmeyem. DTy TEUATBHYIO CUTYallMIO HE YIydIIaeT Jaxe
TOT OYEBUHBIA ()aKT, YTO HAM BOBCE HE 0053aTeIbHO TOYHO 3HATH BH]]
¢yskmun  f(n,m,q) — JOCTATOYHO HCMOJIH30BATH JOOYI0 (PYHKIHIO C
JOCTaTOYHO OONBIIMMH 3HaUeHHAMH g(n,m,q), TaKkyo, 4to g(n,m,q) >
f(n,m,q). DTo mepBBI 3BOHOK B HANPABICHUH AOBOJBHO MEYATBHON
CUTYyallil, C KOTOPOH MBI CTOJIKHEMCS TO37HEe: OKa3hIBAETCS, YTO HET
ebluucaUMbIX  (PYHKIMA, KOTOpBIE MOTYT pacTH CTOJNb OBICTPO
(mompoOHee 0 BBIMHCIMMBIX (DYHKIUSX paccKa3aHo B riase 2). A pa3
TaK — TO HET ¥ COOTBETCTBYIOIINX MaIIvH ThIOpHHTA.
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1.5.4. 3apaun 0 neyaTaHUU CHMBOJIOB

T.1.5.(4) Teopema

3amaya 0 me4YaTaHMM JAHHOI0 CHMBOJIA HA YHCTOM
JIeHTe TOYHO OMH pa3 ANTOPUTMHUYECKHT
Hepa3pemmnMma.

Joka3aTeancTBO

Bbe3 orpanuuenus oOUIHOCTH, Bo3bMeM 3HaK «0». MTak, mamuHa
Teropunara T pabortaer Ha yuctoil neHre. [IpeoOpazyem ee B HOBYIO
MamuHy Tretopunra D. Ecmu T He comepXHT B CBoeM anaBUTE 3HAKA
«0», To D npocro conanaer ¢ 7. Ecnmu T uMeeT 3TOT 3HAaK B CBOEM
andasure, To B andaBute MamuHbl D 3HaK «0» OyJeT 3aMeHeH JIF0ObIM
3HAKOM, paHee He BXOIIMM B anpaBuT MamuHbl. OueBunHO, yTo D
OCTaHOBHTCS TOTAa, Korjaa octaHoBUTCS 7.

Ioctponm mammny E, kotopas paboraer kak D BIUIOTH A0 ee
ocraHoBKU. Ilocnme »storo MammuHa E mnedataer «0» U TOXe
OCTaHaBJIMBACTCS.

[TomyunM, uto cumBos «0» reyaTtaercs TOYHO OJUH pa3 B TOM
CiIydae, €ClIM IpOM3BOJIbHAsA MamMHa 7 OCTaHaBIMBAaeTCs Ha YUCTON
JIEHTe. 3HAa4YuT, 33[a4a O IIeYaTaHHH POBHO OJHOTO HYJISl PaBHOCHIIbHA
3amade 00 OCTaHOBKE MAaIIMHBI Ha 4MCTOW JeHrte. IlockombKy 3amada
OCTaHOBA AJTOPUTMHYECKH HEpa3pellrMa, TO U 3ajada O IeYaTaHUH
CUMBOJIa TOYHO OJVH pa3 ToXke HepazpewmmuMma, Q.E.D.

T.1.5.(5)Teopema

3amaya 0 me4YaTaHMM JAHHOI0 CHMBOJIA HA YHCTOM
JeHTe 0eCKOHEeYHO MHOIo pa3 aJropuTMHUYECKH
Hepa3pelmmuMma.

JdokazaTeqabCcTBO
Bbe3 orpanuuenus oOUIHOCTH, Bo3bMeM 3HaK «0». MTak, mamuHa
Tetopunra T paboraeT Ha umcToil jeHTe. IIpeobpasyem ee B HOBYIO
mammny Teiopunara D. Ecmm T He comepXuT B cBoeM aliaBUTE 3HAKA
«0», To D npocro conanaer ¢ 7. Ecnmu T uMeeT 3TOT 3HAaK B CBOEM
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andasute, To B andasute MamuHabl D 3HaK «0» OyneT 3aMeHeH JTI00bIM
3HAKOM, paHee He BXOIAImUM B andaBuT MamuHbl. OueBuaHo, uyTo D
OCTaHOBUTCS TOTJa, KOTJa OCTaHOBUTCA T.

IMoctpoum mammuy E, koTopas pabotaeT kak D BIIJIOTh 10 €€
octaHoBku. Ilocie srtoro MmamuHa E mnepexoguT B COCTOsiHUE A U
nevaraeT «0» 0eckoHeuHo MHOTO pa3 (AL — ORA).

Takum oOpazom, momyduMm, uTo cuMBOI «(0» TeyaTaercs
0ECKOHEYHO MHOTO pa3 B TOM clly4yae, €Clii NpOHu3BOJbHAas mamuHa T
OCTaHABJIMBACTCSA HAa YHCTOW JIGHTe. 3HAYUT, 3ajadya O Ie4YaTaHUU
OCCKOHEUHO OOJIBIIOTO YHCIIa HyJIeH paBHOCHIIbHA 3a/1aue 00 OCTAaHOBKE
MalluHBl Ha  49ucToi  JsieHte. [lockonmbKy — 3ajada  ocTaHOBa
QITOPUTMHYECKH Hepaspelnma, TO W 3ajada O IMeYaTaHWU CHMBOJIA
OECKOHEYHO MHOTO pa3 Toke Hepaspemmuma, Q.E.D.

T.1.5.(6) Teopema

3amaya 0 me4YaTaHWM JAHHOI0 CHMBOJIA HA YHCTOM
JeHTe XO0Td ObI OJaHH pa3  ajaropuTMHYECKH
Hepa3pelmmnMma.

JdokazaTeabCcTBO

Bbe3 orpanuyenusi oOIMIHOCTH BO3bMeM 3HaK «0». Mrtak, mamuHa
Tetopuara T  pabGotaer Ha uyuctod jeHte. [locTtpomm mammny E,
KoTopas paboTaer kak 7 BIIOTH /10 ee OCTaHOBKH. llocie yero mammHa
E neuaraet «0» u octaHaBnuBaeTcs. B urtore Oyner HarneuaTaH XoTs Obl
onuH cuMBoa «0» (BO3MOXKHO W Oosblie, ecad paHee MamuHOW T
TaKOi CHMBOJI YK€ TIeuaTacs).

Takum 0OpazoM, MoMy4yrM, 4TO cUMBOJ «0» TeyaTtaeTcs XOTs Obl
OIMH pa3 B TOM Cllydae, €CIIM TpOW3BOJNbHAs MamuHa T
OCTaHABJIMBAETCS HA YHCTOM JIeHTe. 3HAYWT, 3Ta 3a/1a4a PaBHOCHIIbHA
3ajaye 00 OCTaHOBKE MAaIllMHbI Ha YMUCTOH NeHTe. [TockonbKy 3Ta 3a1a4a
cornacHo Teopeme 1.5.(2), anropurMuuecku HEpa3pemrMma, To U 3a1a4a
0 MeYaTaHuU CUMBOJIA XOTs OBl OJMH pa3 ToXe Hepaspewmnma, Q.E.D.
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1.5.5. O6001menne npodJeMbl ANTOPUTMUYECKOI Hepa3pelIMMOCTH

JlokazaHHbIE panee TEOPEMBIL 00 AINTOPUTMHUYECKON
HEepa3pelnMocTd HMMEIOT obmme ueptel. s o0oOmeHus BBenem
HOBBIE OIIPENICIICHHUS.

lee mawunvl Tviopunea, umerowue 0OuH U mMom dice
sHewH Ul anpasum, O6yoem HA3bI6AMb 63AUMO3AMEHACMbIMU,
ecau, Kakogo Obl HU ObLIO CN0BO 6 ux odwem anpasume, He
cooepoicaujee nycmoz20 CUMB0Jd, OHU JubO nepepadbamvléarom
€20 8 OOHO U MO Jice CL060, TUOO 00e K HeMYy HeNPUMEHUMDL.

Ceoticmeo MAUUH Toiopunea Ha3bleaemcs
UHGAPUAHMHBIM, eCliu TH00ble 08e 83AUMO3AMEHEeMble MAULU-
Houl aubo obe obaaoarom 3mum ceoucmeom, aubo obe He obaa-
oarom.

Csoticmeo MAWuH Toiopunea Hazvleaemcs
HEMPUGUAbHBIM,  eCIU  CYWeCmeylom  Kak — MAauiuHbl,
obnaoarowue SMum c80UCMEOM, MAK U He 0baadarowue um.

T.1.5.(7) Teopema Paiica (0e3 1oKxa3aTeJILCTBA)

Hu pas kakoro HeTpHMBHAJIBHOIO HMHBAPHAHTHOIO
cBoiictBa MamuH ThOpUMHra He  CylIeCTBYeT
AJIrOPUTMA, IMO3BOJISIIOLIEr0 JJsi J000ii MalIMHBI
ThlopuHra y3uath, 00J1a1aeT J4 OHA 3TUM CBOICTBOM.

K takumM cutyammsaMm oTHOCHTCA M (PakT, JOKa3aHHBIA B TEOpeme
5.2.(1). CnoificTBO MAaIIMHBI OCTAHABIUBATHCA HWHBAPUAHTHOE U
HETPpUBUAIBHOE, M TIO3TOMY Yy3HATh OOJNAgaeT JIM MPOU3BOJIbHAS
MalgHa STUM CBOWCTBOM HEBO3MOXKHO. Teopema 5.2.(1) smusercs
HEHTPAIBHOHN B Uepee TOKa3aTeNbCTB HEPA3PEIINMOCTH, TIOITOMY ISt
Ooiee HarSITHOTO IMOHWMAaHUSA STOH (yHIAMEHTaTbHOH NpoOIEeMBI
MPUBENEM NPUMED, B3SITHIA y caMoro Anana ThropuHra.

Tpebyercst coctaButh mporpammy U, kKoTopas Obl 1o Jrob6omy
nojaBaeMoMy el Ha Bxox (aiimy X, comepxaimieMy TEKCT MPOTrpaMMBbI
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(HanpuMmep, Ha KaKOM-HUOYIb SI3bIKE MPOrPAMMHUPOBAHMS), ONIpeaessiia
OBI, OCTAHOBHUTCS JIM KOTa-HUOYIb porpamma u3 ¢aiiina X B mporecce
cBoell paboThl, MOJIYYMB Ha BXOJ H3BECTHBIE JaHHBIC, WJIH
"sanuknutcs". Ecim mporpamma X 3ammkiauTcs, TO mporpamma U
JTOJDKHA TT0Ka3aTh Ha dKpaHe GoTorpaduro IOHOMHN, HHAYe — JEeBYIIKH,
Mocie 4Yero 3aKOHYHTh CBoio pabory. Kcratum, Takoro poma
"mpoBepsitomias Ha 3anukiIuBacMocTh" mporpamma U Obuia  Obl,
OYEBHIHO, JIOBOJBHO TIOJe3HAa JUIsI TMPOBEPKH  CO3AaBAEMBIX
KOMIBIOTEPHBIX IIporpamm. Oxa3zbIBaercs, Hammcarb 3Ty
"mpoBepstomyio nporpamMmy"” U HEBO3MOXKHO B MPUHLUIE, aXe €CIU
JIOITyCTHTh, YTO KOMIIBIOTEP, HA KOTOPOM BHIMONHsAeTCSE U, UMEET CKOJIb
YrOAHO OOJBIITYI0 TIAMATh M MOXET paboTaTh HEOTPAHHUYEHHO JOJTOE
BpeMs. Eciam Obl Takas mporpamma U ObUla HammcaHa, TO €€ MOXKHO
Obuto OBI JIErKO IepenenaTrbh Tak, YTOObl BMECTO KOMaHJABI BBIBOJA
M300pakeHNs JeBYIIKM Ha DKpaH OHA OBl 3alMKIIUBANACH (BCTABUTH IS
9TOTO, CKakeM, "BeuHbId 1uKN"). IlycTh ATa mepenenannas mporpamma
HaseiBaetcs U2. Uto Oyzner aenath mporpamma U2, ecnm efl Ha BXOJ
nojgate TekcT mporpamMMel U2 (Tekct cebsi camoif)? Eciam ona
3al[UKJIMBAETCSA, TO OHA JOJDKHA TIOKa3zaTh (oTorpaduio IOHOMM H
OCTAHOBUTHCS, T.€. HE 3aLUKIUTHCS. Ho ecnu oHa He 3alMKIMBaeTcH,
9TO 3HAYUT, YTO OHA JOJDKHA 3aLMKIUTHCS (MOCKOIBKY BBIBOJ JEBYIIKH
B mporpamme U ObI1 3amMeHeH Ha "Beunwld 1uki"). Tem caMbiM
mporpamma U2 okaspiBaeTcsi B OE3BBIXOJHOM  TIOJIOKCHUU,
HECOBMECTUMOM C JIONYIICHHEM BO3MOXKHOCTH €€ CyIIECTBOBAHUS.

1.5.6. 3agaua 00 ocTaHOBKEe KOHKPETHON MAIIMHbI HA KOHKPETHOM
JIeHTe

[Mpomomkass yMEHbBIIATh HEONPENEICHHOCTh TIPH  PEUICHUH
npo0JeMbl OCTaHOBA, chopMypyeM npodiemy erie 6osiee KOHKPETHO.
SlBnsercss nM 3amada  OCTAHOBA KOHKpETHOW MammHbBl T TIpH
KOHKPETHOM BXO/IHOM CJIOBE t( aJITOPUTMHYECKN Pa3peIIuMoit?

Ecmu nmana mapa (Ty ty), TO MOXET OKa3aTbCs, YTO HUKOMY H
HHUKOTJa HE YJacTCs BBUICHUTb, OCTAHOBHTCS JM MammHa T, Ha
BXOIHOM cioBe t,. Camoe yIMBHTEIBHOE, YTO XOTS MOMKET OBITh
HEHU3BECTEH CMOCO0 pEelIeHHs 3TOM 3aJa4yd, HO TOYHO UCKIIOYEHA
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CUTyalusi, 4YTOOBl KOMY-TO YJQJIOCh OOKA3amb, YTO HE CYIIECTBYET
croco0a ee pereHus.

T.1.5.(8) Teopema

HeBo3Mo:xHO0 J0KA3aTh AJITOPUTMHUYECKY O
HEpa3pelMMOoCTh 321a4H 00 0CTAHOBKE KOHKPETHOM
MamuHbI T) HA KOHKPETHOM BXOJSIIEM CJIOBe t.

Joka3aTeanCcTBO

[Ipeanonoxxum npotuBHoe. IlycTh 1oKa3aHo, 4TO HE CYLIECTBYET
crioco0a OmpenennTh, OCTAHOBUTCS MalinHa T, Ha JIEHTE ty WM HeT.
[TycTe TeM UM WHBIM OOpa30M TOCTPOWIIA PEANBbHBIA MPOTOTUI WIIH
OOBIYHBIA TMPOTPAMMHBIA 3MYJIATOp JaHHOW MamuHbel. Ecmm 310
IPOTOTHII, TO y HAC €CTh JOCTAaTOYHBIH 3amac JCHTHI JIs1 MEUIEHHOH, HO
M0 CYyIIECTBY, HEOTpaHMYEHHOW ee mojaa4yu (Hampumep, HeOobIIas
OymaxxHast ¢(aOpuka). Torga BO3MOXKHBI JHMIIb [1BA Clyd4as: JIHOO
MmammHa Ty ocTaHOBUTCS, AHOO0 HEeT. B mepBoM ciydyae MpOBOIMMBIiA
9KCIEPUMEHT 3aKOHYHTCS OJHO3HAYHBIM BBIBOJJOM 00 OCTaHOBKe
MAIllMHBI, YTO SIBHO MPOTHBOPEUMIIO OBl MPEIIIOIIOKEHHIO O TOM, YTO
JOKa3aHa HEPa3pelIMMOCTb JAaHHOH MpoOjeMbl. 3HAYUT, OCTAETCs
€AMHCTBEHHAas:  BO3MOXHOCTb  COXPAaHUTb  HENPOTHBOPEYMBOCTH
YTBEPXKACHNUS — a UMEHHO, IPW3HATh, YTO MamuHa T, HUKOTrma He
ocranoBuTcsa. IlosToMy, IOKa3aTenbCTBO TOTO, YTO HE CYIIECTBYET
crocoba OmpenennTh, OCTAHOBUTCS MalinHa T, Ha JIEHTE ty WIM HET,
aBTOMAaTOM O3HA4aeT JI0Ka3aTeNbCTBO TOTO, YTO OTOW OCTaHOBKH
HUKOTJa He mnpousoiiner. CienoBareabHO, OTBET Ha BOINPOC BCE-TAKH
CyIIECTBYET, 4YTO €CThb SIBHO€ MPOTHBOpPEYHE C  MPHHATHIM
npeamnoioxenueM, Q.E.D.

Utak, mosBWICS NPUHLMIUAIBGHO Ipyrol Tum mnpobiemsl. C
OIIHOH CTOPOHBI, JOKa3aTh HEPa3pelIuMOCTh 3TOW MpPOOIEMbI HENb3s,
MIPH BCEM TNPHU TOM, YTO AaTh 3((EKTUBHBIM aNTOPUTM PEIIECHUS TOXKe
He TPEeCTaBISETCS BOZMOYKHBIM.

46



§ 1.6. HopmanbHble a1ropuTMbl

Ecnu mombiTaThcst YWTH OT HAJIWYMS CamMoOro YIPAaBISIOLIETO
MEXaHH3Ma MallMHbl THIOPHHIa CO CBOMM COOCTBEHHBIM DPErHCTPOM
JUI 3alUCH BHYTPEHHETO COCTOSHHUS M MEepeHecTH HHQPOPMAILUI0 O
COCTOSIHUM HEKOTOPOIO arperara HEHNOCPEICTBEHHO Ha JIEHTY, MOKHO
MOJYYUTh HOBYIO HOTalMIO MJIsi 3allUCH anropuTMoB. [IpoGiemsr
JBIDKEHHSI YIPABIIAIOLIETO MEXaHH3Ma B 3TOM CJIy4ae He CYILECTBYET:
JUTSL BRITIOJTHEHHS MPEINUCaHua HE00X0ANMO OyAeT MpoaHaTu3upOBaTh
3aJJaHHO€ CJIOBO M HAaWTH IEpBOE IOMAaBIIEECs] COOTBETCTBHE MEXKIY
JIEBOM YacCTbIO MHCTPYKIMU U KAaKUM-THOO (parMeHTOM COAEPKUMOTO
nentel. [lns  ynoOcTBa OOMYCTHM, 4YTO aH&INW3 [POU3BOAUTCS
YKPYITHEHHO, HE TI0 OJJHOMY CHMBOIY, a Cpa3y o HeckoJdbKuM. Kpome
TOTO, JIEHTA SIBJISAETCS «PaCTSDKUMOI», T.€. BMECTO OJHOTO CHMBOJA
MOJKHO BIIMCHIBaTh INPOM3BOJBHOE HX KOJIWYECTBO M HaoOOpoT, Oe3
MIPOLEAYPHI CIBUTAHUSA YaCTH CIIOBA.

Takum oOpazom, Gopmupyercss uzaes HOPMAaIbHOTO ajIropuTMa
nepepabOTKH  BXOAHOTO  CJIOBA, HAa3blBAEMOTO B JIMTEpaType
anzopummom Mapxkoea.

Hopmanwnutit anzopumm Maprkosa — mamemamuyeckoe
nocmpoeHnue, npe()Ha3Hall€HHO€ oA YMOYHEHUsA NOHAMUA
aneopumm, Komopoe 3a0aemcsa aihasumom U HOPMATbHOU
CXeMoll ROOCMAHOBOK, GbINOJHAEMBIX HO 3apaHee ONpedeieHHOl
cxeme.

HopmanbHble anropuT™Mbl MOKHO paccMaTpUBaTh Kak 00001eHne
MammHbl ThiopuHra. B cBOrO ouepenb pabory MammH ThropuHTa
MOXXHO paccMaTpWBaTh Kak TepepabOoTKy HadaJlbHOTO  CIIOBA
HEKOTOPOTO HOPMAJIBHOI'O alropuT™Ma. OTOT aITOPUTM MOJydYaeTCs
cpasy ke U3 TaOIUIbl MAIIUHEI.

Ilyctp cymiecTByeT cleayromias MaiidHa ThIOpHHTa, KOTOpas
revaTaeT Ha YUCTOM JeHTe nocienoareasHocts 001001001001....

AL > ORB

BA = ORC

CL > 1RA
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Paborta anropurma mnpoucxomuT cienyoomuM obOpasom (depes
3aMATyI0 yKa3aHa mapa: CHMBOJI-COCTOSIHIE)

A, 0B, 00C, 001A

[Moctpoum anroputm MapkoBa, IJIs 4ero K BHEIIHEMY andaBHUTy
{0,1} moGammsiem BHyTpeHHui andasut {A,B,C...}

A > 0B

B> 0C

C>1A

AD>A

W3nayanpHo JieHTa mycTas (COAEPKHUT TOJBKO CHMBOI A).
[MocnenHss cTpodYKa BBHITOIHUTCS TEPBOM, YTO IMO3BOJIUT 3alMCATh Ha
nmeHTe cuMBON A. MMes Ha JeHTe CHMBOI A, B mporecce paboThI
aIropuTMa, Mbl MOCIEA0BATENBHO MOTYUNM:

A

A

0B

00C

001A

0010B

..M T.J., 4TO, 1O CYTH, O3HAa4aeT OECKOHEYHO HamuCaHue
nociaenosareasHocty 001001001...

Taxum 00pa3oM, Bceraa Ha OCHOBE MalIuHBI THIOpHUHTA TOBOJHHO
JIETKO MOYKHO MOJTyYUTh paboTaromuii anroputM Mapkosa.

JIro60lf HOpPMaNBHBIA alTOPHUTM MOXHO B CBOK OdYepelb
mpeoOpa3oBaTh B MammMHYy ThIOpHHTA, HO 3TO 0o0Jiee CII0KHO.
Cno’KHOCTH CBSI3aHBI C TeM, 4TO Y MapKoBa YKpPYNHEHHBIH alropuTM,
T.K. Cpa3y YUTAETCs U MOKET OBITh 3aIMCAaHO HECKOJILKO CHMBOJIOB.

Ilo cBoeii cyTn OCHOBHas omepauusi Opu padOTEe aNrOPUTMOB
MapkoBa — 3TO TepepabdoTKa CIOB B HEKOTOpOM andaBuTe. ITa
nepepaboOTKa 3aKII0YaeTcsi B MPOM3BOACTBE HEKOTOPOTO KOJIUYECTBA
3aMEH ONpEJEICHHBIX IOCIEA0BATEIEHOCTE CHMBOJIOB. DTH 3aMEHBI
coBepmatorcsi B CTPOI'O omnpeneneHHOM TOpsiKe, a UMEHHO: hocie
Kaxcooil 3aMeHbl anzopumm YUmaemcsa ¢ camozo Havaid, d cio6o
QHATIUZUPYEMCA C CaM0o20 nepeoz2o (1eeozo) cumeona. B oriauuue ot
MammH ThIOpHHTA, anrOpUTMBI MapKoBa BBITIOJIHSIOTCS 0e3 KaKoro-
b0 yCTPOMCTBA, OCYNISCTBISIIONIETO JBHKEHHST M WMEOIIETO
BHYTPEHHIOIO THaMsATh. B JaHHOM ciyyae MBI MOXKEM OIEpPHPOBATh
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TOJNBKO JIGHTOYHBIMH 3Hakamu. Cama JeHTa B O3TOM cly4yae He
paszensercss Ha CTpPOTHE SYeHKH, a WMEeT THOKYI0 OCHOBY, YTO
MO3BOJISIET €M pacTArMBaThCs M CXKUMATbCcid HUCXOAS W3  TOTO,
YBEIMYMBAETCS JIM B CJIOBE YUCIIO CUMBOJIOB MJIM YMEHBILIAETCS.

DopMat KoMaHIBI (CTPOKH) CIICTYONTHI:

{ai} > {bj} [*],

rae
{a;} - mocmenoBaTeNbHOCTH CHMBOJIOB, KOTOpAs HUITIETCS B CIIOBE,
—> - 3HaK mepexoja K orepalnu 3ammcH,
{bj} - mocnemoBaTeNLHOCTL CHMBOJIOB, KOTOpas 3aIllHChIBACTCS
BMECTO HallICHHOU MOCIIE0BATENBHOCTH,

[(] - 3HaK TNPUHYAUTENHFHOTO OKOHYAHHA  ANTOPHTMAa
(HEOoOsI3aTENBHBIN TapaMeTp).
A — ciuyxeOHBIT 3HaK, OO0O3HAYAIOMIMA ITyCTOH CHMBOJI,

MPUCYTCTBYET BE3le: M3HAYAILHO HA JICHTE (€CIM OHa ITyCTas), CIipaBa
U CJIEBA OT KaXKJOTO CUMBOJIA (€CIIM HA JICHTE 3alMCaHO CJIOBO).

[Iporpamma (amroput™M) mpeACTaBIsAeT COOOW COBOKYITHOCTH
CTPOK YKa3aHHOTO BMJA, NPUYEM MOPSJAOK CTPOK HMEET BAKHEWILIEE
3HayeHue. OKOHYaHUE PA0OThI ATOPUTMA MPOUCXOJUT B TOT MOMEHT,
KOTJla BBIMOJHSETCS CTPOKA, CoJNepKalias 3HaK MPHHYAUTEIbHON
OCTaHOBKH, JIMOO TOTa, Koraa 0ojee HU OHA CTPOKAa HE MOXKET OBITh
BBITIOJTHEHA (B CJIOBE HET HHM OJHOMN M3 MCKOMBIX ITOCIICIOBATEIIEHOCTEH
CHMBOJIOB).

Tesuc Mapkosa: 110601 BbIYUCIUMENbHBIN NPOYECC
MOHCHO NPeodPa306amv 8 HOPMAILHBIU AN2OPUMM.

§ 1.7. ¢ dexTUBHBIE MEPEUNCTUMOCTH U PACTO3HABAEMOCThD

Ippexmueno nepeyucaumMvimn MHOICECTEOM
HA3bIBAEMCST  MHOJCECB0,  JNeMEHMbl  KOMOPO20  MONCHO
nepeuuciums Ho aicopummy (NpoHymMeposamsv HAMYpaibHbIM
pA0oM be3 NPOnYCcKo8 U NOGMOPEHULL).
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T.1.7.(1) Teopema

MHoxecTBO MAaIMH TeropuHra 3¢pPpexTHBHO
NepeYucaIumMo.

Jloka3aTeJbCTBO

Hoes: onucarh NMpoU3BOJBHYIO MallMHy ThIOpMHIa HEKOTOPBIM
YUCIOM, KOTOpoe 3(PGEKTHBHO pACIO3HAETCS Cpeau HaTypalbHBIX
yucen. Toraa, IpUMEHHUB AJITOPUTM PACIO3HABAHUSA K HATypaJbHOMY
psny, ynactcs IepeHyMepoBaTh Bce MallMHbl ThlopuHra. A 310 Oyner
03HA4aTh, YTO OHH I((HEKTUBHO MTEPEUUCITUMBL.

[TpomsBeném KoaMpPoOBKY. JJIs 3TOTO MEPEUNCITHM U TIPOHYMEPYEM
cOCTOSIHUSL (CHMBOJNIBI BHYTpPEHHEro andaBuTa) MW 3aKOJUPYEM HX
eIMHUYKAMH:

So Q A B C
1-i1 2-i 3-i 4-i 5-#1
1 11 111 1111 11111

[Iponymepyem JeHTOUHbIE 3HAKH (CHMBOJIBI BHEITHETO ayi(haBHUTA)
U 3aKOJIUPYEM HX ABOUKAMU:

0 A a b c
1-i1 2- 3-i 4-1 5-i
2 22 222 2222 22222

CHUMBOIIBI, ONpENeNsIoNIie ABMKEHHE YHPABISIONEH TOJOBKU
MOJTydaT KOJBI, cocTosAmme U3 TpoeK. CTpenky B CTpPOKE TaOIHIIbI
0003HaYMM 4YETBEPKOH, a pa3leNuTeNb MEXAy CTpPOoK (mepexon Ha
HOBYIO CTPOKY) 0003HA4UM ISATEPKOI.

R L H > 4 HOBas CTPOKa
3 33 333 4 5

Hampumep: Aa=>bL B &> 111222422223311115.

[TomeHsieM MecTamMy CUMBOJIBI dJIEMEHTA al(aBUTa M COCTOSHHUS
(B meBoii wactn), monyunM: aA=»>bL B €-> 22211142222331115.

Tenmeps MoxHO yOpare “4” wm “5”, Torma mWONy4YHM
222111222233111, TeM caMbIM YMEHBIIUB JJIUHY KOJa (AaHHBIN 1ar He
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ABJIsIeTCSl 00s13aTeNbHBIM). TakuM o0pazom, Kaxaoi MamrHe ThlopHHTa
COTIOCTABIJIEHO HATYPaAJIbHOE YHCIIO.

Teneps BO3bMEM psAJ HAaTYpaJIbHBIX YUCEN M MPUMEHUM K HEMY
AJTOPUTM PACIIO3HABAHUS, OMPEACIISIIONINMI, IBISETCS U JaHHOE YUCIIO
KOJIOM KakoW-mrbo MamwHbl ThlopuHTa. ECTH B pe3ynbTare MpOBEPKH
BBISCHSIETCS, YTO JAHHBIA (hopMar JOMYCTHM, TO COOTBETCTBYIOIIEMY
YlCTy MpHUCBauBaeTCs ouepeHoW cBoOOAHBIN HoMep. CienoBaTeNbHO,
KakIas MamwHa THIOpHHTA TOJIYYUT CBOW COOCTBEHHBIH HOMED,
CJIeI0BaTeNIbHO, TaKue MaHbI 3 dekTnBHO nepeunciumel, Q.E.D.

T.1.7.(2) Teopema

MHoxecTBO ajaropurMos MapkoBa 3(pPeKTHBHO
Nnepe4yucjaumo.

Joka3ateancTBO

Hoea: onmcath MPOU3BOJIBHBIN aJTOPUTM HEKOTOPBIM YHCIIOM,
KoTOpoe 3P (EeKTUBHO pacmo3HaETcsl Cpeau HaTypalbHBIX yncen. Toraa
MPUMEHUB aJTOPUTM DPACIIO3HABAHUS K HATypalIbHOMY pPSAY, yIacTCs
MepPEeHyMepoBaTh BCE HOPMAaJIbHBIE aTOPUTMBI. A 3TO O3HAyYaeT, 4To
oHH 3((HEKTUBHO NMEPEUNCITUMEI.

[IpousBenémM KOOUPOBKY CIeLyIOIUM 00pa3oM:

HopmanbHblif  anropuT™ TmpencTaBisieTr coOoil HaboOp CTpOK,
HanpuMep:

ab—c¢

A>d -

[Mponymepyem cumBosibl andaBura. llepBbie Tpu cuMBOJIa
ciy>xeOHble, U HUX 3ape3epBupyeM umcia 1, 2, 3.

N »1»
A 799
. »39
OcTanapHBIE CUMBOJIBI IIOJIY4aroT CICOYIOIINE BaKaHTHBIC HOMEpaA:
a (Xl) ”4
b (XZ) g%

c (XS) ”6”

(Xk) (13 k+3 b
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Omcmynnenue (u3 obnacmu ceovicme npocmoix uucen). Ecau mo
803bMeM pA0 NPOCMbIX Hucel U Kaxcooe U3 HUX 80360éM 8 KAaKVIO-
HUOYOb CmeneHv, a 3amem Ux NePeMHONCUM, MO NO NOTYYEHHOMY YUCTLY
Mbl  CMOJICEM — CKA3amb, 68 KAKOU UMEHHO  CmeneHu  Ovliu
coomeemcmeyrwue npocmle Yucia. Imo oeraemcs nymem OejeHus
ROMYUUBUIE20CA HUCLA HOOYEPEeOHO HA NpOoCmble YUCAd, HAYUHASA C
0801IKU, 00 Mex Nop, NOKA 803MOJCHO Oelenue be3 ocmamia. [lomom
npou3800umcsi OelieHue Ha 3, NOmom Ha 5 u m.0. 00 mex nop, HoKa He
ROAYYUMCs eOUHUYA.

203 e 5 =N

Hanpumep, mvl modicem paccuumamov cmenenu, 8 Komopbvie OvLiu
6038e0eHbl NPOCMble YUCIA, NPOU3EedeHUe KOMOopblx obpazyem 540:

540=2"3 ¢ 5°

540/2=270; 270/2=135; 135/3=45; 45/3=15; 15/3=5; 5/5=1

Heoiikxa yuacmeoeana 6 Oenenuu 2 pasa, mpotika - 3 pasa,
namepra — 1 pas. Iposepum: 2° ¢ 3% ¢« 51 =4 ¢ 27 « 5=540

Bo3pméM mepByto cTpouky anroputMa MapkoBa U IpeACcTaBUM e
CIIEYFOIUM 00pa3oM:

a b — ¢

2°e3%e5 e 7°=A

[TonyuenHoe HaTypaibHOE 4YMCIO A SBISETCS KOAOM JTaHHOU
CTPOUKH (Takas HyMepauus Ha3eiBaeTcs | €neneBoii).

AHaNOTrMYHO NOCTYIaeM CO BTOPOM CTPOUYKON allropuTMa:

A —d-

2’e3's57«7° =B

B aBnsieTca KoIOM BTOPOM CTPOUKH.

Hanee dhopmupyeM KOIOBOE YHCIO BCero anropurma. Jms storo
BBINUIIEM PSAA HPOCTBIX 4YHCET W BO3BEIEM KaXIO€ YUCIO B
COOTBETCTBYIOIIYIO 3TON CTPOUKE CTETIEHb.

A B
24,38 ..
ITepeMHOXXUB ATH YKCIIA, TOTYYUM KOJOBBII HOMEDP aJITOPUTMA.
B
2438, =K

Takum 06pa30M, QITOPUTM IIPEACTABICH B BUJAE IIPOU3BEACHUS
MIPOCTBIX YHCEN, B3SATHIX B CTENEHAX, COOTBETCTBYIOIINX KONy Ka)IOH
crpoku. Ilomyuennoe uuciio K sBigercs KoaoM JaHHOTO alrOpUTMA.
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[Ipu »>TOM MO JaHHOMY KOAY MOKHO BOCCTAHOBUTH IMOJIHOCTBIO BECH
aJTOPHUTM.

Teneps BO3bMEM sl HATYPAIBHBIX YHCEN U MPUMEHUM K HEMY
aJTOPUTM PaCIO3HABAHUA, OMPECISIIONINI SIBISIETCS M JaHHOE YUCIIO
KOJOM Kakoro JmOo anroputMa MapkoBa. Takodi  aJropuT™m
pacmo3HaBaHusl OyJeT COCTOSTh W3 JBYX IMPOLEAyp: CHadama II0
nanHomy uuciay K Berwmcnstores umcna A, B, C... (Koasl CTpokK), a
3aTe€M W3 dTUX YHCEN MU3BIEKAIOTCS COOTBETCTBYIOIIUE X, V, Z,... (KOIBI
CHMBOJIOB B paMKax Kaxaoh cTpoku). llomydeHHble 3HAYCHUSI
MPOBEPSIFOTCST HA TPEIMET COOTBETCTBHUS (POPMATY CTPOK aIrOPUTMOB
MapxkoBa. Ecnu 0TBET MOJI0XKUTEIBHBIN, TO COOTBETCTBYIOLIEMY UYUCITY
K nmnpucsanBaercss ouepemHoii cBOOOTHBIM HOMep. TakuM oOpazom,
KaXIplid anropuTM MapkoBa TONYyYUT CBOH COOCTBEHHBIH HOMEp,
CJIeIOBAaTEIbHO, HOPMAJbHBIE alTOPUTMBI 3(h(HEKTUBHO MEPEUNCITUMEI,
Q.E.D.

Iloomnooicecmeo B muoocecméa A Ippexkmueno
pacnosnaemca 6 A, eciu cywecmgyem — aicOpumm,
NnO360NAIOWUNT  OOHO3HAYHO Ol KaXdCO020  dleMeHmd
MHodcecmea A onpedenumsv, NpuHAOIEHCUM AU OAHHBIU
anemenm mMuodxicecmay B unu dononnenuio B 0o A.

T.1.7.(3) Teopema IlocTa

Ecim MHo)kecTBO A 3¢ (eKTHBHO NepevucJumMo, TO
noaMHoxkecTBo B 3¢pdexTnBHO pacnosHaercs B A
TOrJa MW TOJBKO Torga, korma B m A\B o00a
3¢ GeKTUBHO MepeYucIUMBbI.

Joka3aTeabcTBo
HeoOx00uUMoCms
[Tycte B pacrioznaercs B A. MHoecTBO A mpezacraBiser co0oit
HaOop oieMeHTOB A={a;a,,...}. BblTackuBaeM V »3JeMEHT a; U3
MHOJKECTBa A.
e Ecmu a;eB, To HymepyeM ero B B,
e Ecmu a;¢B, To Hymepyem ero B A\B.
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Tak xak A 3(QQEeKTHBHO NEpeYHcIMMO, TO TakuM oOpa3oM OyayT
BBITAIIICHBl BCE €ro 3JeMEHThl. Takum o0pa3om 3(hGEKTHBHO
nepeyrcieHsl MHOXecTBa B u A\B.

docmamouHocmy

[Tycts B 1 A\B adpextuBHO nepeuncimmel. MHokecTBa B 1 A\B
npeacTaBisgeT cobor Habop anmemeHToB B={X,X;...} 1 A\B={y,y,...}.
B cuny Toro, uro mHoxkectBa B 1 A\B 3(QeKTUBHO MepeyrcInMBl,
CYLIECTBYIOT alNrOpUTMbl HX nepeuncieHus. T.k. A s3ddexruBHO
MEePEYrCIINMO, TO HAYHEM MEPEUYHCISITh €ro 3JIEMEHTHI a;. J{Jsl Kaxaoro
dIIEMEHTA 3alyCTHM MapaieNIbHO alropuTMbI nepeuncienus B u A\B
(moo4epEéMHO MO OJHOMY JIEMEHTY U3 KaKIOro MHOXKECTBa) M OyaeM
CpaBHHUBATb JIEMEHTHI MHOXECTB C ;. TaK Kak a; IpuHaaiIekutT aubo B,
6o A\B, TO OH BCTpeTHTCS Ha KaKOM-TO KOHEYHOM [Iare
nepedncieHus. Takum o00pa3oM, MOXHO OIpeNeNuTbh, K KakoMy
MHOXXECTBY OH OTHOCHTCS, a 3Ha4MT, B 3 pexTnBHO pacmo3Haercs B A,
Q.E.D.

T.1.7.(4) Teopema

MHo:kecTBO OCTAHABJMBAKIIMXCA MalIMH ThropuHra
3¢ GeKTUBHO NEePeducaInuMOo.

Jloka3aTejabCTBO

Bo3pMeM MHOXECTBO MAallWH, OCTAHABIMBAIOMIMXCA HAa MEPBOM
TakTe, u nponyMepyeM ux: T11,T12,T13,T14. ..

3aTeM IPOHyMEPYeM MHOECTBO MAIIIWH, OCTAHABIHBAIOITHXCS
Ha BTOpoM TakTe: To1, T2, T23, 4. ..

AHanoruyHo, Ha TpetbeM Takte: 131,132,133, T34..., U T. 1.
3areM pacmoiOXHM HX B BUAE OeCKOHeuHOW Marpuilpl. Vcmomn3ys
nuaroHanpHbBI MeTon (puc.1.10.), mepeuucnum ux (IpoHyMEpyeM
HATYpaJIbHBIMH YHCIIAMH ):
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Puc. 1.10. InaronansHas Hymepauus

Takum  oOpasoM, Kakaas OCTaHABIMBAIOUIASACS  MAaIIWMHA
TrropuHra MOJYYHT CBOW coOcTBeHHBIH HOMep. OTcloAa cieayeT, 4To
OCTAaHABIMBAIOMIAECS MAIIMHBl MOXXHO J(P(EKTHBHO NEepPEUHCINTD,
Q.E.D.

T.1.7.(5) Teopema

MHokecTBO  He  OCTAHABJIMBAIONMIMXCHA  MAIIHH
ThOpuHra HeBO3MO:KHO 3P (PEeKTHBHO NEPEUYHCIUTh.

Joka3aTeabcTBO

[Ipenmonoxxum NPOTHBHOE, a HMMEHHO, YTO MHOXECTBO HeE
OCTaHABIMBAIOLIMXCS MamHUH 3(GQGEKTUBHO IMepeyrciauMo. Toraa
ucnonszyem Tteopemy Ilocra 1.7.(3), Kkoropas Tiacur, dHTO
MOJMHOXKECTBO B 3¢ (eKkTHBHO MNEepeyucimMoro MHOXecTBa A
3¢ PEKTUBHO pPacIO3HAECTCs B HEM TOrJa M TOJBKO TOr/a, KOTAA 3TO
MOJMHOXXECTBO M €r0 IOINOJHEHHE J0 BCEro MHOXKECTBa 3(QeKTuBHO
MePEUNCITUMBI.

[Iycts MHOXeECTBO A — 3TO MHOKECTBO BCEX MallIuH ThIOpHHTa
(oHO 3 dexTrBHO MEepeuncauMo 1o TeopeMe 1.7.(1)), a MOAMHOKECTBO
B — 3TO0 MHOXECTBO OCTaHaBIMBAIOMIMXCA MamuH TriopuHTa (OHO
s¢pdexTuBHO Tepeuncaumo no Teopeme 1.7.(4)). Torma, mo Teopeme
1.7.3) w®w w©3 Hamero mnpegnolokeHus 00  3¢QeKTuBHON
NEePEeYnCIMMOCTH HE OCTAHABIMBAIOIIUXCS MalluH ThIOpUHTa CIIEAyeT,
YTO MHOXECTBO OCTaHaBIMBaOIIuMXcs MamuH Telopunra (B)
3¢ PeKTUBHO pacrno3HaeTcsi cpeau Bcex MamuH Teiopunra (A). OnHako
3TOro OBITH HE MOXET, TaK Kak o0Ias 3agada 00 OCTaHOBKE MAIlIMHBI
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TeropuHra Ha IPOU3BOJBHOM JIEHTE Hepaspemuma. [lomydnan
IpoTUBOpedne. 3HA4YUT, MCXOAHOE IPEAINOJIOKEHUE HEBEPHO, T.€.
MHOXKECTBO HE OCTAaHABJIMBAIOMINXCS MalIMH ThIOpHHTa 3QQEKTUBHO
He nepeuncaumo, Q.E.D.

3agaum Kk riase 1

OaHoJieHTOYHbIe MaluHbl ThIOpUHTa
[Ipy HamucaHWW aNTOPUTMOB PEKOMEHIYETCS MPUACPKUBATHCS
cienyromei cxemsl (OpsSAKa CUMBOJIOB B KOMaH/IE)
Se0->0RA
Aa->bRA
Al->cHQ
JKupHBIM BBIJIEIICHBI 3ape3epBUPOBAHHBIE CUMBOJBI (HadalbHBIE
COCTOSIHHE W CHMBOJI, KOHEYHOE COCTOSTHIE U ITyCTOW CUMBOII).
HeoOxoammo mpuaepKUBAThCSl  OMPESICHHBIX IPaBHUI  IIPH
HaIMCaHUU IIPOrPaMM JIJIsl MaIIUHEL ThIOpUHTA:
1. HavanpHBIH CHUMBOI TpOTaTh HENb3s, OH JOJDKEH OBITH CTPOTO
OJIVH Ha JICHTE B PUKCUPOBAHHOM MECTE.
2. TlycThiX cMMBOJIOB OECKOHEYHO MHOTO, M €CJIM TaKOW CHMBOJI
MOSIBUJICS. — JJAJIEE CJIOBO CUUTAETCS 3aKOHUYCHHBIM.
3. HaganpHoe cocTostHEe SO MOXHO HCIIOIL30BaTh U Kak pabodee,
T.€. CMEHA COCTOSIHHS B TIEPBOU CTPOKE TOJDKHA MTPOU3BOJIUTHCS
TOJILKO TI0 HEOOXOUMOCTH.

3agava 1.1
[Hano cnoso B andasure {0,1}. Hamcats "1" B KoHIIE cT0Ba.

Pemenne:
S.020dRS,
S, 1=21RS,
S,0=>0RS,
SA2>1HQ

3agaua 1.2
Hano cmoBo B andasure {0,1}. Hammcats B KOHIIE CIOBa IOCIEIHUAN

CHMBOJI.

56



Pemenue:
CyLIeCTBYIOT /IBa pa3IMUHBIX BAPHAHTA PEIICHUS:
1. JoxoauM 10 KOHIIA CJIOBa W BO3BpAIAeMCS Has3aj C IEJIbI0
3aIlOMHHUTD MTOCJIEIHUN CUMBOII
Se02dRS,
Sol21RS,
So0=>0RS,
SoA2>ALA //A — ponutn 10 KOHIA CI0Ba
A0—>0RB
Al=>1RC
Ao—~>0QH //Cnosa HeT
BA>0QH
CA>1QH
2. Wem 1o CJI0BY, KaK/Iblid pa3 3a[OMHHAEM PE3YJIbTAT, 0 OKOHYAHHU
CIIOBA MOCJIEIHUIA PE3YIIBTAT 3aIllCHIBAEM B IIYCTYIO SUEHKY.
Se02dRS,
Sol2>1RA,// A — mauuu 1
So0=2>0RA, // Ay — Hauuu 0
SoA2>AHQ //cnoBa et
A 12>1RA,
A,0>0RA,
A A>1HQ
Aol > 1RA1
A\0>0RA,
Ao >0HQ

3anaua 1.3
Hano cnoso B andasure {0,1}. Ckonupoats 1-if cuMBOI, 3amUCaTh €T0

B KOHIIE CJIOBA.

3apaua 1.4
Hano cmoBo B amdasure {0,1,2}. Bce mocnemoBarenpHOCTH «012)»

3aMCHHTH Ha MTOCIIEIOBATEIIHFHOCTD U3 TPEX 3BE3MIOUCK «**¥)),

3agava 1.5
Jdano uucmo n B yHapHOM Kkoje. Haiitm 3HadeHue QyHKIUH

niceBaopasHoctH f(n)=n+2. Pe3ynbTar 3amucath BMECTO CJIOBA.
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n-2, ecinu n>2
n+2=
0, ecitu n<2
YHapHBIH KOJ ONEepUpyeT CHMBOJIAMU TOJBKO OIHOTO THIIA, TIOITOMY
KOJIMYECTBO TPEIMETOB KOAMPYETCS MOIITY4YHO, Hampumep | (ogHa
najgouka) 3To gucio “07, || (aBe mamouku) —aucio “17”, [l - “2”, u T.1.

Pemenne:

Se020 R Sy

Sol 2 1RS,

SoA2>ALA  //momuy 1o KOHIA ciioBa

A1 2>AL A; //cTepau NOCIEIHIOK MATOYKY

A0>0HQ  //cnosa Her

A; 1 2AAL //cTepnu npeAnoCcieHIO0 MaIOYKy

A;0>0BR  //3aman apryment n=0 (o1Ha Mayoyka), U MBI €€ CTEPIIH
BA> | HQ //BoccranaBimBaem majiouky, T.K. f(0)=0 u f(1)=0

A, | 2 | HQ //3aman aprymeHT n>2, 3aja4a BbINOJHEHA

A,0>0RB //3aman aprymeHT n=1 (OBUIO NIBE MAJOYKU, MBI UX
CTepIn)

3apaua 1.6
Jano cnoBo B andasute {a,b}. CkomupoBath €ro B 00paTHOM HOPSIKE,

3alrMcaB KOIINIO Cpa3y BCJIC 3a UCXOJHBIM CIIOBOM.

3agava 1.7
Hano cnoBo B andasute {a,b}. CxonupoBarh €ro B MPsIMOM IOPSJIKE,

3aIucaB KOIHIO Cpa3y 3a UCXOIHBIM CIIOBOM.
3apaua 1.8

Jano cnoBo B andasute {a,b}. CkomupoBarh €ro B 00paTHOM HOPSIKE,
3aIMcaB KOIHIO BMECTO UCXOHOTO CIIOBA.

3agaya 1.9
Hano cnoBo B andaBure {a,b}. Onpenenuts, SABISETCA N CIOBO

NMaJIMHAPOMOM. HaﬂI/IHI{pOM — CJIOBO, KOTOPO€ YHUTACTCAd OJMHAKOBO
CIIpaBa HaJIEBO U CJICBA HaIIpaBO. Ecnm na — Hanmcats mmocje ciioBa «t»,
€CJIN HET — «-».
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3anaua 1.10
Ha nenre B yHapHOM KOJIe 3alTMCaHbl YUCIA X U Y, MEXITy HUMH 3HAK - .

BMmecto wHcXOmHOW TOCIEAOBATENBHOCTH CHMBOJIOB HanucaTh
pe3yiabTaT BeruucieHus pyHkuun f(x,y)=x-y.

MHOroJ1eHTO4YHble MAIIMHBI ThIOpHHTA
OcHOBHBIE MPUHIUIIBI pa6OTBI MHOTI'OJICHTOYHbIX MalllMH TI)IOpI/IHFa:
1. VYmopansmoomniye TroJIOBKM Ha KaXJOW U3 JIGHT JBUTalOTCS
HE3aBHCHUMO.
2. BHyTpeHHee COCTOSHME Yy MAalIMHBI €IWHOE. OJTO CBOWCTBO
caMoli MalllMHBI, @ HE YIPABIISIFOIINX TOJIOBOK U JICHT.

[lpu HamuMcaHWM aNrOPUTMOB CJEAYET NPHICPKHUBATHCS CIEIYIOLICH
cxemsl: Si{a,b,c}—{a'b',c'} {R,L,H} §;

3agava 1.11
Andasur {0,1}. Mammnaa aByxieHTouHas. J[aHO CIOBO, OHO 3allMCaHO

Ha mepBoil seHTe. CKOMUPOBaTH 3TO CJIOBO Ha BTOPYH JICHTY B
00paTHOM TOPSIAKE.

3agaua 1.12
Andasur {0,1}. Mammnaa TpexiaeHTouHas. JlaHBI JBa 4YHCIA B

JIBOMYHOM KOJIe, OHHM 3amnMcaHbl Ha TNEPBOM U BTOPOM JIEHTE
COOTBETCTBeHHO. CUUTAETCs, YTO CJIOBa 3allMCaHbl KOPPEKTHO: T.e. 00a
CJIOBO BCETJ[a €CTh W HAYWHAIOTCSl OHU C €AMHUIIBI (UCKIIOYEHHE TOIBKO
JUTSE 9uciia Hoib). OIpeneinTh YeMy paBHA CyMMa 3THX JIByX YHCEN U
pe3ynbTaT 3amucaTh Ha TPEThIO JICHTY TakXke B JBOMYHOM Kone (U
TaK)Ke KOPPEKTHO).

Baosicno: B Xozie CIOXEHHUS, BO3MOXHO, BBIICHUTCA, YTO PaspsloB HE
XBaTaeT — TOrAa Hajo OyJeT CABHHYTH PE3yJNbTaT Ha OAHY KIETKY
BIIPABO JJIS 3aMKUCU MEPBOM €TUHUIIBI.

3apgaya 1.13
AndaBut yHapHbIdi. MammHa TpexiieHTouHas. [laHbl 1Ba 4YHcia B

YHapHOM KOJie, OHU 3alliCaHbl Ha TEpPBOH W BTOPOM JIEHTE COOTB.
OnpeneJme, YEeMY pPaBHO MPOU3BCIACHUEC OTUX ABYX YHCECI U PE3YJIbTAT
3alurcaThb Ha TPETHIO JICHTY.
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Adroputmbl MapkoBa

[Ipy HamMMCaHWM AITOPUTMOB CIEAYET MPHICPKUBATHCS CIEAYIONICH
CXEMBI:

fai} > (b} [], e

{a;} — mocrenoBaTeNbHOCTh CHMBOIIOB, KOTOPAs! UIIETCSI B CIIOBE,

—> — 3HaK Mepexo/a K oneparuy 3ammcH,

{b;} — mocnenoBaTENILHOCTL CUMBOJIOB, KOTOpasi 3aMHChIBAETCS BMECTO
HalJICHHOM,

[*] — 3HaK oxOoHUYaHMS anropuTMa (HEOOS3aTENbHBIN MapaMeTp),

A — 3HaK MyCTOr0 CMMBOJIA, TIPUCYTCTBYET BE3/ie: M3HAYAIBHO Ha JICHTE
€CITM OHA MyCTas, CIpaBa U ClIeBa OT KaXI0r0 CUMBOJIA, €CIM Ha JICHTE
3aIMCcaHo CJIOBO).

[Iporpamma (anmroput™M) mpeaCTaBIseT COOOW COBOKYITHOCTH
CTPOK YKa3aHHOTO BH/A, IPHYEM IOPSIOK CTPOK MMEET BaKHEWIee
3HaueHue. OCHOBHAsI oIlepaIysl pu padoTe aaropuTMoB MapkoBa — 3T0
nepepaboTKa CcJOB B HEKOTOpoM aidaBure. OJra mepepaboTka
3aKJII0YAaeTCsl B IPOU3BOJACTBE HEKOTOPOTO KOJMYECTBA 3aMEH
OTpEeAENECHHBIX  TOCIENOBAaTEIbHOCTEl  CHMBOJIOB. OTH  3aMEHBI
copepuraroress B CTPOI'O onpeneneHHoM Mopsifike, a UMEHHO: IHOcie
KOKIOH 3aMEHBI aJrOpUTM YHTAeTCsl C CaMOro Hadama, a CJOBO
aHAIM3UPYETCs C camMoro mepBoro cuMBona. OKoH4YaHWE pPAOOTHI
aJIropuTMa MpouCXOAUT B TOT MOMCHT, KOrJa BBIIIOJHACTCA CTpPOKa,
collepKamias 3HaK NPUHYJUTEIbHOW OCTaHOBKH, JTUOO TOTAa, KOTAa
OoJylee HU OJlHA CTPOKA HE MOXET OBITh BHITMIOJIHEHA (B CIIOBE HET HU
OJTHOW M3 NCKOMBIX TTOCIIE/IOBATEIBHOCTEH CHMBOJIOB).

3apaua 1.14
Andasur {0,1}. Ilepepabotath Mpou3BoIBHOE CIOBO B (.

3apaua 1.15
Andasur {0,1}. YIBOUTH BCE CHMBOJIBI B CJIOBE, Pe3yJIbTAT 3aIllHCaTh

BMECTO CJIOBA.

3anaya 1.16
Andasur {0,1}. VY ianuTe Kaxablii TPETHIA CHMBOII.
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3apgava 1.17
Andasut {0,1}. [TocTaBuTh B KOHIIE CIIOBa +, €CIM B HEM MIPHUCYTCTBYET

XOTS OBI OJHWH HOJIb U — , €CJIM 3TO HEC TaK.

3agaya 1.18
Andasur {0,1}. [TocTaBUTh B KOHIIE CIIOBA +, €CIIM B HEM €CTh CTPOTO

JIBa HyJIs (HE BaXKHO, COCEIHUE OHHU WJIM HET) W MOCTaBUTH B KOHIIE — ,
€CJIK ATO HE TaK.

3anaua 1.19
Andasut {0,1}. IlocTaBUTh B KOHIIE CJOBa +, €CJIH B HEM €CTh TOYHO

JIBa HYJISl © OHH CTOAT PSIIOM (T.€. OHH COCEJHHE) M B — HHAYe.

3apaua 1.20
Andasur {0,1}. CKomupoBaTh CIIOBO B IPSIMOM ITOPSIKE ITOCIIE CIIOBA.

3agaua 1.21
Janpl nBa uMcia B YHapHOM KOJE€, pa3leieHHble 3HaKoM ‘4.

Berunciute cymmy. Pesyibrat 3anncaTb BMECTO CIIOBA.

3anaua 1.22
Jlanpl 7Ba dYncaa B yHApHOM KOJE, pasleicHHBIC 3HAKOM

Brruucnuts pa3HocTh. Pe3ynbTaT 3anucaTh BMECTO CJIOBA.

@ 9

3agaya 1.23
Andasur {a,b}. INogcuuraTe KONMYECTBO CHMBOJIOB a. Pesymbrar

3aluycaThb MOCJIC CJI0OBA B YHAPHOM KOZC.

3apaua 1.24
Jlanbpl B2 Yuclia B YHapHOM KOJie, pa3JCiCHHBIC 3HAKOM /7.

Brruncinuts OCIYyH0 YaCTb OT ACJICHUA MEPBOro 4YuCiia Ha BTOPOC.
PC3YJ'H>T3.T 3anmcaTrb BMCCTO CJIOBA.

3anava 1.25
Andasur {0,1}. Onpenenuts — kakux cumMBoioB 0 miam 1 B cioBe

Oompimie. Ecnu Gomblnie HyJeH — IOCTaBUTh B KOHIIE +, ecii OombIme 1 —
MOCTaBUTH -. Ecin IIOPOBHY — NOCTAaBUTL B KOHIIC =.
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Mnaea 2. Yucnoebie MHOXecmea

§ 2.1. MHo:xecTBa: onpeaegeHne H OCHOBHbIE CBOIiCTBa

Mnuoscecmeo (no Tvropunzy) — 3mo o6veouneHue ¢ 00HO
obwee 06vLEeKMos8, XOPOulo pa3IUIUMbBIX HAWMEU UHMYUYUel Ul
Hauiel MulCabio.

MoxHO MMPUBECTU APYroe onpeACICHUC MHOXKCCTBA!

Mmnoscecmeo (no Kanmopy) — smo  cosokynHocmo
00bekmos  0e3pasIUUHO  KAKoOU  Npupoovl,  Heu38eCmHO
CYWeCmBYIouux u, paccmampusaemas Kaxk eoutoe yeinoe.

I[OHO.]IHI/ITGJIBHBIC onpeaciecHus U onepanuu Hal MHOKEeCTBaAaMHU

1. MHO»XeCTBO, KOTOPOE HE MMEET HU OJHOTO HJIEMEHTA,
Ha3bIBaeTCs MYCTHIM B 0003HavaeTcst .

2. EnmHmyHoe MHOXKECTBO — MHOXKECTBO, BCE DJIEMEHTHI
KOTOPOTO TOKJIECTBEHHBI.

3. MHOX€ECTBO M! Ha3BIBACTCS IMOJIMHOKECTBOM
MHOKeCTBa M TOrja M TOJBKO TOrJa, KOTJa JIOO0OM 3IeMEHT
MHOX)ecTBa M' NPUHAAJIEKUT MHOKECTBY M.

4, MHoxecTBa Ha3BIBAIOTCS PaBHBIMH, €CIM OHU HMEIOT
OJIHH U T€ K€ DJIIEMEHTEHI.

5. [MoxmuO)ecTBO M'  MHOKecTBa M HasbiBaeTcs
cobcmeenHbLM TIOIMHOXKECTBOM MHOKecTBa M, eciiit M! siBisiercst
€ro MOJMHOXKECTBOM, HO TNPHU ITOM CYIIECTBYET XOTS OBl OJUH
3JIEMEHT, MpUHaAIeKamuii M, HO He IpUHAAIEKAIIUHA ML

6. Ilycts A u B — aBa MHOXecTBa. MHOXecTBO M=A U B
Takoe, 4TO €ro KaXIbld 3JIeMeHT NpuHaiexur A wim B (a
BO3MOXXHO M A u B), HaspiBaeTcs cymmoil wiu 0ObeIMHEHUEM
MHOeCTB A u B.

7.  Ilycts A u B — aBa MHOXecTBa. MHOXXecTBO M=A N B
Takoe, 4YTO €ro KaXAbld OJJIEMEHT MpUHAISKUT U A u B
OJHOBPEMEHHO, Ha3bIBAETCS MepEeceueHueM MHOXKECTB A 1 B.

8. Ilycts A m B — nBa MmHOXecTBa. MHOXXKecTBO M=A \ B
TaKoe, YTO OHO COCTOUT M3 TE€X JIEMEHTOB MHOXKECTBA A, KOTOPBIX
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HET BO MHOXeCTBe B, Ha3blBaeTCs pa3HOCTbIO MHOXKECTB A u B,
WIY TOIIOJIHEHHWEM B 1o A.

9. Ilycts A u B — nBa MmHOXecTBa. MHOXecTBO M=A x B
Takoe, 4TO OHO OOpa3oBaHO W3 Bcex map (a, b) Takux, 4TO a
MpUHAUIEKUT A U b mpuHamnexxutT B, Ha3bpIBaeTCS N1EKapTOBBIM
MIpOU3BEACHNEM MHOKECTB A U B.

Ilycmv A = {a,b}; B = {m,n}

Toz0a AxB = {(a,m),(a,n),(b,m),(b,n)}

10. Ilycte A — MHOXecTBO. MHOXeECTBO M, 3neMeHTaMu
KOTOPOTO SIBJISIIOTCS MOJMHOKECTBa MHOXKECTBa A, BKIIIOUas CamMo
A W 1mycToe MHOXECTBO, HA3bIBAE€TCS MHOXECTBOM BCEX
MOJIMHOXKECTB MHOXKecTBa A win OynmeaHoM A u 00O03HadaeTCs
P(A).

Ilycmos A = {a,b,c}

Toeoa M= P(4)={0, (a), (b), (c), (a,b), (a,c), (b,c), (a,b,c)}

11. Orob6paxennem f wMHOXEecTBAa A B MHOXKECTBO B
Ha3blBaeTCid HEKOE IMPaBUJIO, MO KOTOPOMY KaXAOMY 3JIEMEHTY
MHOECTBa A CTaBAT B COOTBETCTBHUE JIEMEHT MHOXKECTBa B.

12. MHoxecTBO BceX OTOOpakeHMH MHOXecTBa A B B
o6o3nauaercs kak B* (B B crenenn A).

Ilycmo A = {a,b,c}; B = {m,n}

Toz0a B* smo nabop gynxyuii f; npusedennvix ¢ maén. 2.1.

Tabmuma 2.1. OToOpakeHnss MHOKeCTBa A B MHOXKECTBO B.

A SilA) | SoAA) | S(A) | Sl A) | Ss(A) | So(A) | Fr(A) | fs(4)

a m m m m n n n n
b m m n n m m n n
c m n m n m n m n

Kaxxnast Takast pyHKIUS 3a/1aHAa CBOMMH 3HAYCHUSMU B KQXKJIOH U3
TpeX TOYEK O0JIACTH ONPEICIICHHOCTH.
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§ 2.2. Knaccudukxanus MHOKeCTB

Mownocme muoxncecmea (no Kanmopy) — smo ma
odwas uoes, KOMopas oCMaemcs y Hac, Ko20a Mbvl, MulCI 00
2MOM MHOJCECmBe, OMEICKAeMCS KAK OMl 6CeX CEOUCME e20
INIEMEHMO8, MAK U OM UX NOPSLOKA.

Mo>KHO MpHUBECTHU APYTOE ONpEAETICHHE MOIIHOCTH:

Mowgnocmy  muodcecmea — 9mMO  XaApAKMEPUCMUKA,
Komopas o00veduHsiem OAHHOE MHOJCECMEO C  Opyeumu
MHOJICECMBAMU,  NPUMEHEHUe — Npoyedypbl  CPAGHEHUs. K
KOMOpbIM Oaem OCHOBAHUE Npednonazams, 4Ymo Kaicoblll
9eMeHm O00H020 MHOJCECMBA UMeem NAPHbIU dNeMEeHm U3
0py2020 MHOJICeCmBad U HA0OOPOMm.

Hanee MOIIHOCTh OyneM Ha3blBaThb  KAPOUHAIbHBIM — YUCTIOM
MHOXECTBA.

Kap}JHHaJIbHBIe YHUCJIa HEKOTOPbIX MHOKECTB

1. MomHocTs myctoro MHOxecTBa pasHa 0: | & |=0.

2. MomrHoCTs MHOKECTBA U3 OJTHOTO dJIeMeHTa paBHa 1: |{a}|=1.

3. Ecniu MHOecTBa paBHOMOIIHEI (A~B), TO nX KapAauHaIbHBIE YHCIIa
paBHsL: |A[=[B].

4. Ecrm A — mogmuoxectBo B w3 C: (A~O)&(C < B), 10
KapIUHAJbHOE YHCIO A HE MPEBOCXOAUT KapIMHAJILHOTO 4yncia B, T.e.
|Al=[B].

5. MommocTs byneana Maoxectsa A pasma 2/: [P(A)=2""

6. MoOIHOCTh MHOKECTBA BCeX oToOpaxeHmii A B B pasma [B:
IBY=B"

Koneqm,le, CYETHO-0eCKOHEeYHbIE H HECUETHbIE MHOKECTBA YHCEJI

MoxHO KHaCCHq)HHHpOBaTL MHOXXECTBA, ONHpPasiCh Ha TaKOH
IMpU3HaK, KaK KOHCYHOCTb.
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Koneunoe mnoocecmeo — MHOJMHCECMBO, cocmosAulee U3
KOHEeYHOo20 4Hucaa J9jl1emMeHmos, e2co K(lpauHaJleOG Yucio
cosnaoaem ¢ OOHUM U3 HamypajibHblX Yuceil. B npomueHom
caydae MHOoaHceCcmeo Hazvleaemcs 0ecKoHeuHbIM.

Torma Bce MHOXKeECTBa AEIATCA Ha [Ba Kjacca KOHEYHbIE U
0ecKOHeYHbIe, KOTOPHIE B CBOIO OYepeh MEATCS HA JBa MOJKIIACCA:
CYETHO-0eCKOHEYHbIE 1 HeCUEeTHRIE.

Cuemno-6eckoneunsvle — 0OecKOHeuHble MHOMCecmad,
PABHOMOUHBLE MHOICECTBY HAMYPALbHBIX YUCEL (UX DNIeMEHINbL
MOJICHO — NPOHYMEPO8AMb  HAMYPATbHLIMU — HUCAAMU — Oe3
NPONYCKO8 U NOGMOPEHULL).

Hecuemmnuvie - beckoneunvie MHOMHCECMBA, He
PABHOMOUWHbIE MHOJMCECMBY HAMYPAIbHbIX YUCEIL.

MoOXHO KTacCHQHUIMPOBATH MHOXKECTBA U TI0 APYTOMY MPH3HAKY:
cyeTHOCTU. Torma BCce MHOKECTBA JIENATCS Ha JBa Kilacca: CYeTHbIE U
HecyeTHbIe. CYeTHBIE MHOXKECTBA B CBOIO OYepenb AEIATCS Ha JABa
MOJKJIacCca: KOHEYHbIe U CYeTHO-0eCKOHEYHbIE.

Cuemnoe MHOMCECMBO — IO MHOMHCECMBO, A6JIAIOUIeeCA
KOHEYHbIM UL CYEMHO-OeCKOHEeUHbIM.

BaxHOoe CBOIICTBO KOHEYHBIX MHOXECTB: KOHCUHBIC MHOXECTBA
HE paBHOMOIIIHBI HUKAKOMY CBOEMY COOCTBEHHOMY ITOJMHOYKECTBY .

BaxHoe CBOHCTBO 0€CKOHEYHBLIX MHOJKECTB: OECKOHEYHOE
COOCTBEHHOE MOAMHOXKECTBO OSCKOHEUHOI'0 MHOKECTBA MOdcem Obimb
PaBHOMOIIIHO CaMOMY MHOXECTBY (BHHMaHUE, UMEHHO «MOXXET OBITHY,
a BOBCE HE «BCErma» — IMpUMEpP TOMY HECUYETHblE MHOXECTBA,
PacCMOTpEHHEIE J1ajee).

Wnmocrpanueit nanHOro (hakta MOTYT CIY>KUTh JIBa U3BECTHBIX
napajokca.
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T.2.2.(1) Hapanoxc I'annyaes

XoTs1 00JBIIMHCTBO HATYPAJbHBIX YHCEJ He SABJsIeTCA
KBQ/JpaTaMM, BCeX HATYPaJbHBLIX 4Hce] He 00Jible,
YyeM KBAaJApaToB (eCIM CPABHUBATh 3TH MHOKeCTBA 110
MOILITHOCTH).

Joka3zaTesibcTBO

PaccMoTpuM MHOKECTBO KBaIpaTOB HATYPAIBHBIX YHCEIL:

1, 4, 9, 16, 25, 36,... Ha3zosem ero N;. IlycTh €ro MourHoCThH
paBHa |N;|. [To moctpoernto Ny — N (N; cOOCTBEHHOE TOAMHOKECTBO
N). Ilporymepyem MHOKECTBO N; HATypaimbHBIM psimom: 1 —1 , 4 52,
9 53,16 >4, 25 55,36 —6, ...

CrnenoBaTelibHO, MOXHO  IOCTPOUTh  B3aMMHOOHO3HAYHOE
COOTBETCTBHE, 10Ka3aB, 4To |Ni|=|N|, 3HaUuT, KBaApaTOB HATYpaIbHBIX
YHCEeI CTOJIEKO )K€, CKOJIBKO M caMuX HaTypaibHBIX uncel, Q.E.D.

T.2.2.(2) Hapanoxc 'nmiandepta

Eciu rocruHHma ¢ 0eCKOHEYHBLIM KOJHYECTBOM
HOMEPOB MOJHOCTHI) 3al0JHEHAa, B HeEé MOIKHO
MOCEeJINTh eIé TmoceTuTeNeil, aake OeCKOHEUHoe
4HCII0.

Joka3arejibcTBO
IIepBoro mnocrosuibLia clIeQyeT IOCEIUTb BO BTOPOH HOMED,
BTOPOTO — B TPETUH, dajee aHanormdHo, n-ro B (n+l1)-it. [lockombky
HOMEPOB OECKOHEYHOE KOJIMYECTBO, MECTa BCEM XBAaTUT, T.K. UIA
KaKIIOTO HATypaJbHOTO n Haimercs uncio n+1. [logobHy0 mpouemypy
MOJKHO MTOBTOPSATH CTOIBKO, CKOJIBbKO moTpedyercs, Q.E.D.

DTO opurHHANBHAS BEPCHUS TMapagokca, B HEM 1moa 0eCKOHEYHBIM
YHUCIIOM TOCTOSUIBIEB CIICAYET MOHMMATh CUYETHO-OCCKOHEYHOE YHUCIIO.
Jns 00o3HaYeHUST MOIIHOCTH KOHEYHBIX MHOXECTB HCIOIB3YIOTCS
HaTypanbHBIe uncia. Jms o0003HadYeHHWS MONTHOCTH OECKOHEYHBIX
MHOJKECTB HYXHBI UHUCJIa UHOTO POJia, UX HA3BIBAIOT TPAHC(UHUTHBIMHU.
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Tpancpunumnoe uucno (finis — “xowey”, nam.) —
KApOUHAIbHOE YUCIO OECKOHEUHO20 MHONMCECMEA.

Anegp-nyno  (y)— nepBoe TpaHCPUHHUTHOE uucio. [lo
OMPEACICHUIO — 3TO MOIIHOCTh MHOXECTBA BCEX HATYPAJbHBIX YHCEIL.
DT0 HauMeHbIIast 0eCKOHEUYHAs! MOLIHOCTD.

§ 2.3. CueTHbIe MHOKECTBA

CueTHO-OECKOHEUHBIMU Takke OyIyT Bce MHOXKECTBa, s
KOTOPBIX yNacTbCs [OKa3aTh PAaBHOMOIIHOCTE C  MHOXECTBOM
HaTypaidbHbIX uyucen. Jlamee B 3TOM TJilaBe Mg KpPaTKOCTH U
COOTBETCTBHS OOIIETIPUHATHIM  (OPMYJIUPOBKAM TEOPEM BMECTO
TEPMHHA «CUETHO-OECKOHEYHBIe» MPH JTOKA3aTeNLCTBE PABHOMOITHOCTH
paccMaTpuBaeMOro MHOXKECTBA M MHOXXECTBA HATypPaJIbHBIX YHCET
OyleT WCIONB30BATHCS TEPMHUH «CYETHBIE». OTO He SIBISETCS
OMHMOOYHBIM yTBEP)KACHUEM, JTI000€ CUETHO-OECKOHEYHOE MHOXKECTBO
SIBIIIETCSl CUETHBIM, HO He HaobopoT. Ctporo roBops, Joka3aTh (PaxT
TOTO, YTO MHOKECTBO CUETHOE IMPOIIIE, YeM JI0Ka3aTh TOM (aKT, 9TO OHO
c4eTHO-OecKkoHeuHoe (B TMOCJIEIHEM ciiydae TpeOyercsi MoKas3aTh, YTO
MHOKECTBO HE SIBJIIETCS KOHEUHBIM ).

Jus  nmoxasaTenbCcTBa TOTO, YTO MHOXKECTBA PaBHOMOIIIHEI,
0OBIYHO HCIIOJIB3YETCSI KaKOH-TT00 croco0, MO3BOJISIONINI TOCTAaBUTh B
COOTBETCTBHE KaXJIOMy OJIIEMEHTY pPacCMaTPUBAEMOIO0 MHOXKECTBA
KaKoe-TO HarypajabHOoe uncio. [[ogoOHBIN mpueM HCIIONB30BAICS IIPH
nmokasarenscTBe TeopeM 2.2.(1) u 2.2.(2). B obmem ciaydae oka3pIBaeTCs
BOBCE He 00s3aTebHBIM KOHKPETHOE YKa3aHue 3(pPeKTUBHOTO criocoda
YCTaHOBJIGHHSI TaKOTO COOTBETCTBHA. JloCTaTOYHO JOKa3aTembCTBA
camoro (akra. bBomee Toro, ecam B Tpolecce JJ0Ka3aTeNbCTBa
PaBHOMOIIIHOCTH Takoi (00s3aTenbHO 3()h(HEKTUBHBIHA, T.€. OCHOBaHHBIH
Ha aIropurme) cnocod OyneT HaiIeH, TO TOMHUMO COOCTBEHHO
TpeOyeMoro JI0Ka3aTeNnbCTBa CUETHOCTH, MOMYTHO OYIeT JoKa3aH (GaxT
3 (PeKTUBHON TTEPEUNCTUMOCTH HUCCIETYEMOT0 MHOXecTBa. [Ipu sTom
YK€ CTAaHOBHUTCS O0OSA3aTeNbHBIM HAIWYHE TPOLEAYpPhI, KOTOpas
YCTaHaBIMBAeT B3aUMHO - OJHO3HAYHOE COOTBETCTBHE MEXKIY
JJIEMEHTAaMH UCCJIElyeMOI0 MHOXXECTBa M DIEMEHTAMH MHOXKECTBa
HATypaNbHBIX YHCEL.
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I[lomumo  ykazanHoro cmocoba, 3a4acTyl0  HCIIOJIB3YETCs
METOJMKA OIIEHKH KapIWHAIBHOTO YHCIa MHOXECTBA CBEPXY U CHHU3Y,
YTO 3a4acTyl0 IIO3BOJSET TOYHO BBIYMCIUTH pEaNbHOE 3HAuYCHUE
MOIIHOCTH MCCIEAYEMOI0 MHOXKECTBA.

B nanpHeiiiem B psijie 3aja4 pacCMaTPUBAETCSA «PACIIUPEHHOES)
MHOJKECTBO HATypaJbHBIX HYHCEN, BKJIIOYAONIee B ce0s CTaHAapTHHIN
psan HatypanpHbeIX umcen (1,2,3,...) um umcno 0. JlokazarenbcTBO
PaBHOMOIIHOCTH JTHX MHOXECTB HE COCTaBIsIeT Tpyla. bynem
0003Ha4aTh MHOXECTBO HAaTypalbHBIX yucen OykBoii N, a
pacuIMpeHHOe MHOXKECTBO HAaTypallbHBIX ynces N*.

OObIYHOE W pPACIIUPEHHOE MHOXKECTBO HATYPAIBHBIX YHCEIN
ABIAIOTCS S((EKTUBHO TEPEUYUCIUMBIMU (TIEPBOE TIO ONpENEICHHIO,
BTOPOE IO MPUYMHE IMPOCTEHIIEro ycTaHoBIeHUs: Hymepanuu 0->1, 1-
>2, 2->3,....M T.J., IO3BOJIAIONIEN YCTaHOBUTh B3aMMHO-OJTHO3HAYHOE
COOTBETCTBHE MEXIYy OJJEMEHTaMH HCCIeNyeMOr0 MHOXECTBA W
3JIEeMEHTaMH MHOKECTBa HaTypalbHbIX YHCEN).

CrouT TaKXe OTMETHUTb, YTO JII000e KOHEYHOE MHOXKECTBO TAKKE
adexTuBHO MepeunciuMo. Baxkao ob6paTtuTh ocoboe BHIMaHHUE HA TOT
¢axT, uro Hcxonas M3 cHOPMYIMPOBAHHBIX OMpENENIEHHH, CUYETHOCTh
KOHKPETHOTO MHOXECTBA BOBCE HE O3HAYaeT, YTO 3TO MHOXECTBO
TapaHTHPOBAHHO OyIeT 3P(EKTHBHO MEpESUNCIUMBIM. bojee Toro, Kak
OyIeT MmokazaHo B MOCIEAYIOIIEM, HAWIYTCSd MHOXKECTBA, SABIISIONIHECS
CYETHBIMH U 3P PEKTUBHO HE IMEPEUNCITUMBIMHI OJTHOBPEMEHHO.

2.3.1. MHoO:kecTBO LEJbIX YHCEeT
MHuooicecmeo uenvlx uucen — MHONCECME0, COCMosujee
us Hamypaﬂbelx qucei, yucaa HoJlb U ducel, I’lOCWlpOEHHbl)C Ha

OCHOBe  HAMYPATbHLIX  MOABKO  CO  3HAKOM — «MUHYCH
(ompuyamenvHuix yucen).
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T.2.3. (1) Teopema

MHo:kecTBO 1eJbIX YHCeT CYeTHO M I(PpPexkTUBHO
nepevncJaumo.

Jdoka3aTe/ibCTBO

Psn wenpix uwwmcen: -n, ..., -3,-2,-1,0,1,2,3,..., n,...bygem
0003HaYaTh MHOXKECTBO IENBIX YHceNl OykBoi Z. Pacmonoxum 1ienbie
YHCIIa CIeAYIomuM 00pazom:

0,1,-1,2,-2,3,-3, ....,n,-n, ...

Torma kaxaoMy 4YHCIy MOXHO TIIOCTaBHTh B COOTBETCTBHE
HaTypaJIbHOE YHCIIO

0, 1, -1, 2, -2, 3, ...,n, -n, ...

1, 2, 3, 4, 5, 6, ...,2n, 2n+1, ...

Takum 00pa3oM OKa3aHO, YTO MHOXKECTBO Z pPaBHOMOIIHO
MHOECTBY N, a 3HAYUT OHO CYemHO.

Jns nokaszarenbeTBa 3 (EKTUBHON MEPEYHCIMMOCTH MHOXKECTBA
Z HEoOXOIMMO YCTaHOBHTH TOT (DAKT, UTO BCE IJIEMEHTHI MHOXKECTBA Z
MOTYyT OBITH Hepe6paHI>I o ajropuT™My #" JOJDKHBI IIOJTYYUTH B
pe3yJbTaTe Takoro nepedopa MOPSIIKOBbIE HOMepa, 0e3 MPOITyCKOB M

MTOBTOPEHUH.
DaxkT IpPpekmuenoil nepeuucaumocmu MHOXECTBA Z HATIPSIMYIO
clenyeT W3 TPHUBEACHHOTO Crocoda HyMEpalud 3JIEMEHTOB

HaTypallbHbIMH 4HciamMu. MTak, MHOXKeCTBO Z c4eTHO u 3((EeKTUBHO
nepeunciaumo, Q.E.D.

Ecnu onepupoBaTh TpaHCOUHUTHBIMH YHCIIAMU, TTOTYYUM:

No""l"‘No = No
2.3.2. MHOkeCTBO YIOPSAI0YeHHBIX AP HATYPAJIBHBIX YHCes
Hea snemenma a u b nazviearom ynopao0oueHnoil napoi,
ecnu YKA3ao, Kakot ux 3mux 1eMEeHmO6 Nepebvii, a Kaxou

emopotl u npu omom  ((a,b)=(c,d))<=>(a=c)b=d).
Ynopsoouenunyio napy snemenmos obosnauarom (a,b).
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T.2.3. (2) Teopema

MHoskecTBO YNOPSA/I0YEHHBIX NMAap HATYPAJbHBIX 4YHCeJ
CYeTHO U 3(PPeKTUBHO MePEUUCINMO.

Joka3aTeabCcTBO
OObIuHO, yHOTPEOISIsl TEPMUH «yHOPAJOYECHHAsD) Mapa, CUUTAIOT,
yro pomyctuM mapa (1,5) m mapa (5,1) uMMeOT pasHBIA CMBICT H
paccMaTpuBarOTCs Kak pasinuHble. YTOOBI YCTaHOBHTH B3aWMHO-
OHO3HAYHOE COOTBETCTBUE MEXKAY YHNOPSAOYEHHBIMH  Iapamu
HATYpalbHBIX YHCEN ¥ HATypalIbHBIMH YHCIAMH, JIOCTATOYHO
pacmonoxuTh napsl (p,q) B Tabauiy Tak, 4To (p,q) HAXOAUTCS B p-i
CTPOKE U B -M CTOJIOLIE.
(LY (1,2) (1,3)
@) 22 @3

3areM yKa3aHHbIE Iapbl IEPEUYHUCIAIOTCS  JUArOHAIBHBIM
METOJOM, HauyMHAas C JIEBOrO BepxHero yria. IlocienoBaTenbHOCTH
00xoma MaTpulbsl IO CYTH MOXeT ObITh Jro0oi. Hampumep, MoxxHO
PAacIoNoXKUTh Mapbl B MOCIEN0BATEILHOCTD 110 BO3PACTAIOLIEH CyMMeE P
+ ¢, a Ipu paBHOM cyMMe — 110 Bo3pacTanuto p. [Tomyuum psn:

n 1 2 3 4 5 6

e (LD (12 2D (@13 22 G

Takum 00pa3oM JOKa3aHO, YTO MHOKECTBO YIOPSIOYCHHBIX Iap
HaTypaJbHBIX YHCEJI PABHOMOIIHO MHOXECTBY N, a 3Ha4uT, OHO
cuemHo.

WHorna mojx TepMUHOM «YHOPAOOYEHHble) TIOHUMAIOT CUTYAIIUIO,
Ipu KoTopoil B mape (p,q), Hampumep, rapaHTHUPOBAHHO p < , T..
MIEPBBIN YWIEH Maphl MEHbIIIE UM PaBeH BTOpoMy. B 3ToM cimyuae mapbl
(p,q) 1 (q,p) CUUTAIOTCS TOXKIACCTBEHHBIMH, T.C. TIapa BOCIIPHHHMACTCS
KaK HEYNOpsAA0UYEHHOE MHOXKECTBO M3 JBYX DJIEMEHTOB, B KOTOPOM Ha
MEepPBOM MECT€ MHINETCS MEHbIIee YHCIO, & Ha BTOPOM — OOJIbIIEe.
MHOXECTBO TaKMX TMap SBIAETCS COOCTBEHHBIM ITOAMHOYXECTBOM
MHOKECTBa PACCMOTPEHHBIX BHIIIE Map W IO JIOTHKE Belei TeM Oojee
Oyner cuemno.
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daxkt ahpexmuenoii nepeuucaiumocmu MHOXXECTBa
YHOPSJOYCHHBIX Map HATYPaJbHBIX YHCENl HE3aBHCUMO OT KOHKDPETHOM
TPaKTOBKM TEPMUHA «YMOPSAOYCHHBII» TPEACTABIsAETCS BIIOJTHE
OuYeBHIHBIM. B mepBoM ciaydae OH HampsAMyIO CIEIyeT U3
INPUBEACHHOIO CIOCO0a  HyMepaluuu 3JIEMEHTOB HaTypalbHBIMU
yhuciamMd. Bo BTOpoM cioyyae K TIPEASIOKEHHOMY  alTOPUTMY
NEepeYncIieHUsT  HeoOXOAMMO  J00aBUTh  MPOLEAYPY  NPOBEPKH
COOTHOILIECHUSI MEXIy 3JIEMEHTaMU p U (, ¥ €Cl¥, Halpumep, p<q, TO
NPUCBaMBATh OYEPENHOW HOMEp 3TOW mMape, a B IPOTUBHOM cliydae
npomyckarb e€. MTak, MHOKXECTBO YMOPSIIOUYSHHBIX Map HaTypalbHBIX
qucen cueTHO U 3PdexkTuBHO nepeuncaumo, Q.E.D.

Ecnu  omepupoBaTh TpaHCUHUTHBIMH YUCJIAMH, TO IPH
OCHOBHOHU TPAKTOBKE TEPMHHA «YIOPSIIOUCHHBIE) TOTyIUM UTO N *N(
= N, BaxxHo, 4TO 1pu BTOPOM TPAaKTOBKE 3TOTO TEPMHUHA MOJIYUYHUM TOT
ke pesyabTaT. JeicTBuTenbHO, (N(*No-N¢)/2+N=N; (Ha OCHOBe
ajToOpUTMa TIOCTPOCHHMSI Tap GOPMHUPYEM MAaTpPHIly, W3 MAaTpPHIIBI
dbopmara Ny Ha N, BEIOpachkIBaeM D3JIEMEHTHI TJIABHOH IHAroHAJH,
OCTaTbHOE MHOXECTBO COKpalllaeM BJBOE M J00aBiseM OOpaTHO
AJIEMEHTHI TJIABHOW JMAarOHAIIH).

2.3.3. MHOeCTBO yHIOPSIA0YEHHBIX N-0K HATYPAJIbHBIX YK CeJI
Ynopaoouennaa n-xa namypansnoix uucen — smo nabop

U3 n 3neMeHmos suoa (mj, my, ..., m,), 20e m; — HaAaMmypaibHOe
yucno.

T.2.3. (3) Teopema

MHo:KkecTBO YNOPAJOYEHHBIX N-0K HATypPaJbHBIX
4yuceJ c4eTHO M 3((PeKTUBHO MepeYHcIanMO.

Jdoka3zarejbcTBO
UYtoObl yCTaHOBUTH B3aUMHO-OJTHO3HAYHOE COOTBETCTBUE MEXKIY
YIOPSJOUYCHHBIMM  N-KaMU HAaTypajbHbIX YHCENl W HaTypajlbHbIMU
YUCIIAMH, JOCTATOYHO PAJIOKUTh N-Ky BHAa (m;, m,, ms,...,m,)
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cnenyromuM obpasom: (m;, mp, ms,...,m,) = (my, (my, ms,...,m,)) = (my,
(M, (m,...,m,))) = (my, (my, (M3, (...(My1,M4)))))

PacnionoxuB 1o TOpW3OHTANIM TaOMMIBI Tapbl HATypaJbHBIX
YHCel, a 10 BEPTUKAIHM — HATypaJlbHbIE YUCIIA, TUaTOHAIBHBIM METOIOM
NOJIy4YMM HyMEpalMi0 TpPOEK HaTypalpHbIX uncen. [lamee 1o
TOPH30HTAIH TAOJHIIBI PACIIONIATalOTCsl TPOWKH HATYPAIBHBIX YUCEN, a
M0 BEpPTHKAIM — HATypaJbHBIE 4YHCIA, JAWArOHAJbHBIM METOIOM
NOJIy4aeM HyMEpauuio YeTBEPOK HATYPaJIbHbIX YUCE U T.1.

TakuM 00pa3oM [10Ka3aHO, YTO MHOMKECTBO N-OK HATYpPalbHBIX
YHCeN PAaBHOMOIITHO MHOXKECTBY N, a 3HAYHT, OHO CYEHHO.

DaxT Ihhexmuenoii nepeyucarumocmu MHOXKECTBA HAIPIMYIO
CleAyeT W3 MPUBEAEHHOIO Crocoba HyMEpaluu 3JIEMEHTOB
HATypalbHBIMH YHuclIamMH. MTak, MHOXXECTBO YMOPSIOYEHHBIX N-OK
HaTypalbHBIX YHCEN CYeTHO U 3¢ dexTrBHO nepeunciumo, Q.E.D.

Ecnu  omepupoBaTh ~ NMOHATHEM  KapAWHAJIBLHOTO  YHCJA
(MOIITHOCTH), TO MOJYYUM, YTO HMPOU3BEACHHOE N pa3 (n — HATypaIbHOE
YHCII0) YMHOKEHHE MIEPBOT0 TPAHC(PUHHUTHOTO YKCIa caMo Ha ce0s He
U3MEHSET €ro 3HAYEHHU No*No *... *No = Nommn NXo'= Ng

2.3.4. MHO#XeCTBO KOHEYHbIX KOMILICKCOB HATYPAJbHBIX YHCeJ
Koneunvie komnnexcel HaAmMypanipHviX uHucen - 3mo

onemenmol 6u0a (py), (P1, p2), (P1, P2 P3)s - (P1, P2, --s D), 20€
k u p; npobezaiom 6ce namypanvhvie YUciA.

T.2.3. (4) Teopema

MHOXk€eCTBO KOHEYHBIX KOMILICKCOB HATYPAJbHBIX
4Hcell C4eTHO U 3(P(PEKTHBHO NEePEeYUCINMO.

Jloka3aTeabCcTBO
YUT0OBI YCTAaHOBHUTH B3aMMHO-OTHO3HAYHOE COOTBETCTBHE MEXKIY
KOHCYHBIMHU KOMIIJICKCaAMH HaTypaJIBHBIX qucell " HaTypaJILHBIMI/I
YUCIIaMH, MOYKHO HCIIOJIb30BaTh IBONYHOE Pa3IOKEHUE BUA!
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n=2"(p;-1) + 2Mpitp-D)+ ... 2%pi+po+ ... 4px -1), tme " -
3HAYOK CTEIICHU.

Hanpumep, B aonunoM kome 27 = 11011= 1:2° + 12" +0e2?
+102° +12% =2°+ 2" +2° + 2%, orkyna nomyunm:

pi-1=0 pi=l1 pi=1
pitp-1=1 pit p2=2 p=1
pitp2tps-1=3 pitp2t+p;s=4 ps =2

pitp2tpstps-1=4  pitpp+tpstps=5 ps =1
Wrak, HaTypansHOE gncio 27 sBisercs koaoMm komrurekca (1,1,2,1).

B cBoro ouepens komruiekey (2,1,1,1) cooTBeTCTBYeT cleayromuii Koa:
pi-1=2-1=1

pitp-1=2+1-1=2

pitpt+tps-1=2+1-1-1=3

pirp2tpstpsa-1=2+1-1+1-1=4
B urore uncion =2' +22+2°+2* = 11110 (B IBOMYHOM KOJI€) WITH 2
+4 + 8+ 16 = 30 ( B gecaTuaHOM Koz€e). TakuMm oOpa3zoM, KOMILIEKCY
(2,1,1,1) cooTBeTcTBYeT HaTypanbHOe uncio 30.

B pesynbpraTe mokazaHO, YTO MHOXECTBO KOHEUHBIX KOMILIEKCOB
HaTypadbHBIX YHCE PAaBHOMOIIHO MHOXECTBY N, a 3HAa4uT, OHO
cuenHo.

DakT Ihhexmuenoli nepewucarumocmu MHOXKECTBA HAIPIMYIO
clenyeT W3 TMPUBEACHHOTO Crocoda HyMepalli JJIEMEHTOB
HaTypadbHBIMH YHCIaMH. MTak, MHOXXECTBO KOHEUHBIX KOMIUICKCOB
HaATYpallbHBIX YUCEN CYeTHO U 3 dekTuBHO nepeunciumo, Q.E.D.

Ecnu onepupoBath TpaHC(HUHUTHBIMHU YHCITAMH, TO TTIOIYUHM:

k k
N0+N0 2+N03 +...+N0k: ZNOk:zNO = k'N() = No
= =

2.3.5. MHOeCTBO PAlIMOHAJbHBIX YK CeJI
n
Payuonanvnoe wucno — yucno euoa q =—, 20e n —
m

yenoe 4ucio, m — HamypaibHoe YUcio.
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T.2.3. (5) Teopema

MHOXkeCTBO PAUMOHAJBHBIX YHCEJ CYETHO U
3¢ (peKTHBHO NepevUucJInmMo.

Jdoka3aTe/ibCTBO

0O003HaYMM MHOKECTBO PAIlMOHATBHBIX gucel Q.

PaccmoTpuM cHaudana TOJOKUTENbHBIE pAllMOHAIBHBIE YHCIA —
MHOXkecTBO Q. OmpeenuM MoIoKUTENbHOE PALMOHATFHOE YHCIO KAK
g=n/m, rie N ¥ M — HaTypaJbHbIC YUCIIA.

3anumeM ux B BuJe O€CKOHEUHOW MaTPHIIbI, CTPOKH U CTOJOLBI
KOTOpOH MPOHYMEPOBAHBI HATYpPalIbHBIMU YHCIIaMH, HaduHasi c 1.
DNEeMeHT, CTOSIIMKA Ha TEepPEeceYeHHH i-d CTPOKM U j-TO CTONOIa,
HOJIY4YHUT HANMEHOBAHHUE §;;

Hcnonb3ys JIMaroHaabHbIN METOJ, TIEPEYUCITUM HX
(mpoHyMepyeM HaTypaIbHBIMH YHCIIAMH ):

qi1 921 912 913 422 931 Q41 432 423 914 15 924 433
1 2 3 4 5 67 8 9

2 3 4

1 2 3
1 liu qi2 413  qu—> ...

N avas

2 q21 422 q>r3 qu ees

/

3 g g3 qs33 q34 ces

/

n f,,] qnzyv................ cesen

seccecopececccscecsceccscccccccsccccccscccnne

—

Bce (u mONOXKHUTENbHBIC, W OTPULIATEIILHBIC) paI[MOHAIBHEIC
YHUciIa B COBOKYMTHOCTH TIEPCUUCISAIOTCS IO AHAJIOTHH C IICIBIMH
YUCJIAMH  IIyT€M YEpPEIOBaHMS  IIOJIOKUTEIBHONH Japodu H €€
OTPHIIATEILHOrO aHayiora. [Ipyu 3TOM HEKOTOpbIC palMOHANILHBIC YHCIIA
MbI HyMEpPYyeM I10 HECKOJIbKY pa3: Hampumep, 1 OyneT mpoHymepoBaHa
kak 1/1, 2/2, u T.1., a, Hanipumep, 4/5 xak 8/10, 12/15 u 1.1.
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Takum o00pa3oM, MOKa3aHO, YTO MHOXKECTBO PalMOHANBHBIX
YHCeN HE MPEBOCXOJIUT 10 MOIIHOCTH MHOKECTBO HATYPaJIbHBIX YHCE,
|QISIN|, T.K. KaXkI0€ palMOHAIBHOE YHCIIO MOIYYUT COOTBETCTBYIOIINI
HOMED, a €ClId ObITh TOYHBIM — TO J1a)Ke HECKOJIbKO HOMepoB. C npyroi
CTOPOHBI, TO, YTO MHOKECTBO HATYPaJbHBIX YUCET HE NMPEBOCXOIUT IO
MOIIHOCTH MHOKECTBO PallMOHAJBHBIX Yucel, oueBHIHO, [N|<|Q| (xoTs
OBl TIOTOMY, YTO OHO SIBJIAETCS €r0 MOJAMHOXeCcTBOM). ClieZi0BaTENbHO,
JOKa3aHO, YTO MHOXECTBO pPALMOHANBHBIX 4YHCEI PaBHOMOIIHO
MHOXKECTBY HaTypasbHbIX unceln |Q[=|N| = X, a 3HauuT OHO cuemno.

®DakT  Ippexkmusnon  nepewucnumocmu - MHOXKecTBa  Q
HANpPSMYIO CIIelyeT U3 MPUBEJICHHOTO CIOCo0a HYMEpaluu 3JIEMEHTOB
HaTypalbHBIMH 4YHCIaMH. B XxoJge 93TOH HyMepauuu Kaxnoe
palMOHANBHOE YHCJIO IOJIy4yaeT COOTBETCTBYIOIIMM HOMED, U €CIH K
ANTOPUTMY NT0OABHUThH MPOIEAYPY, NPOBEPSIONIYIO JAPO0b HA MpeIMeT
COKpamaeMocTd (€ciy YHCIUTEeNh W 3HAMEHATellb HMEIT oOluiue
JENUTENIN) U MCKIIOYAIOIIyI0 U3 HyMEpaluu COKpallaeMble ApoOH, TO
MBI B YHCTOM BHJE MOJYYUM MEPEUHCICHUE PALMOHAIBHBIX YHCET IO
anroputMy ©0e3 TPOIYCKOB U TOBTOPEHUH, 4YTO COBMNAJaeT C
ompeneneHneM 3¢dexTuBHON mnepeunciauMoctd. MTak, MHOXKECTBO
paIMOHABHBIX YUCeN cueTHO U dddexTuBHO mepedncinmo, Q.E.D.

DTO, BEPOSATHO, CIEAYIOIIUW, TOcie TapamokcoB [lamwmies u
I'une0epTta, He BIOJTHE OYEBUIHBIA M IMOHAYATY BOCIPHHUMAEMBIN Kak
napaJiokcanbHblil, Qakt. Beabr MHOXKECTBO palMOHANBHBIX YHCEI
PAacIoNoKEHO Ha MPSAMOW MOBCIOAY IUIOTHO, U MEXKAY JIOOBIMHU JIBYMS
palMOHAIBHBIMU YHCJIAMU CYIIECTBYET APYTUe pallOHAJIbHBIE YHUCIHA,
OJTHAKO MOIIHOCTh MHOXXECTBA TaKUX YHCEN OKa3bIBAETCS HE OOJbIIE,
YEM Y MHOXKECTBA LCIIbIX WX HaTypPaJIbHbIX YUCEII.

2.3.6. MHOeCTBO 1eliCTBUTENbHBIX aJredpanyecKkux Yuce

Anzedpauueckoe delicmeumenvHoe yucno -
Oelicmeumenvhvlll  KOpeHb  aneedpauieckoeo  ypasHeHus
HeHYegou cmenenu ¢ payuoHanrbHeIMU Kodpduyuenmamu.

MHOXeCTBO —anreOpanyecKux ACHCTBUTENBHBIX 4YHCEN O0003HAYMM
JATHHCKOHN OYyKBOH A.
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O6muit BHJI anrebpanIecKoro ypaBHEHHUS:
agta;x'+tayx*+...+a,x"=0, rme ap, 4aj,... —  pAIMOHAIBHbIC
koo umentel. Mcxoas w3 onpeaeneHus, MOXKHO YTBEPKIATh, YTO
PacCMOTPEHHBIE PaHEe KIACCHl HATYPaIbHBIX, LHEIbIX M PAlMOHAIbHBIX
YHCeN ABIAIOTCS TOAMHOKECTBAMU MHOKECTBA aIre0pandeckux YhCell.

T.2.3. (6) Teopema

MHoxkecTBO anrefpanyecKux 4uceJ CYeTHO H
3¢ deKTUBHO NMepeducauMo.

Jloka3zaTeJibCTBO

Jloka3aTensCTBO MOCTPOMM TPUBBIYHBIM 00pa3oM, a HMEHHO
NPEAJIOKUM MPOLEeaypY HyMepaluu BCeX alreOpanuecKux YHCel
YHCIIaMU HaTypaiabHOro psaa. Ilpu aToM kaxnoe uncio Oynem 3a1aBathb
yepe3 oOpasymmiee ero anreOpanmyeckoe ypaBHeHHWe. Tak, s
TVHEHHBIX  ypaBHEHWH OyJeM WMETh  YHOPSIOYCHHBIE  Iaphbl
palMOHATBHBIX YHCEN, TS KBAAPATHBIX YpaBHEHHI — TPOHKH, B 00ILEM
cly4ae TIOJIy4aeM YIOPSIOYEHHYI0O N-Ky palMOHANBHBIX HHCEIN:
(ai1,ai-..ajy) AT KaXIOro i-oro anredpanyeckoro ypaBHeHHs (n-1)-it
crereHu. Pacnonarate smeMeHTHl OyleM B JBYCTOPOHHE OECKOHEYHOH
MaTpHLe.

Brmmumem Ha mepBoil  cTpoke OyAyimieH  MaTpuIlel  BCe
YHOPSA0UEHHBIE Maphl PallMOHATIBHBIX YUCENI. DTO BOZMOXKHO, T.K. TTApbI
palMoHANBHBIX 4Yrced 3(QQEeKTHBHO TepeYrcIuMbl (paluoHaIbHbIE
yucna 3QPEeKTHBHO NEePEUUCIIIOTCS, UX MOXKHO 3al¥caTh B MATPHUILY U
MEPEYNCINTh Taphl YHCEN AWaroHaNbHBIM crocodom). Takwme mapbl
palMOHANBHBIX YHCEJN COOTBETCTBYIOT JIMHEHHBIM YpaBHEHUSIM |
UMEIOT N0 OJHOMY KOpHIO: KakAas Napa OAHO3HAYHO OIpeaesseT
KOPEHb JIMHEHHOTO ypaBHEHUS.

Ha BTOpOIi CTpOKE BBINIHUIIEM BCE YIOPSAOYEHHBIE TPOUKU
pallMOHAIBHBIX YHCEN. JTO BO3MOXHO, T.K. TPOWKH PAalMOHAIBHBIX
gucen 3QGEeKTHBHO MEePEINCINMEI (pallioOHANTbHBIE YUCTa dPPEKTHBHO
MEePEUUCISIIOTCS, UX Mapbl Toxe dPPEKTUBHO MEPEUUCISIOTCS, 3HAYUT
MOJKHO 3al¥caTh B MaTPHIly N0 CTPOKaM Mapsbl, MO CTOJIOAM YHcia U
MIePEUYNCITUTEL TPOHKH YUCEN THArOHAIBHBIM cIocoOoM). Takue Tporku
COOTBETCTBYIOT KBQJIDATHBIM ypPaBHEHUSIM H UMEIOT MakCUMyM IO JBa
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KOpHS: TakuM 00pa3oM, B mporecce GOpMUPOBaHUS MATPULBI KAKIYIO
TPOWKY paIlMOHANBHBIX YHCENT HYXHO OyJeT MOBTOPHUTH ABa pas3a It
obecrieueHus1 mporecca MOJXYYEeHUs] COOTBETCTBYIOIIETO HOMeEpa JUis
JBYX YHUCEJ, SIBISIOLUINXCS PEILICHHEM COOTBETCTBYIOLIETO YPaBHEHHUSL.

Ha Ttperheif cTpoke — MmO TpW dYHCIa Ha Kakaoe KyOWdIeckoe
YpaBHEHHE COOTB. YIIOPATOYEHHBIM YETBEPKAM U T.[I.

CrnenoBaTenbHO, MOJMYYMM MAaTpUIly, KOTOPYIO MOXHO OOOWTH
NPy TIOMOIIM JuaroHanbHoro mpoiecca Kanropa. Ecnu vacts xkopHei
anredpandecKkoro ypaBHEHHUs] KOMIUIEKCHAs, IPU HyMepalui UX MpoCTo
MIPOIYCKaeM. Kaxnoe anredpanveckoe YHCII0 MOy YHT
COOTBETCTBYIOIIMH HOMEp, M JTO MOATBEPXKIAeT TOT (aKT, dUYTO
MHOXECTBO aJIr€0pandecKux ACHCTBUTEIIBHBIX YHCEN CYEHIHO.

®Dakt  Ipexmuenoii  nepewucarumocmu  MHOXKECTBAa A
HanpsMYIO celyeT U3 MPUBEIECHHOTO CIoco0a HyMEepaluH 3JIEMEHTOB
HaTypalbHbIMU YHUCIAMH, T.K. MONMYTHO YyKa3aHa 3(ddexTuBHas
mporeaypa HyMepaun HaOOpOB pallMOHAIBHBIX YHCEIN, OJIHO3HAYHO
3aJalolNX anreOpanyeckre ypaBHEHUS COOTBETCTBYIOILICH CTEICHH.
IIpu 3TOM BaXXHO TO, YTO anreOpanyeckoe ypaBHEHHE N-H CTENeHH
uMeeT d(PQPEKTHBHBIH aNrOPUTM pEIIeHHs, T.€. MPOleaypa MOTHOCTHIO
s¢¢dextuBHa. MTak, MHOXECTBO aireOpanuecKux JIeHCTBUTEIbHBIX
grcen cueTHo U 3 dexTuBHO nepeunciumo, Q.E.D.

CyeTHBIMH Taxke OyAyT MHOKECTBA, COCTaBJICHHbIE U3 BCEX Iap,
TPOEK U T.[I. aNTeOpandecKnx YHCel.

2.3.7. CueTHBIC YHCJI0BbIe MHOKECTBA: 00001eHIE

T.2.3. (7) Teopema (0€3 10Ka3aTEJLCTBA)

MHO0:X€eCTBO 3JEMEHTOB, KOTOpbIC MOKHO
NpeacTaBuTh ¢ MOMOIBI0 KOHEYHOI0 4YMucC/jia CYeTHOM
CHUCTEMBbI 3HAKOB, CY€THO.

B peanpHON XH3HM MBI WCIOJNB3YeM pa3IHYHble KOHEYHBIE
CHCTEMBI 3HaKOB, HanpuMep nnudpsl, OyKBbI, HOTHI.

PaccmoTpuMm cucreMy 3HAKOB, Hampumep, 4YHWciaa B OO0
KOHEYHOM CHUCTEME CUMCIICHMS, NONyCTUM JecaruuyHod. Hwmes 10
3HaKOB B HameM pacrnopspkennn: 0,1,2,3,4,5,6,7,8,9 MBI MOXeM
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COCTaBIATh JBa THUNA MHOXECTB: (PUKCHPOBaHHON JUIMHBI U
MPOU3BOJIbHOU JITTUHBI.

B mepBom ciyuae peub uAET O YMCTO KOMOWHATOPHOH 3ajaaue,
HaIpUMep MOXHO COCTaBMTb 10° PasIMUHBIX IOCIEN0BATEILHOCTEH 13
MATH CHMBOIJIOB. JTO HEMaJIEHPKOE YHCIIO, HO OHO HaTypalbHOE M
MOIIHOCTh ~ PAacCMaTPUBAEMOr0  MHOXXECTBA  BCEX  BO3MOIKHBIX
MOCJIEIOBATEILHOCTEN TAKOTO POJIa BEIPAXKAETCS HATYPATHHBIM YUCIIOM.
Bo BTOpoM ciydae MHOMKECTBO TakUX MOCJIEIOBATENBHOCTEH OymeT
CYETHO-OCCKOHEYHO, 110 aHAJOTMH C MHOXKECTBAMH KOMIUIEKCOB
HATYPaJIbHBIX YUCEJI, U €r0 MOIIHOCTh €CTh YHCIIO aje(-HOJIb.

MoxHO 0000IIHTE, YTO MOJYyYEeHHOE B pPe3yJbTaTe MPUMEHEHUS
Teopemsl 2.3.(7) MHOXKECTBO OyZleT CYEeTHO-OECKOHEYHO, €CIH B CITydae
KOHCYHOM CHCTEMBI 3HAKOB JIOMYCTUTh CKOJIb YIOJHO JUIMHHEIC
KOMIUIEKCHI 3HAKOB (CKOJIKO YTOIHO JJIUHHBIE, HO MIPH 3TOM BCE PABHO
KOHEUHBIe!).

CueTHO-0€CKOHEUHBIMH SIBIITIOTCS, HATIPUMED:

® MHOJKECTBO «CIIOB», KOTOPO€ MOXXHO COCTABHUTH IPU MTOMOIIH
KOHEYHOro andapura («CIOBO» 3/IeCh - KOMIUIEKC OYKB, HE BaXXHO
MMEIOIINX CMBICI WIH HET),

® MHOXXECTBO BCEX KHUT, HANMCAHHBIX Ha JIOOOM WM Jaxe Ha
BCEX SI3BIKAX,

® MHOECTBO BCeX CUM(pOHHUHN H T.1.

§ 2.4. HecueTHblEe MHOKECTBA

2.4.1. HecyeTHOCTH  MHOMECTBA  EHCTBUTEJBHBIX  YHCEJ
(KOHTHMHYYMA)

MHOXECTBO ACHCTBUTEIILHBIX YACET 0003HAYMM JIATUHCKOM OyKBOii R.
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T.2.4. (1) Teopema

MHO0:K€eCTBO AeiiCTBUTEIbHbIX YHCEJ HECUETHO.

Jdoka3aTe/ibCTBO

[IpeanonoxxuM MPOTUBHOE: MYCTh MHOXECTBO ACHCTBUTEIBHBIX
yhcen cdetHoe. Torma ir000e TMOAMHOXKECTBO CUETHOTO MHOMKECTBA
TOXKE cueTHOe. BO3bMEM Ha MHOKECTBE HOEHCTBUTEILHBIX YHUCEI
noaMHoxkecTBO R; — umnTepBan (0,1) M BBIKMHEM U3 3TOrO OTpe3Ka
qyclia, COJACpXKallhe XOTsS OBl B OJHOM CBOEM pa3psie HYIH WIH
neBaTku (mpuMepbl Takux gucen: 0.9, 0.0001 u 1.1.). MHOXecTBO R,,
COCTABJICHHOE W3 OCTaBIIMXCS YHCEN, SBISETCS IOAMHOXKECTBOM
MHOXecTBa R; . 910 o3Hauaer, uro R, — cueTHoe.

W3 Toro daxkra, uro R, — cueTHOe, HAMpAMYIO CIEIyeT, YTO
BO3MOXEH KaKOH-TMOO CcImocod TEepeunciaeHus] ero d3JIEMEHTOB IS
YCTAQHOBJICHUSI ~ B3aUMHO-OJHO3HAYHOTO COOTBETCTBHS MEXIY
aneMeHTaMu R, U 31eMeHTaMH MHOXKECTBAa HATYpaJIbHBIX 4YHCENl. DTO
CIemMyeT W3 CaMOro OIPeaeNICHUS MOIIMHOCTH MHOXECTBA, COTJIACHO
KOTOPOMY TPEAINOIaraeTcs, YTO B PABHOMOIIIHBIX MHOXKECTBAX Ka)KIbIH
AJIEMEHT OJHOTO MHOXXECTBAa HMEET MAapHBIA JJIEMEHT W3 JAPYroro
MHOKecTBa W Haobopor. OOparute BHUMaHWe, (QyHIAMEHTAILHOE
OTIIMYME JaHHOTO OTpeAeNieHus OT ompeaeneHus 3(P(EeKTUBHOMN
MEPEYNCINMOCTH COCTOUT B TOM, YTO B JIAHHOM CJIy4ae MBI JaXe He
TOBOPHM O HAJIMYUH KaKOTO-TMOO alroputMa TNepeqrCIeHHs, MbI
MPOCTO YTBEPXKIAEM, YTO MOXKHO IPHBECTH CIHUCOK JEHCTBUTEIHHBIX
YHUCeN U3 MHOXKECTBa R, M CIIMCOK COOTBETCTBYIOIIMX MM HATypaTbHBIX
yycen U3 MHoxkecTBa N. Anroput™m moctpoeHus cesa3u N < R, Hac B
JAHHOM CcJy4ae He HHTEpPEeCcyeT, JJOCTaTOYHO TOro, YTO TaKoe
COOTBETCTBHE BO3MOKHO.

ITocTpouM Takoi CHOUCOK 4HMCENl U3 MHOXecTBa R, Hu
MIPOHYMEPYEM YHCIIa B pa3psaax:

O.al 1412413. ..

0.321322323 .

O.anlanzang -
Teneps noctpoum uuciio b=0.b;b,..., npuuém
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b=a;+1, rae + oOo3HAYAET OMEpAINIO CIOXKECHHUS, PE3yIHTATOM
KOTOpOro He MoryT ObiTh umcia 0 u 9, T.e. ecimm a;=1, To b;=2; ecmmu
ai,-=2, TO bi:3, ...., €CJIIN a,-i=8, TO bizl).

Takum 00pa3oM, MOCTPOEHHOE 4YHMCIO b OyAeT OTIUYaThCA OT
KKIOTO M3 YHCel MHOXKecTBa R, Xors Obl B omHOM paspsjge, W,
CJIeI0BaTeILHO, HE TTOTAAET B COCTaBICHHBIN crTCOK. OQHAKO 1O CBOEH
CTPYKTYype YUCIIO b JODKHO COAepiKaThesl B MHOXeCTBE R,. [Tomyummu
MPOTUBOPEYHE, 3HAYUT HCXOJHOE IPEIAINOJIONKEHUE HEBEPHO U
MHOeCTBO R, — Hecu€THO.

Tak kak MHOXECTBO R, siBisieTcsl MO YCJIOBHUIO MOJMHOXECTBOM
MHOXecTBa Ry, To R; — HecueTHo, a T.k. R; HECUeTHO — TO 3HAYUT U
MHOecTBO R HecuétHo, Q.E.D.

I[IpuMeyanune: MOKHO M He BBIOpachIBaTh yucia, coaepkamue 0
n 9. Takum oOpa3om, B HaIll psiJi HEKOTOPBIC YHCIA BOUIYT IBaXKIIbI.
DTO CBS3aHO C T€M, YTO KOHEYHBIE APOOM MOTYT OBITH IPEBpAICHHI B
6eckoneunsie. Hampumep 12=0,5=0,5(0)=0,4(9).

B oOmem cinyuae 3TO MOMJIO CTaTh NPUYMHONH TOTO, YTO HE
YIOAIOCh  COCYUTaTh MHOXECTBO JEUCTBUTENBHBIX umcen. Ho
MHOXXECTBO UHCEJ, IPEICTaBUMBIX IBOSKAM 00pa3oM (KOHEYHBIE
po0u), — 3TO MHOXKECTBO paIlMOHANBHBIX yuces. Kak ObUIO0 J0Ka3aHO
paHee, UX CUETHOE KOJIM4ecTBO. MOXKHO [axe IOoKa3aTb, YTO 3TO
MHOXXECTBO J(PQGEKTHBHO TIMepeducInMo. TakuM oOpa3oMm, maxke
JIBOMHOE MPEICTaBIICHUE MHOXKECTBA TaKHMX 4YHCE]I 00pa3yeT CUYeTHOE
MHOJKECTBO, CJIEJIOBATEIbHO, JOKA3aTeIbCTBO BEPHO Jaxke 0e3 Takoro
YIPOILIEHUSI.

IlonyueH OpPUHUMOMAIBHO HOBBIM pe3ysibTaT — HaWJIEHO
HECUETHOE MHOXECTBO uucesl. Ero MOIIHOCTh, COMIACHO JOKa3aHHOMN
Teopeme, He paBHa aned-Hydb (N(), a 3HaYMT, HEOOXOAMMO HOBOE
YHCIIO B TPaHC(UHUTHOH IIKaje.

Aneg (N')— emopoe mpancpunummnoe uucno. Ilo onpenenenuto
— 3TO MOIIHOCTh KOHTHHYyMa (BC€X HECWCTBUTENBHBIX YHCEN). JTO
BTOpast 0 BeJIMYUHE OECKOHEYHAs! MOITHOCTb. JloKa3aHHas TOJIBKO YTO
teopema 2.4.(1) 0 HECUSTHOCTH MHOXECTBA JCHCTBUTEIBHBIX YHCEI
SABISETCS YOeNIUTENbHBIM TOKa3aTeNbCTBOM TOTO, YTO MOIHOCTH 3TOTO
MHO>KECTBa 0oJibIIe, 4eM ajed-Hoib (O0JbIe MHOKECTBA HATYPATIBHBIX
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grcen). M 3TO BechbMa BaXKHBIA  pe3ylbTaT IOCIE  Yepelbl
JI0Ka3aTelIbCTBA CUSTHOCTH Pa3HOOOPA3HBIX MHOYKECTB YHCEIL.

Ecniu  omepupoBarh ~ NOHATHEM  KapJWUHAJIBLHOTO  YHCJA
(MOITHOCTH), TO TIOJyYWM, YTO, TaK Kak Kaxmoe uucio cermenta (0,1)
MOXXET OBITh IPEICTaBICHO NECATHYHOU apoObio Buma 0.a;aas... He
MEHEe OJIHOTO pasa u He 0oJjiee ABYX, TO:

N<10 M<2N,

a Tak Kak 2N=N, To momyunm uro 10 = N. Te xe paccyXaeHus

CIpaBeUIMBBl B Cliydae, €CIM MbI OyJeM pasjaraTh YHClia HE B

JIeCATUYHBIC, a, HAIPUMED, B TBOMYHBIC IpOOH, APOOU C OCHOBAHUEM 3,

15, 10005 mun maxe N, (ecinu BB MOXKETE Takoe ce0e NMPe/ICTaBUTh ).
Taxum obpazom, X =2N=3"0=__ =10™= o™= R,

Ecam 3amymatbes, MOKHO OOHapy>XHTh OYEPEIHON HE BITOJTHE
OYEBUIHBIA (aKT M3 TEOPHUH MHOXECTB. N2=NeN ecTb MOIITHOCTb
MHOYKECTBa Map NeUCTBUTENbHBIX yucel. [lapa nefcTBUTENbHBIX YHCeT,
BOOOIIE TOBOPS, COOTBETCTBYET TOUKE Ha IUIOCKOCTH. B CBOIO ouepens,
N3=NeNeN  ecrp MOMHOCTE MHOXKECTBA TPOCK JEHCTBUTEIBHBIX
YHCEII, & 3TO TOYKU B MPOCTPaHCTBE. PaccyKaeHUs MOKHO MPOJOIIKUTH
Jajee BIUIOTh JIO N (-MEPHOTO IPOCTPAHCTBA WJIM MHOXXECTBA BCEX
IIOCJICIOBATCIIbHOCTE  JEUCTBUTCIBHBIX YHMCEI CUYCTHOM JIMHEL
CrnenoBaTenbHO, BCE€  KOHEYHO-MEPHBIE  HWJIM  CUETHO-MEpHBIE
MPOCTPAHCTBA HMMEIOT OJMHAKOBYID MOIMHOCTH N (3mech N —
KOJIMYECTBO TOYCK B IIPOCTPAHCTBE).

Hdnst  No- MepHOTro JeWCTBUTEIBHOTO MPOCTPAHCTBA WM
MHO’>KECTBA BCEX IIOCIICHOBATCIBHOCTEH IEMCTBHUTENBHBIX YHCEI
CYETHOM JUIMHBI C TOYKHM 3pPEHHUSA ONEpaluii Hall KapIUHAILHBIMU
apcnamu moryunm N 0=(280) N 0= RO N0 R0

B sTtom mecte mHTEepecHO Oyner oOpaTUThCS K HCTOPUYECKHM
COOBITHSAM, CBSI3aHHBIM C Yepelol T0Ka3aTelbeTB B 3T0H cdepe. C TeM,
9TO Ha OECKOHEYHOM MPSMOH CTOJHKO YK€ TOUEK, CKOJIBKO U Ha OTPE3Ke,
MaTeMaTUKH, XOTS M HE cpa3dy, HO B HUTOore npuMupwinch. Ho
cnenyromui pesynprat Kantopa okasancs eme 0oyee HeoXKuIaHHbIM. B
MOMCKaX MHOXXECTBA, UMEIOMIETO OOJBIIE 3JIEMEHTOB, YeM OTPE30K Ha
JICHCTBUTEIBLHON OCH, OH OOpaTHJl BHUMaHUE Ha MHOXECTBO TOYEK
KkBajsipara. MI3HayarkHO COMHEHUI B pe3yJsbTaTe He ObLIO: BEAb OTPE30K
LIETMKOM pa3MeIlaeTcsl Ha OJTHOM CTOPOHE KBajpaTa, a MHOYKECTBO BCEX
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OTPE3KOB, Ha KOTOPHIE MOKHO Pa3JIOkKHUTh KBaApaT, caMo 10 cede uMeeT
Ty K€ MOIIHOCTH, YTO M MHOXXECTBO TOUYEK oTpe3ka. Ha mpoTsukeHuu
moutu Tpex JeT (¢ 1871 mo 1874) Kantop uckan 10Ka3areasCTBO TOTO,
YTO B3aWMHO OJHO3HAYHOE COOTBETCTBHE MEXIy TOYKAMH OTpe3Ka U
TOYKAMH KBaJpaTa HEBO3MOXKHO. M B KakOW-TO MOMEHT COBEpIIECHHO
HEOXXHJAAHHO TMOJYYWICA TPSAMO TPOTHBOIIOJIOXKHBIA PE3ylbTaT: €My
yAaJoCh MOCTPOUTH COOTBETCTBHE, KOTOPOE€ OH HCKPEHHE CUMTal
HEeBO3MOXKHBIM. KaHTOp He Bepmn cam cebe W Jaxe Hamwcaml
HEeMeLKOMy mareMmatuky Puxapny enexuHny: «f BHXKy 3TO, HO He
Bepro aTomy». Korna mok ot aToro ¢akra mpoimesn, ctaio HUHTYUTHBHO
MOHATHO W BCKOpPE JIOKa3aHO, YTO M KyO0 HMMEET CTOJBKO K€ TOYEK,
CKOJIBKO OTpe3oK. BooOime roBops, mobast reoMmeTpuieckas (urypa Ha
TUIOCKOCTH (T€OMETPUUYECKOE TEJIO B IMIPOCTPAHCTBE), COAepIKaIas XOTs
OBl OIHY JIMHUIO, IMEET CTOJIbKO )K€ TOYEK, CKOJBKO OTpe3oK. Takme
MHOJKECTBA HA3BaJli MHOXKECTBAMH MOIIHOCTH KOHTHHyyMa (OT
JATHHCKOTO continuum — HeNpephIBHBIN). Cheayiommii mar MoYTH
OUEBUJCH: PAa3MEPHOCTh MPOCTPAHCTBA B OIPENEICHHBIX Ipeaenax
HecylecTBeHHa. Hampuwmep, 2-MepHas TUIOCKOCTh, 3-MEpHOe
MIPUBBIYHOE MPOCTPAHCTBO, 4-X, 5-TH W Aajiee n-MepHbIE MPOCTPAHCTBA
C TOYKM  3peHHd  KOJMYecTBa  TOYEK,  COJAEp)KaUIUXCi B
COOTBETCTBYIOIIIEM N-MEPHOM TeJle, PaBHOMOINHBL. Takas cuTyarus
Oynmer HabOmromaThcs NOake B CIydae NPOCTPAHCTBA C OECKOHEYHBIM
KOJIMYECTBOM M3MEPEHHUH, BaXKHO TOJIBKO YTOOBI 3TO KOJIWYECTBO OBLIO
CUYETHBIM.

Ha mamnOM sTame oOHapyXeHBI 1Ba THIA OCCKOHEYHOCTEH W
COOTBETCTBEHHO [IBA TPAHC(PUHUTHBIX 4YHCIA, OOO3HAYAIONMIMX WX
MOIIHOCTH. MHOXecTBa  NEpBOrOo  THUMA  HMMEIOT  MOUIHOCTD,
DKBHUBAJICHTHYI0 MOIIHOCTH HATypalbHbIX umced (aned-Hoib).
MHoXecTBa BTOPOTO THIIA WMEIOT MOIIHOCTh, DKBUBAJICHTHYIO
KOJIMYECTBY TOYEK Ha JEHCTBUTENBHON OCH (MOIIHOCTh KOHTHHYyMa,
aned). IlokazaHO, YTO BO MHOXXECTBAX BTOPOTO THIIA 3JIEMEHTOB
OoJpIlle, YeM BO MHOXKECTBaxX MEPBOTO TUMA. ECTECTBEHHO, BO3HMKAET
BOIIPOC — a HET JIM B IPUPOAE «IIPOMEKYTOYHOT0» MHOXKECTBA, KOTOPOE
UMeIo OBl MOITHOCTH 0OJIbIIe, YeM KOJIHYECTBO HATYPaIbHBIX YUCET, HO
MIPY 3TOM MEHbIIIE, YeM MHOXKECTBO TOYEK Ha MPSIMON? DTOT HENMPOCTOM
BONPOC TOJYYWJI Ha3BaHUWE «npodrema Koumunyymay. OHa xKe
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U3BECTHA KaK «KOHMUHYYM-2UNOMe3a» WIA «nepgas npobdiemda
Tunvbepmay. Tounast GopMyIHPOBKA 3BYUHT CICAYIOMUM 00pa3oM:

Koumunyym-zunomesa: c TMOYHOCMBIO 00
OKBUBANEHMHOCIY, — CYWECMmEYIOm  MONbKO  08d  Muna
OECKOHEUHBIX YUCLOBbIX MHOJICECME. CUEMHOE MHOJICECMBO U
KOHMUHYYM.

l'mmoTesa mpeamomaraer, 4YTO HE CYIMIECTBYET MHOXKECTBA
npomedcymounoii MowHocmu, T. €. TaKoro MHoxecTsa X, W=X=[F,
KoTopoe He 3kBuBaneHTHO HU M, Hu [. Droit nmpobiemoii 3aHMManicy
oyeHb MHorue wmarematuku. Cam T'eopr KaHTOp HEogHOKpaTHO
3asBJIsUT, YTO JIOKa3ajl 3Ty THIIOTE3y, HO BCSKUI pa3 Haxoaun y ceds
OIIMOKY.

Haspanne «nepsas npobnema [unvbepma» OTHOCUTCI K
nyonukamu JaBunom ['miebeprom Ha 11 Mexaynaponaom Konrpecce
matematukoB B [lapmwke B 1901 1. cnmcka u3 23 KapIUHAIBHBIX
mpoOsieM MaTeMaThku. Torma 3TH TpoOJjeMbl He OBbLIM pEIICHEI,
MO3IHEE OKOHYATEIBHOE pelIeHre moryamin 16 mpodiem uz 23.

B pesynabrare mocie JONTMX MCCIENOBAaHUN 10 BOIPOCY
KOHTHHYYM-TunoTe3sl B 1938 rony nHemenxuii matematuk Kypr I'enénp
JIOKa3all, 4YTO CYyIIECTBOBAHME IPOMEKYTOYHOM MOIIHOCTH HE
MPOTHUBOPEYUT OCTAITBHBIM aKCHOMaM TEOPHH MHOXKeCTB. M mo3nHee, B
1963 — 1964 rogax mouTd OJHOBPEMEHHO, HO HE3aBUCUMO IPYTr OT
Jipyra, aMmepukaHckuii wMaremaTuk KodPH H YelICKUMH MaTeMaTHK
Bonenka nokaszanau, 4To HalM4Me TaKOW MTPOMEXKYTOUYHOM MOITHOCTH HE
BBIBOJJUMO U3 OCTalbHBIX aKCHOM Teopuu MHoxecTB. KcraTy,
MHTEPECHO 3aMETHUTh, YTO 3TOT PE3YJIBTAT OUYEHb IOXO0XK Ha UCTOPHIO C
MOCTYJIATOM O MapajuIeTIbHBIX NpsIMbIX. Kak M3BECTHO, ABE THICSYM JIET
€ro MbITAJINCh BBIBECTH M3 OCTAJBHBIX AKCHOM T'€OMETPHH, HO TOJIBKO
nocne pabot JlobaueBckoro, I'mnpbepra u Apyrux yAaloch MOIYYUThH
TOT K€ PEe3yJbTaT: 3TOT IOCTyJaT HE HIPOTUBOPEUUT OCTAIBHBIM
aKCHOMaM, HO U HE MOKET ObITh BBIBE/ICH U3 HUX.
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2.4.2. Mnuo:xecTBa KOMILJIEKCHBIX, TPAHCUEHIEeHTHBIX "
HPPAHOHAIBHBIX YHCe]

HpI/IBeHCM B JOIIOJIHCHUC K MHOKCCTBY JICUCTBUTEIBHBIX YHCE]
€1€ HCCKOJIBKO HECYCTHBIX MHOXKCCTB.

Komnnekcnoe yucno 3adaemcs napoil (v;, ri), 20e ry, s
NPUHAONIENHCATN MHOIICECMBY OCUCMBUMETbHbIX YUCE].

MHOXECTBO KOMIUIEKCHBIX YnCesT 0003HAYUM JIATUHCKOM OykBoii C.

T.2.4.(2) Teopema

MHO0:X€eCTBO KOMILJIEKCHBIX YHCEJ HECUETHO.

Jdoka3aTeibCcTBO

Tak kaKk MHOXXECTBO ACHCTBUTENLHBIX YHCeI R, HecuérHoe 110
noka3zaHHoi panHee Teopeme 2.4.(1), sBigercs NOIMHOXKECTBOM
MHOXKECTBa KOMIUIEKCHBIX uncel C, TO MHOMXECTBO KOMIUIEKCHBIX
qucen Takke HecuétHo, Q.E.D.

Hppayuonanvhvim Hazviaemcs oeticmeumenbHoe YUcio,
He AsaAIWeecs pAYUOHATbHBIM.

MHOXeCTBO HppallMOHATBHBIX YHCENl 0003HAYNM JIATHHCKOM OYyKBOiA 1.

T.2.4.(3) Teopema

MHo0XecTBO HPPANHOHAJIBHBLIX YHCEJT HECUETHO.

Jloka3aTeibCTBO
ITockonbKy AEHCTBUTENBHBIX YUCEN — HECUETHOE MHOXKECTBO, a
PalMOHAIBHBIX — CUETHOE, TO MPPALMOHAIBHBIX YUCEN — HECUETHOE
MHOXecTBO, Q.E.D.

Tpancuyenoenmnoe 4ucI0 — OelicM@UMeENbHOEe YUCTO, He
asAOWeecs aieedpauiecKum.
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MHOXECTBO TPaHCUEHACHTHBIX YHCEI 00O3HAYUM JIATUHCKOW OyKBOI
T. Kaxngoe TpaHCUEHIEHTHOE JCHUCTBUTENIBHOE YMCIO  SIBIAETCS

HMppalMoOHANTBHBIM, HO 0OpaTHOe HeBepHO. Hampumep, umucio 2
UppalMOHANIbHOE, HO HE TPAHCIEHACHTHOE: OHO SBISIETCS KOpPHEM
ypaBHeHus x° — 2=0.

T.2.4. (3) Teopema

MHoKecTBO TPAHCHCHACHTHBIX YHUCEJI HECUETHO.

Jdoka3areabcTBO
ITockonbKy AEHCTBUTENBHBIX YUCEN — HECUETHOE MHOXKECTBO, a
anreOpauveckux — CUYETHOe, W MPH 3TOM MHOXKECTBO A sBISETCH
MOAMHOXECTBOM R, To R \ A (MHOXECTBO TpaHCIEHICHTHBIX YHCEI)
MpeIcTaBIsAeT cCOO0H HecueTHoe MHOXKeCTBO, Q.E.D.

3to HECJIOXKHOE JI0Ka3aTeIbCTBO CYIIECTBOBAHUS
TPaHCIICHACHTHBIX YHceNl omyoimukoBaHo Kanrtopom B 1873 romy wm
IMPOU3BCIIO 6OJ'II:IHOC BIICUATJIICHUC HA HAYUYHYIO O6IIICCTBCHHOCTI:, TakK
KaK JI0Ka3blBaJO CYIIECTBOBAaHME MHOXECTBA YHCEN, HE CTPOSI HHU
OIHOTO KOHKPETHOTO TMIpHMepa, a JHUIIb HWCXOAS W3 OO0ImuX
cooOpakeHnid. M3 3TOTr0 MOKa3aTenhCTBA HENB3sI U3BJICYhL HHU OJTHOTO
KOHKPETHOTO MpUMepa TPAHCLEHAEHTHOTO YHCIa, PO JTOKa3aTebCTBO
TaKOTO THIIA TOBOPST, YTO OHO HEKOHCHPYKMUBHO.

Baxxno OTMETUTBH, YTO OOJI'OC BpEMA MAaTEMAaTUKU HMEIIU OCJI0
UMb ¢ anreOpandeckumu uyuciamu. [lorpeGoBanuck ycunus, 4TOOBI
HaliTH XOTs OBl HECKOJBKO TPAaHCICHIEHTHBIX Yuceln. Brepeie 3TO
yaanoch (hpaHiy3ckoMmy MareMaTuky Jlnysmuio B 1844 romy, KOTopbrit
JloKa3an Habop TeopeM, MO3BOJISIONIUN CTPOUTh KOHKPETHBIC TPUMEPHI
Takux 4ucell. Hampumep, TpaHCIEHICHTHBIM YHUCIIOM SIBIISIETCS YUCIIO
0,101001000001..., B xoTOpOM IMOCJE€ MEPBON E€AUHHUIBI CTOUT OIUH
HyJb, TIOCIIC BTOpOH — JBa, IOCIE TpeThedl — 6, mociue n-i
COOTBETCTBEHHO n! HyJeH.

Bruto nmokazaHo, 4TO TPaHCUEHACHTHBIM SIBISETCS JIECATUYHBIN
norapudm roboro memoro umcna, kpome umcen 10" . Takxke K
MHOXCCTBY TPAHCUCHACHTHBIX YUCCII OTHOCATCHA Sil’l(l, COSO 1 tg(l JJIsL
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MO00ro HEHYJEBOro anredpandeckoro umcia o. Haumbonee sprxumu
MIPEICTABUTEISIMA TPAHCIICHCHTHBIX YUCENT OOBIYHO CUMTAIOT YWCIa 7T
u e. Kcraru, poka3aTenbCTBO TPAHCIEHACHTHOCTH 4YHUCIA T,
MpoBeneHHOe HeMelkuM maTtemaTukoMm Kapnom Jlunaepmanom B 1882
romy, ObIIO OONBIIMM HAYYHBIM COOBITHEM, BEIb M3 HEro ClIeoBaIa
HEBO3MOXXHOCTH KBaJpaTypsl Kpyra. lcropust HaX0KIeHUsT KBAAPATyPhI
Kpyra JUIMIach YEThIPE THICAYCICTHS, a CaM TEPMUH CTaJl CHHOHHUMOM
Hepa3pelMMbIX 3a1ad.

Keaopamypa kpyza — 3a0aua, 3axnouarowasics 6
HAX024COeHUU NOCMPOEHUsL C NOMOWbIO YUPKYIA U TUHELKU
K68a0pama, pagHo8eIUK020 No NIOUAOU OAHHOMY KpY2y.

Hapsiny c tpucekiueii yrna (paz0ueHrne Npou3BOJILHOTO YyIJla Ha
TpU paBHBIE 4YacTH) M YABOCHHEM Kyba (IIOCTpOEHHE OTpe3Ka,
SBIISIONIETOCS peOpoM KyOa B 1Ba pasza Oombiero oonéma, deM KyO ¢
JaHHBIM peOpoM), 3Ta 3ajadya SBJISIETCS OJHOW M3 CaMbIX HM3BECTHBIX
HEepa3pelInMbIX 33/1a4 Ha TOCTPOSHUS C IIOMOIIBIO ITUPKYJIIS ¥ JTUHEHKH.
B Takoro pona 3amayax Ha MOCTPOEHUE MUPKYIh U JHHEHKA CUUTAIOTCS
UACAITbHBIMU WHCTPYMEHTAMH, IIpU 3TOM, B YaCTHOCTHU JIMHEWKa He
UMeeT JIeNIEeHU 1 UMEET TOJIBLKO OJHY CTOPOHY OECKOHEYHOM JJIMHBI, a
MUPKYJIh MOXKET MMETb CKOJIb YTOTHO OOJbIIoN pacTtBop. HamomuuM,
YTO OTHOIICHUE JIMHBI OKPYXHOCTH K €€ IMaMETpPy €CTb BCIIMYMWHA
IIOCTOSIHHAs, HE 3aBUCAasg OT paauyca Kpyra, HMEHHO OHa
obo3Havaercss OykBod m. Takum oOpa3oM, JUIMHA OKPYXHOCTH Kpyra
paauyca r paBHa 27r, a IUIOIIaAb Kpyra paBHa S =1/2nr*. Eciu npuHATH
3a eIUHUITY U3MEPECHHS PaANyC Kpyra U 0003HAYHTH X JJIMHY CTOPOHBI
FICKOMOTO KBaJpaTa, TO 33ja4a CBOAMTCS K PELICHUIO YPABHCHHS: X° =

T, OTKyJa: . Kak u3BecTHO, ¢ MOMOIIBIO UPKYJISI ¥ JTHHEHKH
MOJKHO BBITIONTHUTH Bce 4 apu(PMETHYEeCKHX NEHCTBUS U H3BJICUEHHE
KBaJpaTHOTO KOPHs. DTO O3HAYaeT, YTO KBaJpaTypa Kpyra BO3MOKHA B
TOM M TOJIBKO B TOM CIIy4ae, €CIHM C IOMOIIBI0O KOHEYHOI'O YNCIIa TAKHX
JNEHCTBUI MOXKHO TIOCTPOUTH OTPE30K MANMHBI 7. TakuM o0pasom,
Hepas3pelrMoCTb 3TOH 3aJaud  clefyeT U3 HeaureOpandyHoCTH
(TpancuennentHocTH) yuciaa m. COOCTBEHHO 3ajava O KBaapaType
Kpyra CBOOUTCA K 3a/1ade MOCTPOEHUS TPEYTOJIbHUKA C OCHOBAaHUEM 1T U
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BBICOTOM 1. sl HEro moToM yke 0e3 Tpyda MOXKET OBbITb MOCTPOCH
PaBHOBEIMKUN KBaparT.

B ynomunaemom paHee cmucke u3 23 KapAUHAJIBHBIX HpoOieM
MaTeMaTHKH [0J HOMepoM 7 1mmia mpobiema, —Kacaromascs
TPaHCLIEHACHTHOCTH YHCell, 00pa30BaHHBIX ONPENEICHHBIM 00Pa3oM.

Ceovman npoonema I'unvoepma. Ilycmv a ---
nonodcumenvHoe aneebpauieckoe yucio, ve paguoe 1, b --
- uppayuoHanvroe aneebpauieckoe yucuo. /fokazamo, 4mo
a” ecmu uucio mpancyendenmmuoe.

B 1934 rogy coBerckuii MmareMaTHK | 'enbpoHI W UyTh MO3XKeE
HeMelkui Marematuk IIHalinep nokasanM CHOPABEAJIMBOCTh 3STOTO
YTBEPKACHUS, M TAKUM 00pa3oM, 3Ta podiiemMa Oblia peleHa.

C IIPUHOXUIIOM  OCJICHHUA YHUCCII Ha  palMOHAIBHBIE U

WppaIMOHANBbHBIC CBS3aHbBI CI¢ JIBa 3aHUMATENbHBIX (aKTa, HE cpa3y
BOCIIPUHUMAEMBIE KaK UCTUHHBIE.

T.2.4.(5) Teopema

Mexny JII00BIMH ABYMH pa3Iu4HbIMH
PAIMOHATBHBIMM  YHCJIAMHM  Bceraga  Halijercs
MHO’KECTBO HPPALMOHAJIBHBIX 4YHCEeJ MOLIHOCTH
KOHTHHYYMa.

Jloka3zaTeJibCTBO

[TycTs ecTh aBa pamMoHaNBHBIX 4ucia — a U b. Iloctponm
JUHEWHYI0, a CTajo OBITh, B3ANMHO-0JHO3HAYHYI0, QYHKIHIO f{x) = (X -
a)/ (b - a). Tak xak fla) = 0 u f{b) = 1, To f{x) B3aUMHO-OTHO3HAYHO
otoOpaxkaeT oTpe3ok [a; b] B orpe3ok [0; 1], mpu 3TOM coxpaHsercs
panmoHaIBHOCTE uncen. [loaTomy mMomtHOCTH MHOXKECTB [@; b] u [0; 1]
JIeHCTBUTEIBHBIX YHCEI PaBHBI, a, KaK JI0Ka3aHO, MOIIHOCTE oTpe3ka [0;
1] paBHa MOIHOCTH KOHTHHYyMa. BbIOpaB U3 MOIy4eHHOTO MHOKECTBa
TOJIEKO WppaIMOHAIbHBIE YHCIA, MBI TOTYYHM, YTO MEXAY JFOOBIMHU
JIBYMs pallMOHAJbHBIMA YWCIAMH BCErJa HaWAeTCs KOHTUHYYM
uppanuoHanbHbIx yncen, Q.E.D.
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B memom paHHas TeopeMa HMHTYWTHUBHO Ka)KETCSl BIIOJIHE
mormuHoil. Crexyromias, Ha TEPBBIA  B3MNIAN, BOCIPHHUMAETCS
CKETITHYECKH.

T. 2.4.(6) Teopema

Memzly JIOOBIMH ABYMSL PAa3INIHBIMHA
HppauOHAJIBHBLIMH yucjJamu BCerjaa HalaeTcsa
CYETHOC MHOKECTBO PAllTUOHAJIBHBIX YHCEJI.

Jdoka3areabcTBO

[lycTh ecThb aBa MPPALMOHAIBHBIX YHCIA ¢ M b, 3alUIIEeM HX
COOTBETCTBYIOIIIUE PA3PSAObl KaK didxd;... U bibyb,..., toe a; b; -
necstuaable mudpser. [lyckait a < b, Torna Haligercs Takoe N, 9To ay <
bn. ITocTporM HOBOE YHCIIO ¢, IS 9E€TO TOJIOKHM ¢; = a; = b; st i =
1,..., N-1. Ilyckaii ¢y = by -1. OueBuano, uro ¢ < b. [lockonbky Bce
paspsnbl uucna a nocie N-To He MOTYT OBITh JIEBATKaMH (TOTIa 3TO
Oyaer mepuoauveckas ApoOb, T.e. PANMOHAIBHOE YHCIO), TO
00o3HauuM uepe3 M >= N Ttakod paspsg yucia a, 410 ay < 9.
Ionoxum ¢; = a;, npu N <j <M, u ¢y = 9. B Takom caydae ¢ > a. Utak,
MBI TIOJYYHJIM OJHO PAIMOHAIBHOE YHCIO ¢, Takoe 4To a < ¢ < b.
JlommceiBasi K NMECATHYHOM 3alMcH YHUCia ¢ JI000e KOHEYHOE YHCIIO
nugp c3aa1 MBI MOXEM TIOJIYYUTh CKOJb YTOJHO MHOTO PalliOHATbHBIX
grcen Mexay a u b. [locTtaBuB B COOTBETCTBHE KaXIOMY TaKOMY YHCITY
€ro TOpPSAKOBBIH HOMEp, IMOJYyYUM B3aUMHO — OJHO3HAYHOE
COOTBETCTBHE MEXKIY MHOXECTBOM 3THX 4YHCEI U MHOXECTBOM
HATypallbHBIX YHUCEN, II03TOMY TIOJYYEHHOE MHOXKECTBO OyIeT
cuetHeiM, Q.E.D.

Ha »ToM o9rame CTaHOBUTCS HWHTCPECHBIM U BaKHBIM
JTIOKa3aTeNbLCTBO CIEAYIONICH TEOPEMBI, CMBIC KOTOPOH 10 BBEICHUS
MIKaJael TPAaHC(UHUTHBIX YHCEN OBUT BOOOINE-TO OYEBHUIHBIM, a IIPH
MOSIBJICHUU Tako# croenuduueckoir apudMeTukd TpeOyeT CTpOroro
JIOKa3aTeNILCTRA.
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T.2.4. (7) Teopema Kantopa

Jias 11060ro KapaAMHAJIBHOIO YHC]IA ¢ CIPaBENJIUBO
a<2%

Joka3are/ibcTBO
1. Hokaoicem, umo no kpatinei mepe a<2"

Kak wm3BectHO, MomHOCTE OyreaHa MHOXecTBa M paBHa oM
ITycte mHOXecTBO M = {m;, m,, ms, ...}. B Oymnean mHoxxectBa M
(MHOXXECTBO BCEX €ro MOJMHOKECTB) B TOM YHCJIE BXOJAAT MHOXECTBA,
COCTOSIINE  KaXI0€ U3 EIUHCTBEHHOTO JJIEMEHTa, HallpUMep
{m;},{m,},{ms}, .... Tompko Takoro BuAa MOAMHOXecTB OymeT M|, a
KpoMe HHUX B OyJieaH BXOAAT W Jpyrue MOJMHOXKECTBA, 3HAYHT, B
mo6om cydae [M[<2™
2. [lokascem cmpozocmsb Hepasencmea a<2“

C yueroM pgokazaHHOro B I.l. JOCTaTOYHO IIOKa3aTh, YTO
HEIONMyCTHMa  cuTyauus, npud Kotopoir a=2%  IIpeanonoxum
nporuroe, mycts 0=2°, T.e. M| = 2M. D10 o3mauaer, uro M
paBHOMOIHO P(M), 3HaUMT CymIecTByeT OTOOpakeHue MHOKecTBa M
Ha ero Oymean P(M). Takum oO0pa3oMm, KaxaoMmy O3JIEMEHTY m
MHOkecTBAa M B3aMMHO OIHO3HAYHO COOTBETCTBYET HEKOTOPOE
MMOAMHOXECTBO Mm, mpuHammexamiee P(M). 3HauuT 110001 >JIeMEHT
m WM TPUHATISKAT COOTBETCTBYIOUIEMY €My ITOJAMHOXECTBY Mm,
wi He npuHamnexut. [loctpoum MHOkecTBO M*, oOpazoBaHHOe W3
BCEX DJIEMEHTOB BTOPOTO poxaa (T.e. TeX m, KOTOpPHIE HE MPHHAJIEKAT
COOTBETCTBYIOLINM UM MOJMHOXKECTBaM Mm).

[lo mocTpoeHuto BHIHO, YTO €clIM KaKOH-THOO JIEMEHT m
NPUHAUIEXKUT M™*, 3HAUUT OH aBTOMAaTHYECKH HE MpUHAUICKHT Mm.
DT0, B CBOIO OdYepenb O3HAYaeT, YTO HH JUII KaKOTO m HEBO3MOXKHA
cutyanuss M*=Mm. 3HauuT, MHOXECTBO M* OTIMYHO OT Bcex
MHOKECTB Mm U Ui HEro HEeT B3aMMHO-OJHO3HAYHOTO DJIEMEHTa M U3
MHOKecTBa M. DTO B CBOIO ouepeqp O3HAYaeT, 9TO pPaBeHCTBO |M|=
2M geBepro. CiemoBarensHo, mokasano, uro [Ml< 2™ wm a<2®
Q.E.D.

B mpunoxkeHnn K paccMOTPEHHIO OCCKOHEYHBIX MHOXKECTB, 3TO
yOeIUTENLHO JIOKAa3bIBACT, YTO MHOXECTBO BCEX MMOJMHOMKECTB

89



HATypallbHBIX 4Hcen (a 3TO 10 CYTH MHOXECTBO KOMILJIEKCOB
Oeckoneynoit gummHb) HE  paBHOMOIIHO  MHOXECTBY  CaMHX
HatypanbHbIX uncen. T.e. Ny # 2%°. Y 3Hauut, M0 aHAIOTHH, MOXKHO
MOCTPOUTH emle Oosee OOMMPHOE MHOXKECTBO, HApUMepP Ha OCHOBE
NIEHCTBUTEIBHBIX uKced. VHBIMH CIOBaMH, BOIIPOC OTHOCUTEIBHO
JIPYTHX THIIOB OECKOHEYHBIX MHOXECTB 3aKJIFOUACTCS B CIEIYIOIIEM: a
CyIIECTBYET JI1 MHOXKECTBO MOIIHOCTH OONbBIIEH, YeM MOIIHOCTb
MHOJKECTBA JCHCTBUTENBHBIX uncen? Ecnu Takol Bompoc OyJeT pelicH
MOJIOKUTENBHO, Cpa3y JK€ BCTAHET CIEAYIOIIMHA: a CYLIECTBYET JU
MHOXKECTBO elle Oousbined wmomiHoctn? Ilotom eme Oombine. U,
HAKOHEII, JIOTHYHBIN TII00ABbHBIA BOIIPOC: a CYIIECTBYET JIM MHOKECTBO
caMol OOJBIION MOILITHOCTH?

T.2.4. (8) Teopema

Jasi 11060ro MHo:KecTBa A HaiiieTcsi MHO:KecTBO B,
MOIIHOCTH KOTOPOro 0oJsbie A.

Joka3zaTeJibCTBO

Paccmorpum  mHOXKecTBO B Bcex (yHKIME, 3amaHHBIX Ha
MHOXecTBe A u mpuHuMaronmx 3HadeHns 0 m 1. Kaxmolr Touke a
MHOXECTBa A  moctaBUM B  coorBercTBHe  (yHKimio  f'(x),
IPUHUMAIOUIYI0 B 3TOH TOYKE 3Ha4deHHWe 1, a B OCTAJbHBIX TOYKAX
3Hayeane (. SIcHO, 9YTO pa3HBIM TOYKAM COOTBETCTBYIOT pa3HbIE
¢ynkuun. OTcroa cleayeT, YTO MOIIHOCThE MHOXKecTBa B He MeHbIe
MoIIHOCTH MHOXecTBa A (|B[>|A]).

IIpenmnonoxxum, 4TO MOITHOCTH MHOXECTBO A U B paBHBI Apyr
TIpyTy. B o3TOM chmyuae cymecTByeT B3aMMHO-OJJHO3HAYHOE
COOTBETCTBHE MEXIy 3JeMEHTaMH MHOXecTB A u B. O6o3Haunm
(GYHKLHUIO, COOTBETCTBYIOLIYIO BJIEMEHTY a M3 MHOXecTBa A, depes
fu(x). Bce ¢pynkumn cemeiicta f,(x) mpuHHMatoT 3HaueHne uiau 0 win
1.IMoctpoum HOByr0 QyHKmmio @(X)=1- f(x). Takum oOpazom, 4TOOBI
HalTH 3HaueHne GYHKUUHU O(X) B HEKOTOPOH TOUKE a, MpUHAaIeKalIeh
MHOXECTBY A, HaJI0 CHa4yajla HallTH COOTBETCTBYIOILYIO GyHKIHIO f,(a)
W 3aTeM BBIYECTh M3 €JUHHUIBI 3HAUCHHE 3TOH (QyHKIHH B Touke a. U3
MOCTPOCHUS BUAHO, YTO (PyHKIMA @(X) TakkKe 3aJaHa HAa MHOXECTBE A
n mupuHuMaer 3HaueHms 0 w 1. CrnemoBarenmbHO, O(X) SBIAETCS
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snemMeHToM MHOXxectBa B. Torma cymectByer Takoe 4mcio b B
MHOXecTBe A, Takoe 4to ¢(x) = fi(x). C ydueroM paHee BBEIECHHOTO
ompenenenus ¢yHkuun @(x)=1- fy(X), momyuum 4YTO UL BCEX X,
NpUHAUIeXKAIX MHOXecTBY A, BepHO 1 - fy(x)= fy(x). Ilyctp X = b.
Torma 1 - fy(b) = fy(b) u 3HaunT fy(b)=1/2. JJaHHBI pe3yiabTaT SBHBIM
00pa3oM MPOTHBOPEUYUT TOMY, YTO 3HadeHHs (GyHKIHH f,(X) paBHEI
Hymo Wik enuHune. CreaoBaTeNbHO, NPHHATOE IPEION0KEHHIEe
HEBEpHO, a 3HAUYWT HE CYIIECTBYeT  B3aMMHO-OJHO3HA4YHOTO
COOTBETCTBHS MEXIy »dJeMeHTamMu MHoxkecTB A u B (JA|#B)).
[Mockoneky |A|#B| u pu 5tom |B|>|A|, 3Hauut |B|>|A|. OT0 03Hauaer,
9TO Ui JI00OTO MHOXKECTBa A MOXHO IIOCTPOUTH MHOXXECTBO B
Gonpuielt MmomHOCcTH. OTCIOAa MOXHO CHENaTh BBIBOJ, YTO MHOKECTBA
camoii 0oJbIol MOIIHOCTH He cymecTByeT, Q.E.D.

CymecTByeT OOBOJIBHO TECHas CBSA3b MEXAY IOCTPOSHHBIM
MHOKECTBOM (YHKIMH U OyJeaHOM MHOXKECTBa A (MHOXECTBOM BCEX
noaMHOXkeCcTB A). Paccmorpum mHOXecTBO B Bcex mNOIMHOXKECTB
MHO)ecTBa A. Ilycts C — HekoTopoe MOAMHOXKECTBO B A. Bo3pmem
¢$yHKIMIO f(X), IpUHUMAIOIIYI0 3HaueHuu 1, ecnu x npuHaanexut C, u
3HaueHue (0 B MPOTHBHOM ciydae. TakuM 00pa3oM, pa3HBIM
noamHokectBaM C COOTBETCTBYIOT pasnnuHble (pyHkiuu. HaoGopor,
KaxaoH ¢yHKIuH f(x), npuHEMamomeidl aBa 3HadeHus 0 w1,
COOTBETCTBYET MOJAMHOKECTBO B A, COCTOSAIIEE U3 TE€X JEMEHTOB X, B
KOTOpbIX (yHKUMS nOpuHUMaeT 3Hadenne 1. Takum o6pazom,
YCTaHOBJIEHO B3aMMHO-OJJHO3HAUYHOE COOTBETCTBHE MEXIY
MHOKECTBOM (DYHKIHH, 3aJaHHBIX Ha MHOXXECTBE A M MPUHUMAIOIINX
sHadennst 0 1 1, ¥ MHOKECTBOM BCeX MOAMHOKECTB B A.

§ 2.5. MHoxkecTBa ¢ MOIIHOCTHI), 00JbIIEe YeM MOIIHOCTH
KOHTHHYYMAa

Wrak, MHOXKECTBa caMO#l OOJIBIITION MOIIHOCTH HE CYIIECTBYET.
[epBbie nBa TpaHCHUHHUTHBIX YUCIA UMEIH B IPUPOJE 0Opa3ylouIue ux
MHOXKECTBa (MHOXXECTBO  HATypaJbHBIX UYHUCEN W  MHOXECTBO
NEHCTBUTENBHBIX YHWceN). Eciu  OoTTanKkuBaThcs OT MHOMKECTBA
KOHTUHYYMA, TO MOXHO HNOCTPOUTH MHOXECTBO BCEX INOAMHOXCCTB
KOHTHHYYMa, TIOJyYHUM ero OyJieaH, Ha30BeM 3TO MHOXecTBO Bg. Ilo
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OTpe/IeIeHHI0 MOIIHOCTh MHOKeCTBa By paBHa 2°. CormacHo Teopeme
KanTopa PRES N OueBHUIHO, YTO MHOXKECTBO Bpr 0OeckoHEYHO,
CIIEIOBATENIbHO, €r0  KapJUHAIBHOE YHUCIO  SBISETCS  YUCIIOM
TPaHCHUHUTHBIM M OHO HHKAaK HE MOXET COBMAJaTh HU C OJHUM H3
JIBYX PAaCCMOTPEHHBIX paHee TPAHC(UHUTHBIX YHUCEN. A 3HAYUT, B HAILY
HIKaly IOpa BBOJIUTH TPEThE TPAHCPHHUTHOE YHCIIO.

Aned-onnn (Nl)— TpeThe TpaHchuHuTHOE uHcjao. Ilo
OIPEINEICHUI0, 3TO MOIIHOCTh MHOXECTBA BCEX IIOJMHOXECTB
KOHTHHYYMa. DTO K€ YHCIIO COOTBETCTBYET MOIIHOCTH MHOTHUX JPYTHUX
MHO>X€ECTB, HAIIpUMED:

e MHoxecTBa BCeX JHMHEHHBIX (QYHKIHMHA, MPUHUMAIOLIMX JIOOBIE
JeficTBuTenbHbIE 3HadeHHA. [lo CyTM 3TO MHOXECTBa BCEX
BO3MOJKHBIX KpPHUBBIX B CYETHO-MEPHOM IIPOCTPAHCTBE, TIIE
KOJIMYECTBO U3MEPEHUH N — JII000€ KOHEUHOE YHCIIO WIH JAaxe No.

e MHuoxectBa ¢uUryp Ha IUIOCKOCTH, T.6. MHOXECTBa BCEX
MIOJAMHOXECTB TOYEK Ha IUIOCKOCTH WM MHOXECTBA BCEX
MIOAMHOXECTB I1ap JCHCTBUTEIbHBIX YHCEIL.

e MHuoxecTBa TeN B OOBIYHOM TPEXMEPHOM IIPOCTPAHCTBE, a TAKKE,
BOOOIIE TOBOpS, B JIOOOM CYETHO-MEPHOM MPOCTPAHCTBE, TIE
KOJIMYECTBO U3MEPEHUH N — JII000€ KOHEYHOE YHCIIO WIH Aaxe No.

IMockonpky wumcno N, BBOAMTCS Kak MOIIHOCTH OyneaHa
MHOKECTBA C MOIIHOCTBIO X, ITOJTy4aeM yTBepKACHHE, uTo N =2

§ 2.6. [Iapagokchl TeOPUM MHOKECTB

Boznukaer pe3oHHBIN Bompoc: a uro ganeire? UYrto Oyzaer, eciu
MOCTPOUTH MHOKECTBO BCEX IMOJIMHOXECTB MHOXecTBa Br. Uemy Oyner
pPaBHO €ro KapAWHAIBHOE YHUCIO (KOHEYHO II0 aHAJIOTHU MOXKHO
NpeanonokuTh, uto 510 2%') M, TINaBHOE, KAKOMY peaIbHO
CYIIECTBYIOLIEMY MHOMKECTBY 3TO OyaeT cooTBeTcTBOBaTh? EcTh 1M
BooOI1Ie OoJbIIMe, yeM Br OeCKOHEUHBIE MHOKECTBA M CKOJIBKO UX?

XOTsl HAMH TIOKa3aHO, YTO HauOOJBIIET0 TPAHC(HUHUTHOTO YUCIIa
HE CyIIECTBYIOT, KaK MTOKa3bIBAIOT MCCIIEIOBAaHMS, BOCXOIUTH BCE Janee
Y J1ajiee K HOBBIM OOJIBIITAM KapAWHATLHBIM YHCIIaM HE0e30acHO — 3TO
MPUBOIUT K aHTUHOMUH (Tapajokcam). JleiicTBUTEeIbHO, KAKOBO ObI HU
OBLI0O MHOXECTBO KapIMHAIBHBIX YHCEN, BCErJa MOXXKHO HaWTH

92



KapJAMHAIBHOE YHUCII0, OOJIbIIee, YeM BCE YMCIIa JaHHOTO MHOXECTBA H,
cJemoBaTenbHO, HE BXozsmiee B Hero. ClieqoBaTebHO, HU OJTHO TaKoe
MHOXXECTBO HE COJIEPKUT BCE KapJIMHAIHHBIC YHCIIA U MHOXKECTBO BCEX
KapAMHAIBHBIX YHCET HEMBICIUMO.

BrionHe ecTecTBEHHO, YTO KaXXIOMy MaTEMAaTHKY XOYETCS UMETh
JIeNI0 ¢ HENPOTUBOPEYMBOM TEOpUEH, T.€. TAKOW, UTO B HEW HENb3d
OJIHOBPEMEHHO JI0Ka3aTh JBE TEOPEMBI, SBHO OTPUIIAIOIINE IPYT APYyTa.
Sensgercs nu Teopusi Kantopa HenpotuBopeurBoit? Jlo Kakux npenenon
MOJKHO pacIIupATh KpyT paccMaTpuBaeMbix MHOkecTB? K coxanenmuro,
HEe BCe Tak Oe3o00yiayHo. Ecnu BBeCTH Takoe BHEIIHE O€300uaHOE
MOHATHE KaK «MHOXECTBO BCEX MHOXKECTB U», TO BO3HUKAeT psf
JIFOOOIBITHEIX MOMEHTOB.

T.2.6.(1) Tapagoxc Kanropa

KapaunanbHoe 4HCJI0 MHOKECTBA BCEX MOJIMHOKECTB
P(U) muo:xkectBa Bcex MHOxecTB U He 0oJibllie 4yeM
U

Jdoka3arejibCTBO

Tax xak U comep>KuT Bce MBICIIMMBIE U BO3MOKHBIE MHOXKECTBA,
TO OHO TIO JIOTMKE Belled, COJCPKUT B YACTHOCTH M MHOXKECTBO BCEX
CBOMX TOAMHOXeECTB. bojiee Toro, Bce s3neMeHThl MHOXecTtBa P(U)
npuHamiexar U, cieposatensHo, [P(U)| < |U|. OmHako cymecTByer
nmokazanHas paHee Teopema Kantopa 2.4.(7), corjlacHO KOTOpPOH mJIs
JF000TO KapAMHAIBLHOTO YHCIIa 0, cripaBeiuBo 0<2”. T.0., BBHY TOTO,
yto P(U) - MHOKecTBO Beex nogmHoxkecTB U (Oynean U), momydum 4ro
[P(U)| > |U|. Aea momyuennpix BeiBoga |P(U)| < |U| u [P(U)| > |U]
OpsIMO TPOTUBOpeYaT APYT APYTy, UYTO B MPUHIIMIIE HE JTOJDKHO OBITh
BO3MOXHO U SIBIIIETCA WLTIOCTpanuen napanokca, Q.E.D.
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T.2.6.(2) ITapagokc Paccesia

IIyctb B — MHO:KeCcTBO BCeX MHOKECTB,
KOTOPBIE He CO/Iep:KAT caMHX cedsl B KauecTBe CBOUX
CcOOCTBEHHBIX JJeMeHTOB. Torma MOKHO J0Ka3aTh
ABe TeopeMbl.

Teopema 2.6.(2).1.

B npunaanexur B.

Joka3aTeabcTBO
IIpennonoxum mpotuBHoe, T.e. B He mnpuHamiexutr B. Tlo
ONpPENENCHUI0, 3TO O3Hauaer, 4ro B mnpunamiexutr B. Ilomyuwnu
MPOTHUBOPEYHE — CIEAOBATEIBHO, UICXOAHOE MPEANOI0KEHNE HEBEPHO U
B npunapexur B, Q.E.D.

Teopema 2.6.(2).2.

B He npunapiexur B.

Joka3aTeabcTBO

Ilpennonoxum npotuBHoe, T.6. B mnpunamnexutr B. Tlo
oTpeeTIeHII0 MHOKeCTBa B 110001 ero 3J1ieMeHT He MOXKET UMETh ce0s
B KauecTBE COOCTBEHHOTO DJIEMEHTa, ClleJloBaTelbHO, B He
npuHagexutr B. IIpoTuBopeune — ciejoBaTEIbHO, MCXOJHOE
npeanookeHne HeBepHo U B e npunaanexur B, Q.E.D.

Herpyano Bumers, uto Teopemsr 2.6.(2).1. u 2.6.(2).2.
HCKIIIOYAIOT APYT Apyra.

K coxanenuro, naxxe HCKIIOUEHHE U3 PACCMOTPEHHUS BCEX
CynepoOMPHBIX MHOXECTB He cracaeT Teopuio Kantopa. [lo cyrw,
napajgokc Paccena 3aTparuBaeT JIOTHKY, T.€. CIIOCOOBI PacCyXIEHUS, C
MIOMOILBIO KOTOPBIX IPU NEPEXO0I€ OT OJHOTO UCTUHHOIO yTBEPKIACHUS
K Ipyromy o0pa3yroTcs HOBBIE TIOHSATHS.

Ve npu BbIBOJE IapaJ0KCa HUCIOIb3YETCS JIOTMYECKUM 3aKOH
HCKIIFOUEHHOTO TPEThEro, SBISIOUIUICS OJHUM M3 HEOTHEMIIEMBIX
MPUEMOB PAaCCyXIEHUII B KIACCHYECKOW MareMaTHke (T.e. €eciH
HUCTUHHO yTBEpKIeHUE He-A, To noxkHO A). Ecnu 3amymatses o cyTu

94




Bemeﬁ, TO MOXHO B IICJIOM yfITPI h OT TCOpUHU MHOXKECTB, U OT
MaTEMAaTHKH B IICJIIOM.

T.2.6.(3) I1apagokc

ycrs P — HekoTopoe cBoiicTBo. O0Jamaer
au camo P 3tum cBoiictBom P?

JdokazaTeJbCcTBO
WnuTepecHas mocrtaHoBKa, He mpasaa nu? Hampumep, cCBOWCTBO
OBIThH CJIAJIKUM HE MPUMEHHMO CaMmo K cede, MOTOMY YTO CBOMCTBO OBIThH
CIIaJIKUM caMo TI0 ceOe He claJikoe. 3aT0 CBOMCTBO OBITh a0CTPAaKTHBIM,
Oymydn aOCTpaKTHBIM, pa3yMeeTcs, abCTpakTHO, T.e. IPUMEHHMO CaMO
K cebOe. Jlamum crienyrolee onpeiesicHue:

Hmnpeoukabenvnvim Hazvieaemcs c6oUCme0, KOmopoe
He NPUMEHUMO camo K cebe.

Termepb BO3HMKACT PUTOPHYECKHH BONPOC: CBOMCTBO OBITH
UMIpEeIUKaOeTsHbIM OyJleT JIn caMo 1o cebe HMIIpennKaOenbHO?
HerpynHOo mokasaTh ABE BETKU PACCYXKACHUIA:

l.ecmu 3TO CBOMCTBO HMIpEAUKAaOENBbHO, TO 3HAYUT HE
OPUMEHUMO caMO K ce0e, M, CIEeI0BAaTelIbHO, OHO HE SBISETCA
UMIIPEINKAOETEHBIM.

2.eClii 3TO CBOMCTBO HE HMMIpEAMKa0enbHO caMo IO cebe, TO
3HaYUT OHO MPUMEHHMMO camMo K cebe, U, CJIEOBaTelIbHO,
UMIIPEeIUKa0eTbHO.

Wrak, HanpammBaeTcss HEYTEUIUTEIbHBINA BHIBOJ: CBOWCTBO OBIThH
AMITPEANKAOCITEHBIM UMITPeINKa0eIbHO TOTAa W TOJIBKO TOTIA, KOTma
OHO He wummpenukabenbHo. C BHUJy HENENOCTh, Ha CaMOM Jelie
CEepbe3HBII U Jake B HEKOTOPOM CMBICIE IUIAUYE€BHBIA BBIBOJ.
Bo3HukaeT HEBOJLHOE OIIYIIEHHE, YTO CaMU 3aKOHBI MBIIIJIEHUS 10
CyTH MIPOTHBOPEYHBEL.

[anee npuBegeM HTOTM MHOTOJETHHUX MCCIEIOBAHUN B 3TOH
chepe. [IprnamHaMU TIOSBIICHHS TAPATOKCOB CUUTAIOTCS:

o Jlomymenuss Teopuel CBEpPXOOIIMPHBIX MHOXKECTB  THIIA
«MHOKECTBA BCEX MHOXKECTBY.
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e CBepxOOIIMpHBIE MHOXECTBA JOIMYCKAIOTCS B  KauecTBe
3JIEMEHTOB HEKOTOPBIX OOBEKTOB.

e HaGmoaeTcss  HeNIpenIWKAaTUBHOCTh — ONpeIeNieHui, T.e. B
mapajgoKce Ta CYIIHOCTh, O KOTOpPOW HIET pedb, ONpeaessieTcs WiIH
XapakTepu3yeTcsl OCPEICTBOM HEKOTOPON COBOKYIHOCTH, K KOTOpOI
OHa cama MPUHAIJICIKHUT.

B oroif cBs3m OB CPOPMYITHPOBAHBI YCIOBHS, KOTOPBIM
JIOJDKHA yIOBIETBOPATH TEOPHSI MHOKECTB, CBOOOHAS OT MapaIOKCOB:

e BruroueHne B TEOpPUIO BCEX OCHOBHBIX  JIOCTHIKCHHU
KaHTOPOBCKOW TEOPHH MHOKECTB.

¢ HenpoTuBOpeunBOCTD.

HHTepecHo, dro OBUT co3maH HAOOp TEOPUH MHOXKECTB, JUIS
KOTOpBIX J0Ka3aHO IepBOE YCJIOBHE, HO HM JUISI OJHOM W3 HUX He
JI0Ka3aHO BTOpOE (BIIPOYEM IMOKa3aHO, YTO M3BECTHBIX MapajoKCOB OHU
HE COJEepXKaT, HO 3TO BOBCE HE O3HAYAET, YTO HAC HE IOJCTEPEraroT
MapajgoKchl MOKa HEe U3BECTHBIE). Ecian yriyOuThCs B MEpPBONPUUHUHY
MIPOTUBOPEYNBOCTH Teopuu KaHTOpa, Hago ¢ rpyCThIO NPU3HATH, YTO
KaK TeOpHs ONEPHPOBAHHS ¢ OECKOHEYHOCTSIMH OHA HE TIOJHA B CBOEM
aHanmu3e MOHATHSA OeckoHeyHOro. lIpecimoByToe MOHATHE «MHOXKECTBO
BCEX MHOKECTB» MIIN «OECKOHEUYHOCTh OECKOHEYHOCTEH» HE MOINAeTCS
ananuzy Kanrtopa. CnenmoBarenbHo, Teopusi KaHTopa uMeeT
OIIPENIEIICHHYIO TPAHUIly IIPUMEHUMOCTH U IOIBITKA IIPUMEHUTH €€ 3a
rpaHULAMH 3TO 00JacTH aBTOMaTOM BeAyT K mMapagokcam. MHbIMH
cinoBaMH, ¢ (QUIOCO(CKOM TOYKH 3pPEHHUS, MOMBITKA BBIPA3UTh B
MOHATUSAX KOHKPETHOW TEOpWH SIBJICHHE, HaXOMAIIeecss BHE IPEIEIIOB
O6HaCTI/I, ra€ OTU TIOHATHA TIPUMCHHMBI, BbI3BIBACT IIOABJICHHUC
MapaoKCoB.

Hrak, HU JU1s OJTHOM M3 CO3/IaHHBIX TEOPUNA HEMPOTUBOPEUUBOCTH
He OblIa JOKa3aHa, XOTSA MOKa3aHO, YTO M3BECTHHIX MAPaJOKCOB OHHU HE
conepxkar. B wactHoctn, B 1908 rogy Hemeukuil MateMaTuk ODpHCT
Lepmeno mnpemtoxkun (GOpMaJIbHYI0 CHCTEMY aKCHOM MJisl TEOpPHH
MHOXECTB, KOTOpasd OXBaTbIBA€T BCC COBPEMCHHBLIC MATCMATHYCCKHE
paccyXIeHusl U TIPU 3TOM CUMTAETCs CBOOOIHOM OT mapanokcoB. Panee,
B 1889 romy, Takas cucrema akcHoOM Uil OOBIYHOM apudMeTHKH Oblia
MpeJyIokeHa UTajdbiHCKUM MateMatukoM Jkysenme Ileano. Ileano
BIIEpBbIe cOpMyIHpOBaT akCHOMBI apu(DMETHKH, Ka3aBIIHECS [0
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CMEIIHOTO OYEBUIHBIMH (CYIIECTBYET HYyJb; 3a KaXIbIM YHCIOM
clemyeT eme 4YHCIo W T.JI.), HO Ha caMOM jelle  aOCOJIFOTHO
ucuepnsiBatole. OHU UTPaIM Ty XKe PoJib, YTO U MOCTYJIATHl BETUKOTO
EBknmuaga B reomerpun. Mcxons w3 momoOHBIX yTBEpXKIACHUH, ¢
IOMOIIBIO  JIOTHUYECKUX PACCYXKICHHH, MOXHO OBIJIO IOJYy4YHUThb
OCHOBHBIE apU(PMETHIECKIE TEOPEMBI.

B Tor xe mnepuwon Hemerkuii marematuk [otmub Dpere
BBIIBUHYII e1lie Oosiee aMOMLIMO3HY10 3a1auy. OH IpeIoKui He IPOCTO
aKCHOMAaTUYeCKH yTBEPAWTH OCHOBHBIE CBOMCTBa HCCIETYEMBIX
00BbeKTOB, HO M (opMann30BaTh, KOAM(DUIMPOBATH CAMH METOJBI
pacCy>KAEeHUH, YTO MO3BOJLUIO 3amucarh Jr00oe MaTreMaTH4ecKoe
paccy’kaeHue 10 OIpeeSICHHbIM NIPABUIaM B BUJE IIETIOYKU CHMBOJIOB.
C umeHeM u Hay4dHBIMHU H3bICKaHUAMU Dpere cBsizaHa, MOXKAIYH, OJHA
U3 CaMbIX IpaMaTHYEeCKUX UCTOPHH B pa3BUTHU Hayku o uuciax. Koraa
BTOPOH TOM €ro TPYJOB ObUI yK€ B II€4aTH, yUEHBIH MOJYUYHI IMHCHMO
OT MOJIOJIOTO aHIVIMMCKOro maremaruka beprpana Paccena. ITo3gpasus
KOJIJIETY C BBIAAIOIIUMHUCS pe3ynbTaTtamu, Paccen, Tem He MeHee, yKazai
Ha OAHO OOCTOATENBCTBO, MpOIIEANIEE MHUMO BHHMAHHs aBTOpa.
KoBapHbIM  «0OCTOSTETHCTBOM» OBIT  MOJNyYUBINUI  BIIOCIEICTBHH
HIMPOKYI0O M3BECTHOCTh «Mapafokc Paccenay», paccCMOTpPEHHBIN BBbIIIe
noj HasBaHueM Teopema 2.6.(2) M MO CyTH NpPEACTABIABLIMKA cOOOM
BOIPOC: OyIeT I MHOKECTBO BCEX MHOECTB, HE SIBJISIFOLLIMXCS] CBOMMH
JJIeMEHTaMH, CBOMM dieMeHToM? Dpere He CMOT HEMEIEHHO
paspelInTh 3arajiky, O4eHb pacCTPOMJICS, B3sUT aKaJeMHUYECKHH OTITYCK
B CBOEM YHHMBEPCHUTETE, IOTPAaTHJ MacCy CHJ, IBITasiChb MOINPaBUThH
CBOIO TEOPHIO, HO BCe ObUTO TmIeTHO. OH MPOXKHII emre Oojee MBaaaTi
JIET, HO HE Hamucan 0oJbIlle HU OJAHOMN paboThI 10 apudmMeTuke.

Onnako Paccemy ynamoce BeIBeCTH BapHaHT (HOpMalbHOM
CHCTEMBI, IIO3BOJIIOLUIMN OXBAaTHTh BCIO MAaTEeMAaTHUKy M CBOOOAHBIN OT
BCEX M3BECTHBIX K TOMY BPEMEHH MapaZoKCOB, C OMOPOH MMEHHO Ha
uaen u pabotel @pere. [lonydeHHBIH UM pPe3yabTaT, Oy OIUKOBAHHBII
B 1902 romy B kuure Principia Mathematica, dakTuueckn cran
aKCHOMaTH3amue JOoTUKW, a [wWIb0epT cuuTam, YTo €ro «MOXKHO
paccMaTpuBaTh Kak BEHEL BCEX YCHIIU 10 aKCHOMAaTH3aI[MH HAyKu».

boula u eme oagHa mpUYMHA CTOJbL IPUCTAIBLHOIO HHTEpEca
MaTeMaTHKOB K OCHOBAHHSAM CBOEH AWCHUIUIMHEL [leno B TOM, 4TO Ha
py6exe XIX u XX cTonetuil B TEOpHH MHOXECTB ObUIH OOHApYKEHEI
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NpOTHBOpeYns, sl 0003HAUCHHSI KOTOPBIX OBUI MPHIyMaH 3BHEMH3M
«IMapaZioKChl TEOPUH MHOXKeCTB». Hambornee W3BECTHBIA W3 HUX —
3HAMEHUTHIN mapaokc Paccena — ObLI, yBBI, HE €JMHCTBEHHBIM. boee
TOTO, IIsi OONBLUIMHCTBA YYEHBIX OBUIO OYEBHIHO, YTO 32 OTKPHITUEM
HOBBIX CTPaHHOCTEH MeNo He CTaHeT. [IX MosBIeHHE OKa3alo Ha
MaTeMaTUYECKUI MHp, 10 BeIpakeHuto [ min0epTa, «katacTpoduueckoe
BO3/ICHCTBHE, IOCKOJIBKY TEOPHS MHOXKECTB Urpaja posib GyHIaMeHTa,
Ha KOTOPOM BO3BOJWJIOCH BCE 3/1aHHE HayKh O uncnax. «Ilepen numom
3THX TMapajoKCOB HAAO MpPHU3HATh, YTO TIOJOXKEHHE, B KOTOPOM MBI
npeObIBacM ceiuac, Ha JUIMTeNIbHOE BpeMs HeBbiHOcuMo. [loaymaiite, B
MaTeMaTHKe, 3TOM oOpa3lle HaleKHOCTH M HCTHHHOCTH, MOHATHS U
YMO3AKJIIOUEHHUs], KaK MX BCAKHN HM3y4aeT, MPENojacT W IMPHUMEHSET,
MPUBOAAT K HeENenocTsaM. [he ke Torma HckaThb HAAEKHOCTh MU
UCTUHHOCTb, €CIH JaX€ CaMO MAaTeMAaTH4YEeCKOE MBILIUICHUE JaeT
oceuky?» — cokpymancs ['mnpbepr B cBoeM [OKJale Ha Che3ze
MaTeMaTHKOB B MioHe 1925 roxa.

Takum o00pazom, BHEpBbIE 3a TPH THICSUETCTUS, MaTEeMAaTHKU
BIUIOTHYIO TOAOLLIH K U3yYEHHIO CaMBIX TTyOMHHBIX OCHOBaHHUN CBOEH
quctiInHbl.  CloXuinach JIIOOOMBITHAS KapTHHA: JIIOOUTEeNnu nudp
HAYYMJIMCh YETKO OOBACHATH, M0 KaKUM NpPaBWIIaM OHH BEAyT CBOH
BBIUMCIIEHUS, UM OCTaBaJIOCh JIMIIb JTOKa3aTh «3aKOHHOCTHY» MPUHATBIX
UMM OCHOBAaHUH C TeM, 4YTOObl HCKIIOYMTH JIIOOBIE COMHEHHS,
MOPO’KIaeMbIE 3JIOTIOTYYHBIMH ITapaoKCaMHu.

B mneproit monoBune 20-x rogax ['mimbOepT, BOKpYTr KOTOpPOTO
CIIOKWJIACh K TOMY BPEMEHHM IIKOJIA OJecTAIMX IocienoBareneil, B
mejaod cepud pabOT HAMETWI IUTAaH MCCIENOBaHWUN B 00JacTu
OCHOBaHMM MaTeMaTHKH, T[IOJYYMBIIUI BIOCJIEJICTBUM Ha3BaHHE
«"eTTHHreHCKON MporpaMMbl». B MakcUManbHO yHpPOIIEHHOM BHJE €€
MOXHO H3JIOXKUTh CJIECOYIOLIMM 00pa3oM: MaTeMaTUKy MOXKHO
MPEeICTaBUTh B BHUJE Habopa cIeACTBUM, BBIBOAWMBIX U3 HEKOTOPOI
CUCTEMBI aKCHOM, U JJOKa3aTh, YTO:

e MaremaTuka SIBIAETCS IOJIHOH, T.€. JIIOOOE MaTreMaTH4ecKoe
YTBEPKACHUE MOXHO J0Ka3aTh WJIN ONPOBEPTHYThb, OCHOBBIBAACH Ha
MpaBUJIaX CaMOW AMCIUTUIHHEI.

e MaremaTtuka SBISETCA HENPOTHBOPEYMBOM, T.€. HENb3s
JloKa3aTh U OTHOBPEMEHHO OIPOBEPTHYTh KaKoe-TM00 yTBEp)KIEHHUE, He
HapyIIas MPUHATHIX PaBUJI PACCYKICHU.
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e MaremaTtuka  sIBJSIETCS.  Pa3pellUMOM, T.e.,  TOJB3YsCh
MpaBUIaMH, MOKHO BBISICHUTD OTHOCHUTEJILHO n060r0
MaTeMaTHYeCKOTO YTBEPIKJICHHUS, IOKa3yeMO OHO WII OIPOBEPIKUMO.

daktudeckn mnporpamma [mnpbepra cTpemuiach BhIpabOTaTh
HEKyI0 OOINy MpoueAypy /s OTBeTa Ha BCE MaTeMaTUYECKHE
BOITPOCHI UTH XOTS OBl OKa3aTh CYIIeCTBOBaHME TaKOBOW. CaM ydeHBIi
OBUI yBEpEH B YTBEPIUTEILHOM OTBETE Ha BCE TPU CHOPMYINPOBAHHBIC
UM BOIIpoCa: 1Mo €ro MHEHUIO, MAaTCMaTHKa I[eI\/'ICTBI/ITCJ'H)HO ObLIa
MOJHOM, HEMPOTUBOPEUMBON U paspeminMoi. OcTaBajgoCch TOJBKO 3TO
noka3aTh. Panee mM xe Opula copMynrpoBaHa TaK Ha3bIBaeMas
«BTOpas mpobnema ['mnsbepra». OnHa cBOAMIach K HEOOXOIUMOCTH
CTPOTO JI0Ka3aTh, YTO CHCTEMa aKCHOM — 0a30BBIX yTBEpKICHUM,
MPUHAMAeMBIX B MaTeMaTHKE 3a OCHOBY 0€3 [I0Ka3aTelbCTB, —
COBCpIIICHHA U IOJIHA, TO €CTh IMMO3BOJISICT MATEMAaTUYCCKHU OMMUCATh BCcE
cymee. Hago Obuio mokaszaTb, 4TO MOMHO 3aJaTh TaKyl CHUCTEMY
aKCHOM, YTO OHHU OYIyT, BO-TIEPBBIX, B3aNMHO HETIPOTHBOPEUHBHI, & BO-
BTOPBIX, W3 HHUX MOXKHO BBIBECTU 3aAKIIOYCHUEC OTHOCUTCIIBHO
UCTHHHOCTHU HUJIN JIOKHOCTHU J'IIO6OFO YTBCPIKACHUA.

Omnako B 1931 roay Benckuit wmatematuk Kypr I'éaenp
paspymmn  Bce Haaexapl. OH omyOnHMKOBad KOPOTKYIO CTaThlo,
IIOIIPOCTY OIPOKHUHYBIIIY IO BECh MUp TaK Ha3bIBa€MOM
«MaTeMaTH4ecKoW Jorukm». Ilocne ZONTHX M CIOXKHBIX MaTeMaTHKO-
TEOPETHYECKUX TpeaMOyJ OH YCTAaHOBHJ OYKBAJIBHO CIIEAYIOIIEe
YAUBHUTEIBHOE CBOWCTBO JIOOON cHCTEMBI akcuoM: «Ecau MmoowcHo
dokazams ymeepaicoerue A, mo MONCHO 00KA3AMb U ymeepaiscoeHue He-
A». To ecTh, BO3Bpamasich K GopMyIHpPOBKe BTOPOi 3amaun [ minbepra,
€CIIi CHCTeMa aKCHOM TMojiHa (TO €CTh JII000€ YTBEP)KIACHHWE B HEU
MOXeT OBITh JOKa3aHO), TO OHA MPOTHBOPEYHBA.

EnuHCTBEHHBIM BBIXO/IOM M3 TaKOW CUTyallMy OCTAETCS IMPUHATHE
HEIOJIHOM CUCTEMBI aKCUOM. TO €CTh, MPUXOJUTHCS MUPHUTHCS C TEM,
YTO B KOHTEKCTE JI000M JOTHYECKOH CHCTEMBI y HAC OCTaHyTCS
YTBEPKACHUS «THUIA A», KOTOPBIE SBISIOTCS 3aBE0MO UCTUHHBIMH WU
JIOKHBIMH, — ¥ MBI MOXEM CYIHUTh 00 WX UCTUHHOCTH JIUIIh BHE PAMOK
MPUHATOW aKCHOMATHUKHU. Eciii ke TakuxX yTBEp)KIEHUW HE HMeEeTcH,
3HAYMT, Hallla aKCUOMAaTHKa MTPOTUBOPEUNBA, U B €€ paMKax HEM30EKHO
OyayT  TPHCYTCTBOBAThH (hopMyIHPOBKH, KOTOpBIE  MOYKHO
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OIIHOBPEMEHHO U JIOKa3aTh, H ONPOBEprHyTh. MTak, Kparkas
dhopmynupoBKa nepeoii, nnu crnaboit Teopembl ['€aens o HemomHOTE:
«/lrbas opmanvras cucmema axcuom cooepicum HepaspeuieHHble
npeononodcerus». E€ MOXXHO chopMyrpoBath 6ojiee CTporo.

T.2.6.(4) Ciiabas Teopema I'esiesisi 0 HEMOJIHOTE
(0e3 10Ka3aTENLCTBA)
IIyctb T — KkoppekTHass  (opMaabHas

cucrema. Toraa MHOKeCTBO YTBep KAeHHii, KOTOpPbIe
T MoxkeT [10Ka3aTh, M MHOKECTBO HCTHHHBIX
yTBep:kaeHuii He coBmagawr. Ho T.k. Bce
JA0Ka3yeMmble ¢ MOMOIbI0 T yTBep:KIeHus UCTUHHBI,
OTCIO/IA CJIeyeT, YTO €CTh UCTUHHbIE YTBEP:KIeHUs,
Henokazyemble B T.

Ho na stom I'énens He ocTaHOBMIICS, CHOPMYIMPOBAB M J0KA3aB
BTOPYIO, WIH CWIBHYIO Teopemy [€nmens o HenonHote: «/locuueckas
noaHoma (Uau HenoaHoma) obol cucmembl AKCUOM He Modicem Oblmb
00KA3aHa 8 pamkax smou cucmemvl. s ee 0okazamenbcmed uiu
onpogepoicenus mpeodyiomcs OOROIHUMENbHbIE AKCUOMbL  (VCUTeHUe
cucmemvot)». EE€ MOXHO cOpMyITHpPOBATh HHAYE.

T.2.6.(5) CuabHas Teopema ['eneJisi 0 HEMOJHOTE
(0e3 10Ka3aTENbLCTBA)

IIycte T — KkoppekTHas  (opManbHas
cucrema. Torma MoOKHO NOCTPOUTHL KOHKPETHOE
yrBepxaenne G, oOigagaomee  CJOeAyIOIIAM
cBoiicTBoM: G HCTHUHHO, HO Hegokazyemo B T.

(DOpMaJZbHa}Z cucmema aAKcuom Ha3svleaemcs
KOHCUCMEeHMHOII, eciu OHAa He Moarcem ookazams
00H06p€M€HHO Kaxkoe-mo ymeepofcaeﬁue u eco ompuyanue, m.e.
ookazame npomueopevue.

HekoHcucrenTHass QopManbHas cucreMa — 3TO IUIOXO U
NpPaKTUYECKHd OECrHoNe3Ho, T.K. MOXXHO JIETKO T[0Kas3aTb, 4YTO W3
JIOKa3aTeJIbCTBA IPOTUBOPEUHS MOXKHO MOJYUYHUTh JOKA3aTEILCTBO 4ero
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yrogHo. KoppekTHOCT, oOTiau4aeTca OT KOHCUCTeHTHocTu. Ecnu
crucTeMa KOPPEKTHA, TO OHA aBTOMATHYECKH KOHCHCTCHTHA: BEIb OHA
JTIOKa3bIBaeT TOJHKO UCTHHHBIC YTBEPKICHUS, a KAKOE-TO YTBEPIKICHUE
U ero OTPUIaHHE HE MOTYT OJHOBPEMEHHO OBITh UCTHHHBIMH: OJHO W3
HUX OyIeT WCTHHHBIM, a JAPYyroe JIOXKHBIM. 3aMeTHM, OXHAKO (2TO
Ba)KHO), 9TO "KOHCHUCTEHTHOCTE'", KaK M "TOKa3yeMOCTh" €CTh CBOHCTBO
CHHTAKCHYECKOEe, HE 3aBucsllee OT cmbicia GOpMyll U UX
HHTepTpeTanuu. Ilpu >ToM Koppekmmocmb CHCTEMBl €CTh CBOWCTBO
ceMaHTHYecKoe, Tpedyromee moHsATHSA "mctmHHOCTH'. Ha ocHOBaHumM
omnpeereHus] KOHCUCTEHTHOCTH TocTpoeHa 3-s1 Teopema [ enens.

T.2.6.(6) Tperbsi Teopema I'efe)isi 0 HENOJIHOTE
(0e3 1oKka3aTesIbCTBA)
IIycte T — KoHcucTeHTHas (opMaiabHAs

cucrema. Torna T He siBjasieTcsl MOJIHOI CHCTEMOIA,
T.e. cymiecTByer yrBep:xkaeHue G takoe, uto T He
MOKET ero HU J10Ka3aTh, HU ONPOBEPrHYTh; 0oJiee
TOr0, MbI MO’KeM MOCTPOUTHL TaKoe KOHKpeTHoe G
(na3piBaeMoe ''réaesieBbIM yTBep:KkIeHHeM'").

Henonnoma cuctembl T yTBepxaaeTcss B KauecTBEe pe3yJibTaTa
TOJIBKO B TPEThEH BEPCUU, HO JIETKO BUJIETh, UTO OHA Cpa3y CIEAYET U3
3aKTIOYCHHS] W B TEPBBIX JBYX TeOopeMax. YXKe B HUX BHIHO, 4YTO
CyIIECTBYET KaKOe-TO HCTHHHOE, HO HEIOKa3yeMoe YTBEp:KICHUE.
Takoe ytBepxnenue T He JOKa3bIBaeT, HO M OMPOBEPTHYTH €ro —
JIOKa3aTh €ro OTPUIlAHWE — CHCTEMa HE MOXET, T.K. €r0 OTpPHUIIaHUE
noxHo, a T (B mepBBIX IBYX BapHaHTaX TEOpPEMbl) KOPPeKTHa U
JIOKa3bIBaeT TOJbKO UCTUHHBIC yTBepkacHUs. [loaTomy T He MOXeT HU
JI0Ka3aTh, HU OMPOBEPrHYTh Takoe yTBepxkaeHue G u, CleloBaTeNbHO,
T "HenonHa.

CriokoitHee ObUTO OB JaymMaTh, 4YTO Teopembl ['€nens HocAT
OTBJICUCHHBIM XapakTep M KacaroTCs JIUINh 00JacTedl BO3BBIIICHHOM
MaTeMaTUIeCKON JIOTHKH, OJHAKO (aKTUYSCKH OKa3ajloCh, YTO OHHU
HampsIMyI0  CBSI3aHBI C  YCTPOMCTBOM  YEJIOBEUECKOI'O0  MO3Ta.
Anrnmmiickuii Marematnk u ¢m3uk Pomxep Ilerpoy3 mokasam, d9To
TeopeMbl ['€1enst MOXKHO HMCIOJIb30BaTh MJIA JI0KA3aTeNbCTBA HaJUYUs
NPUHIUIHAIBHBIX ~ Pa3Iuuuii  MEXKAYy UEJIOBEUECKMM MO3TOM U
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KoMmbloTepoM. CMBICT €ro paccyxkiaeHus rmpoct. Kommoeiotep
JIEMCTBYET CTPOTO JIOTUYECKH B HE CIIOCOOEH OTPECTUTh, HCTUHHO HIIH
JIOKHO yTBEPXKIACHUE A, €CIIM OHO BBIXOJWT 32 PAMKU aKCHOMATHKH, a
TaKkhe yTBEPKIEHUs, corIacHo Teopeme [ €mens, Hem30e:KHO UMEIOTCS.
UenoBeKk e, CTONKHYBIIMCh C TAKUM JIOTHYECKH HEIOKAa3yeMbIM H
HEOTIPOBEP KUMBIM YTBEP)KICHHEM A, BCerJa CIoCOOeH ONPEIeNUTh ero
HMCTUHHOCTh WJIU JIOKHOCTh — HCXOJI U3 MOBCEAHEBHOTO ombiTa. [1o
KpaiiHel Mepe, B 3TOM 4YeJIOBEUECKHUH MO3I MPEBOCXOJIUT KOMIIBIOTED,
CKOBaHHBI YHUCTHIMU JIOTUYECKUMHU CXeMaMHu. YenoBeyecKuil Mo3r
CrocoOCH TOHATH BCIO INIYOWHY WMCTHHBI, 3aKIIOYCHHOH B TeopeMax
['€nensi, a KOMIBIOTEPHBIN - HUKOTA.

MOXHO paccMOTPeTh CYTh JOKa3aTelahCcTBa Ooyiee MOAPOOHO.
Ilenpoy3 yTBepXkmaeT, 4YTO TPEANONOKEHHE O CYLIECTBOBAaHUU
KOMITbIOTEPHOU MIPOTPAMMBI, BOCITPOU3BOASLIEH hyHKIHHI
YeJI0OBeYeCKOT0 MHTEJUIEKTa, B YaCTHOCTH, BOCTIPOU3BOIAIIEH (DyHKITHH,
COCTaBJISIONIME MAaTeMaTHYeCKHE CIIOCOOHOCTH 4YeNOBeKa, BElIeT K
MIPOTHUBOPEUHIO.

[Ipenmonoxxum, 4T0 MaTeMaTUYECKHE CIIOCOOHOCTH HEKOTOPOTO
MaremaTuka, HazoBeM ero  YemoBek Pa3yMmHblid,  MHOJHOCTBHIO
OTMCBIBAIOTCSI HEKOTOPOi popmanbHOH cuctemoit F. 3To o3Hauaer, uro
mo0oe MaTeMaTH4YecKoe YTBEepXkJAeHue, kKotopoe YenoBek Pa3zymHBIi
MPU3HAET "HEOCIIOPUMO BEPHBIM", SIBISETCA TEOPEMOM, JOKa3bIBAEMOM
B F, u wnaoGopot. Ilpeamonoxum, Takxke, uro YenoBek PazymHbIi
3HaeT, 4ro F omnuceiBaeT ero MareMaTH4ecKHe CIIOCOOHOCTH.
Uenosek Pa3ymHBIN Takke moyiaraeT, 9To TOT ¢akt, uto F ommcriBaer
€ro  MaTeMaTH4YeCKHe  CIIOCOOHOCTH, OKBHBAJICHTEH BEpe B
HEMPOTUBOPEUYUBOCTh U HemorpemumocTs F. B mpoTuBHOM citydae MBI
IOJDKHBI  ObLTM OBl MOCTABUTH TIOJ] COMHEHHE WCTUHBI, KOTOPBIE
MPEJCTaBIAIOTCA HaM '"HeocrmopuMo MCTHHHbIMU". CorjacHo Teopeme
lemenss o HemonHOe  (OPMaNBHBIX  CHCTEM, TOCKOJIBKY F
HENMpPOTHBOPEUNBa, CyllecTByeT reaeneBckoe mnpemnoxkenue G(F),
KOTOpOE JOJKHO OBITH HCTHHHBIM, HO KOTOPOE HE SBIISETCS TEOPEMOI B
cucreme F. Opnaxo, mockonpky YemoBek Pa3ymusrii Beput, uto F -
HENpOTHBOpEUMBasl cucTeMa M 3HaeT, uto F mpexacraBiser ero
CIOCOOHOCTh K MaTeMaTHUECKUM PaCCYXACHUSIM, OH JIOJDKEH TIPHIUTH K
BbIBOy, uTO G(F) sBnsiercs "Heocnopumoit nctuHon". Takum obpazom,
MBI TomydyaeM Maremaruueckoe yTBepxkacHue G(F), koropoe
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Yenosek Pa3yMHBIM NpU3HAET HUCTUHHBIM, HO KOTOpPOE HE SIBIIACTCS
Teopemoi B F |,  4TO  [pPOTHBOPEYHUT  IEPBOHAYAIBLHOMY
npeanonoxkeHuto, 4yro F mpeacTraBaseT NETMKOM M MOJIHOCTBHIO
MaTteMaTHdyeckue ciocoonoctu Yenoseka Pasymuoro.

Otcrona BBIBOA, YTO HUKakas (opMaiabHas CHCTEMa HE MOXKET
OBITh aJeKBAaTHBIM BBIPAKCHHEM MAaT€MaTHYEeCKHX CIIOCOOHOCTEH
YyeloBeKa W, CJeJOBaTelbHO, HEBO3MOXKHA IIOJIHAS KOMIIbIOTEpHAs
UMUTALMs 9eJIOBEYECKOro co3HaHus. IlomeITkoi co31aTh TBEPAYIO
SMIUPHUYECKYI0 TOYBY JUIS pEIICHHs 3TOr0 BONpOca M CTal TecCT,
pa3paboTaHHbIii ATaHOM ThIOPUHIOM.

IlepBblii BapuaHT TecTa, omyOnuKoBaHHBIM B 1950 romy, Obut
HECKOJIBbKO 3amyTaHHbIM. CoBpeMeHHas Bepcus Tecta ThIOpHHIa
mpejcTaBisgeT coOoi  credyromiee 3anaHue. ['pynma 3KcHepToB
oOmaeTcs ¢ HEW3BECTHBIM cymiecTBOM. OHM HE BHIAT CBOETO
cobecemHnka W MOTYT OOIMaThCAd C HHUM TOJBKO Yepe3 KaKyko-TO
M30JIMPYIONIYI0 CHUCTEMY - Hampumep, KiaBuarypy. MM paspemaetcs
3a7aBaTh COOECETHHUKY JIIOObIE BOIMPOCH, BECTH pPa3roBOp Ha JHOObIE
Tembl. Eciiu B KOHIIE SKCIIEpUMEHTa OHU HE CMOTYT CKa3aTb, OOIIaIUCh
JU OHM C YEJIOBEKOM WJIM C MAlllMHON, U €CIH Ha CaMOM Jejieé OHHU
pasroBapuBalii C MAIIMHOM, MOKHO CUMTATh, YTO 3Ta MAaIIMHA MpPOILIa
TecT ThlopuHra.

Het Hy’>xapl TOBOPUTH, YTO CETOJHS HU OJHA MAlllMHA HE MOXET
Jlake OJIM3KO MOJOWTH K TOMY, YTOOBI MPOWTH TecT ThIopWHTA, XOTS
HEKOTOpBIE M3 HUX BECbMa HEIJIOXO paboTaloT B OYEHb OrPaHMYCHHON
obmnactu. IIpennonoxum, TeM He MEHEe, YTO B OJUH IPEKPACHBIN JEHb
MallliHa BCE-TAKH CMOXET IPOWTH 3TOT TECT. byner nu 3To0 03Hay4ath,
YTO OHA pa3yMHa U 00Ja/jaeT UHTEIIICKTOM?

Ixon P. Cupin, npenonasatens ¢unocopun Kamudopruiickoro
yHHBepcuTeTa B bepkiy, pa3paboran BooOpakaeMyIo CHCTEMY, KOTOpast
MOKa3bIBaeT, YTO OTBET Ha 3TOT BOIPOC OTPHUILATENbHBIN. DTa cuctema
noJ Ha3BaHueM «KuTtaiickas KoMHaTa» paboTaeT CIeAYIOIUM 00pa3oM:
BBl CUJUTE B KOMHaTe, B CTEHE 3TOW KOMHAThl €CcTh [Be Iuenu. Yepes
MEpBYI0 IIENb BaM IMEPeJaloT BOIPOCHL, HAMHWCAaHHBIE MO-KUTANCKH.
(ITpenmomnaraetcs, uro Bel, kak u J>xon Cupi, He 3HaeTe KUTAMCKOTO.
Ecnm aTo He Tak, BEIOEpHUTE KaKOWM-HUOYAHh OPYTOH SA3BIK, HEU3BECTHBIH
Bawm). 3aTem BbI mpocMaTpuBaeTe KHUTH C HHCTPYKUMAMHU Thma: «Ecmu
BBI MOJTyYHIIM TAKOH-TO HA0OP CHMBOJIOB, HATIMIINTE HA JIMCTKE OyMaru
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TaKON-TO (OTIMYHBIA OT HCXOJHOT0) HA0OP CUMBOJIOB U MEpelaiTe ero
0o0paTHO uepe3 IPYTyIo MIETb.

SIlcHO, YTO eclu KHUTH C HHCTPYKUUSAMH JOCTATOYHO TIIOJTHBI,
«MallhHa», cocTosAlmas U3 Bac ¥ KOMHATBL, CMOXET IPOUTU TECT
Teropunra. Ilpm sToM odeBHmHO, uTO Bam coBcem He 00s3aTelIbEHO
moHUMaTh, uTo Bel nemaete. [lo muenuto Cupiia, 3TO TOKa3bIBAET, YTO
JlaXke eCIM MalllMHa MPOoIlia TeCT ThIOpUHTa, 3TO €lle HE 3HAYUT, YTO
OHa pa3yMHa M 00J71a1aeT MHTEJIEKTOM.

§ 2.7. Beruncaumble yuciaa

ﬂeﬁcmeumeﬂbHoe YUCTIO 6BIHUCAUMO, eCllu cyujecmeyen
aneopumm e2co 8bl4UCIEHUs C 00011 CIMenenbio MOYHOCHU.

Hampumep, Bce palpoHalbHBIE YHCIIA BBIYHCIAMBI, TaK Kak
CYIIECTBYET aJIrOPUTM HX BBIYHMCICHHS JO JHO0Or0 3HaKa, TO €CTh C
JIF000i CTENEHBI0 TOYHOCTH.

AnreOpanveckue UHCNA SBISIFOTCSA BBIYHCIHUMBIMH, TaK Kak
CyIlIeCTByIOT YUCJICHHBIC METOAbI nux BBIYHCIICHUA (aJII‘OpI/ITM
HrroToHA), MO3BOJISIONINE UX BRIYUCIUTH C JTHO00H CTEIIEHBIO TOYHOCTH.

BaxHOo OTMeTHTh, YTO BCE palUOHAIbHBIE YHCIA CYTh
anrebpanveckne, T.K. OHH MOTYT OBITh IIPENCTAaBICHBEI KaK KOPHH
ypaBHeHHUs agt+a;x=0, T1e ag , a; — [eJble YHCIa.

T.2.7. (1) Teopema

MHO0:XeCTBO BbIYMCJIMMBIX HeﬁCTBHTeHbelX YyHucea
CUYCTHO.

Jdoka3zarejbCcTBO

BhlunciuMble Yncia BKIIOYAIOT B cebs Bce anreOpanveckue u
HEKOTOPbIE TPAHCIIEHACHTHbIC YHCIIA.

Tak Kak KaXIOMy BBIYMCIUMOMY JCHCTBUTCIBLHOMY YHCIY
COOTBETCTBYET XOTs Obl 0J1HA MainHa ThIOpUHTA, @ MalUH ThIOpUHTA -
N, TO 3HAYWUT BBHIYMCIMMBIX YHCE]I HUKAK He Ooibine, uem N, C
JIPYTOH CTOPOHBI, TOCKOJIBKY BCE areOpandecKre Yucia BHIYUCIUMBI, a
UX TOXE N, TO BBEUHCIHMBIX [AEHCTBUTENBHBIX YHCEI HHKAK HE
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MCHBIIC, YEM No. 3Ha‘II/IT, MOIITHOCTh MHOXECTBA BBIYHCIHMBIX

JICHCTBUTEIBHBIX YHCEN paBHAa No M, CJI€OBATEIbHO, 3TO MHOXECTBO
cuetHo, Q.E.D.

T.2.7. (2). Teopema

CyHIeCTBleT HEBBIYUC/INMBbIC JeHCTBUTEIbHBIE
YHCJA H HX HECHETHOEC MHO2KECTBO.

Jloka3aTeabCcTBO

CyIecTBOBaHNE HEBBIYUCIUMBIX YHCEN CIEMYET XOTs ObI U3 TOTO
(akTa, YTO BCEro JCHCTBUTENBHBIX YHCE HECUCTHOE MHOXKECTBO, a
BBIYHMCIMMBIX — CUETHOE. 3HA4MT, JODKHO CYIIECTBOBATH HECUETHOE
MHO>KECTBO HEBBIUUCIMMEIX AelCcTBUTENbHEIX yncel, Q.E.D.

Hpumep HeBbIUUCTUMO20 OCUCBUMETbHO20 YUCLA:

ITycts mumerores Ti,...... ,Th,..., e i — i-asg MamuHa ThIOpHUHTA.
HelicTBuTenbHOE ynCiIo X MOKHO NPEACTaBUTh TakK:
X=0,a;...... ,an...., TOE:

1, eciim T, ocTaHaBIMBaEeTCs Ha YUCTOM JIEHTE;
ai=
0, B IpOTUBHOM clTy4ae.
Takoe uyuciIo SABISETCS HEBBIUMCIMMBIM, TaK KaK 3agada o0
OCTaHOBKE MamuHbl T; Ha YHUCTOM JIGHTE aJrOPUTMHYECKH HE
paspermma.

3amavyu K riaase 2

YcraHoBjJeHHe B3aMMHO-0JHO3HAYHBIX COOTBETCTBHM

3anaua 2.1.
YCTaHOBI/ITb B3aNUMHO-OIHO3HAYHOC COOTBCTCTBHUC MC)KILy

npoMexkyTkoM 0<x<1 u Bcell YMCI0BOM MPsSMON.
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3anaua 2.2.
YCTaHOBI/ITL B3aNMMHO-0OIHO3HAYHOC COOTBCTCTBHUC MG)K,ZIy

MPOMEKYTKOM a<x<b u c<x<d.

3anaua 2.3.
YCTaHOBI/ITL B3aNMMHO-0OIHO3HAYHOC COOTBCTCTBHUC Mexcz[y

npoMexxyTkoM 0<x<1 u 0<x<co.

3anaua 2.4.
YCTaHOBI/ITI) B3aUMHO-0OJHO3HAYHOC COOTBCTCTBUC MC)KILy

MPOMEXYTKOM -1<x<1 1 0<x<co.

3anaua 2.5.
Y CcTaHOBUTH B3aMMHO-0{HO3HAYHOE COOTBETCTBHE MEXITY

MPOMEKYTKOM -1<x<1 u 0<x<oo.

3anaua 2.6.
Y CcTaHOBUTH B3aMMHO-0{THO3HAYHOE COOTBETCTBHE MEXITY

npoMexxyTkoM 0<x<I] W MHOXECTBOM HPPAIMOHAIBHBIX YHCET TOTO XKe
OTpe3Ka.

3anaua 2.7.
YCTaHOBI/ITL B3aNMHO-0OJHO3HAYHOC COOTBCTCTBHUC MC)K,ZIy BCEMHU

TOYKAMH IUIOCKOCTH U TOUKaMu cepbl panuyca 1.

3anaua 2.8.
YCTaHOBUTH B3aMMHO-OJJHO3HAYHOE COOTBETCTBUE MEXKIY TOYKaAMHU

oTKpbITOro KBagpara 0<x<I, 0<y<l u ToukaMH IUIOCKOCTH.

3anaua 2.9.
Y CTaHOBUTH B3aMMHO-OJJTHO3HAYHOE COOTBETCTBUE MEXITY MHOKECTBOM

BCEX PalMOHAIBHBIX 4ymceN oTpe3ka 0<x<l ¥ MHO>XECTBOM BCEX TOYEK
MJIOCKOCTH, 00€ KOOPIUHATHI KOTOPHIX PAIliOHAIBHEI.

3anaua 2.10.
YCTaHOBUTH B3aWMHO-OJTHO3HAYHOE COOTBETCTBHE MEXKAY TOYKAMU

OKPYKHOCTH paauyca a u b, a>b.

106



C4eTHOCTHL MHOKECTB

3anaua 2.11.
SIBnseTcsT MU CUETHBIM MHOXKECTBO BCEX KOHEYHBIX IIOAMHOXKECTB

CYETHOT'O MHOKeCTBa?

3anaua 2.12.
SIBasgercs bzt CUETHBIM mro0oe MHOECTBO TOTIapHO

Henepecekatonxcs Oyks T Ha mumockocTn?

3anaua 2.13.
SIBasgercs hjisi CUETHBIM mr000€e MHOECTBO ToTIapHO

Hernepecekaromuxcs 0yks I' Ha mockoctu?

3anaua 2.14.
SIBnsercs U CYETHBIM Ir000€ MHOKECTBO TToTIapHO

HEINepeceKaloUIuXCsl OTKPBITBIX HHTEPBAJIOB Ha JACWCTBUTENIBHOM
MPSIMOM?

3anaua 2.15.
SIBnsgercs 1M CUSTHBIM MHOXECTBO TOYEK pa3pblBa MOHOTOHHOMH

(GYHKIIMH HA TeHCTBUTETEHONW IPSIMOT?

3anaua 2.16.
MO’KHO JTH TIOCTPOHTH Ha IIOCKOCTH HECUYETHOE MHOMKECTBO ITOTIAPHO

HeTepeceKaloUINXCsl OKPYKHOCTEN?

3anaua 2.17.
MO’KHO JTH TIOCTPOHUTH Ha IIOCKOCTH HECUYETHOE MHOMKECTBO ITOTIApHO

Hemepecekaromuxcs 0yks N?

3agaya 2.18.

MOXHO 1 MOCTPOUTH HA MJIOCKOCTH HECUETHOE MHOKECTBO IOIAPHO
Henepecekatouxcs 0yks b?
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MoOIHOCTh MHOKECTB

3anaua 2.19.
HaliTit MOIITHOCTH MHOECTBA BCEX YETHIPEXYTOJIHHUKOB Ha IUIOCKOCTH,

KOOpAWHATBI BCEX BEPUINMH KOTOPBIX palliOHAJIbHBI.

3anaua 2.20.
HaiiTi MOIIHOCTH MHOJKECTBA BCEX MHOIOYI'OJIBHUKOB Ha ILIOCKOCTH,

KOOpAWHATBI BCEX BEPUIMH KOTOPBIX palliOHAJIbHBI.

3anaua 2.21.
Haiit MOIITHOCTE MHOECTBA BCEX MHOTOUWIEHOB C JEWCTBUTEIHLHBIMU

koddpunrentamu.

3anaua 2.22.
HaiitTh MOIITHOCTH MHOXXECTBA BCEX JCHUCTBUTCIIHPHBIX UHCEN, B

JECATUIHOM Pa3IOKEHUH KOTOPBIX BCTpeuaercs nudpa 3.

3anaua 2.23.
HaiiTu MoOIIHOCTH MHOXECTBAa BCeX JEHCTBUTEIBHBIX 4YHCEN, B

ACCATUYIHOM PA3JIOKCHUN KOTOPBIX HE BCTPCUACTCH un(bpa 6.

3anaua 2.24.
Haiitin MOITHOCTE MHOXKECTBAa BCEX IEHMCTBHUTEIBHBIX yncen 0<x<Il, B

JIECITHYHOM Pa3JIOXKEHHH KOTOPHIX MOcie 3amsaTod cTouT mudpa 4 u
Ooutblire 3Ta Hdpa He BCTpeYaeTcsl.

3agaua 2.25.
Halith wMomHOCTF MHOXKECTBa BCEX HENPEPHIBHBIX (QYHKIWA Ha

JIEUCTBUTEIBLHON IPSAMOM.

3agaua 2.26.
Haiith MOIIHOCTHP MHOXKECTBAa BCeX (YHKIWHA, OINPEACIICHHBIX Ha

cermenTe a<x<b mpu a<b U pa3pbIBHBIX XOTS OBl B OJHOW TOUKE.
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naesa 3. ApugbMemuydeckue ebl4UC/I€HUS

§ 3.1. Apupmernueckue pyHkuun

PacimpeHHoe  MHOECTBO  HaTypalbHBIX YHCEN, IIOMHMO
0OBIYHOTO MHOXKECTBA HATYPAJBHBIX YHCEN, BKIIOYAET TAaKKe YHCIIO
HOJIb (paHee 3TO MHOXKECTBO 00o03Hauaiock N*). Jlanee B 3T0i IiiaBe u
B MOCJEIYIOLINX TJIaBaxX CIOBO «PACIIUPEHHOE» Uil KPaTKOCTH OyneT
ONyCKaThCs, W 1oj TepmMuHamu «N», «HAaTypaJbHbIA  psay,
«HATypaJIbHOE YHUCIO», «MHOXECTBO HATYpaJbHBIX YHUCENI» CIEAYET
noHUMath «N*», «pacHIMpeHHBId HATYpalbHBIA Ps», «HATypalbHOE
yucno wid 0», «paclIMPpEeHHOE MHOXXECTBO HATypalbHBIX YHUCED)
COOTBETCTBEHHO.

Apugpmemuueckan ynkuus — pyuxyus, onpedeieHnas

Ha MHOJicecmee HamypajibHblX YUCel U NPUHUMAIOW A 3HAYEHUA
U3 MHOdICECmMea HamypaibHblX YUCeIl.

T.3.1.(1) Teopema

MHuoxecTBO0 apugmMerndeckux (QYHKUMA n-
nepeMeHHbIX HeCYeTHO.

Jdoka3arejibCTBO

Jns  nokasaTenbcTBa HECUETHOCTH MHOXKECTBA  JOCTaTOYHO
JOKa3aTh  HECYETHOCTb  Kakoro-HUOyOb  €ro  IMOJMHOXECTBA.
Paccmotpum apudmerrndeckue pyHKINU OJHON TIepeMEeHHOHN BUAA fi(X).
Ot apudmernyeckue (QYHKUUHM OAHOW NEPEMEHHOH 00pa3yroT
MOJMHOKECTBO MHOKECTBA apuMeTniecKux HyHKUUI 71 TePEMEHHBIX.

[Ipenmonoxxum mnporuBHoe. [lycth apudmerndeckux GyHKIHI
OJTHOM MEepeMEeHHOW CYETHOE MHOYKECTBO, T.€. MX MOYKHO MEPEUHCIUTD.
Torma WX  MOXHO  pPAaclmojOXHTh B  BHIE  OECKOHEUHOH
MOCJIEOBATEILHOCTH fo(X), f1(x), f2(X), ... , fu(X),...

[MocTpouM HOBYIO (BYHKITHIO g(X)=fy(x)+1.

3OT0 Tak Ha3pIBaeMas JuaroHaibHask QyHKIMA, HAIPUMED:

g(0)=fo(0)+1, g()=fi()+1, g2)=fo(2)+], ...
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g(X) OTJINYHA OT BCEX MEPEUUCICHHBIX (PYHKIHH, T.K. OT KaXI0H
n3 (pyHKIMH OHA OTAMYaeTcs XOTS OBl B onHOW Touke. Hampumep, oT
byHkuun fo(x) QyHKumMs g(x) ornmuaercs B Touke Xx=0, oT QyHKUUH |
i(x) OyHKUMA g(x) ornuvaercs B Touke x=1 u T1.0. OnmHako 1o
MOCTPOCHUIO  g(X) TPUHAIIEKUT MHOXKECTBY apu(METHIESCKUX
(GYHKIMA OJHOW TEPEeMEeHHOHM, 3HA4YWT [IOJDKHA OBITh B CIIHCKE
MEPEYUCIICHUs fi(X), T.e. COBMNaJaTh C OJHOW W3 TMEPECUUCICHHBIX
¢bysakuumii. Ilomyumnu mnpoTHBOpedHe, ClIE€JOBaTENbHO, HCXOIHOE
MPEINONI0KEHNE HEBEPHO, U (PYHKIMHA OJHOW TEPEMEHHON HECUYETHOE
MHOECTBO.

[TockonbKy MHOXECTBO apHU(PMETHUECKMX (QYHKUUH OxHOU
MEPEMEHHON SBISIETCSI TTOAMHOXKECTBOM MHOKECTBa apu(METHUECKUX
(GYHKUMI 7 TIepeMEHHBIX, TO 3HAYUT MHOXECTBO apHU(PMETHUECKUX
(yHKIMI 7 IepeMeHHbIX Hecyemno, Q.E.D.

Apupmemuueckas Qynxyus Hasvi8aemcs GbIUUCTUMOI,
ecau cywecmeyem anzopumm OJisl ee GblUUCIEeHUS 8 KAXHCOOL
moucke.

B cwry Tesuca TeiopuHra 3TO O3HA4YaeT, UYTO (YHKIHS
BBIUMCIIMMA, €CJIU CYIIECTBYeT MalllnHa ThIOpHHTa, €€ BRIYUCISIONIasl.

T. 3.1.(2) Teopema

MHo:KeCcTBO BBIYMCJIAMMBIX apu(pMeTHYECKUX
(pyHkuuii cuerso.

Joka3arejibcTBO

Tak kak KaxIOH BBIYMCIUMON apupMeTndeckoil (yHKIUU
COOTBETCTBYET XOTsI Obl 0Ha MalinHa ThIOpuHra, a MamuH ThIOpUHTa
No, TO 3HAQUUT BBIYUCIUMBIX apUPMETHUECKHX (YHKIHMHA HHUKaK He
oonbrre, yem Ny. [Tomyunm: [BAD| <N,

C npyro#i CTOpOHBI, MOAMHOXECTBOM MHOECTBA BBIYMCIHMBIX
apudmerndecknx (GYHKIHHA SBISAIOTCS, Hampumep, (GYHKIHNH BUIA
f(x)=n, tne n — HarypaiabHOe YKuci0. [I0CKOIBKY HATYpaJbHBIX YHCEN
N, TO BEIYUCIUMBIX apru(pMeTHIeCKUX (PYyHKIMHA HUKaK HE MEHBIIIE YeM
No. [Homyunm: BAD|>X . 3HauuT, MOIIHOCTE MHOXKECTBA BHIYMUCIUMBIX
apupMeTHIeCKUX (QYHKITUH paBHA N, a 3HAYHAT OHO cuemno, Q.E.D.
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T. 3.1.(3) Teopema Trlopunra

MHo:kecTBO BBIYMCIUMBIX apu(pMeTHYECKHX
pynkumit n nepeMeHHbIX He noaaaeTcs
3¢ PpeKTHBHOMY NePeYHCTCHHUIO.

Joka3arejJbCcTBO
[Ipeanonoxxum mnpoTtuBHOE. IlyCcTh MHOXKECTBO BBIYMCIMMBIX
apudmernyeckux QyHKIUN 7 TepeMEeHHBIX 3()(EKTUBHO MMEePEeIUCINMO.
Torpa cymecTByeT aaroput™, MO0 KOTOPOMY €0 MOXKHO MEPEYHCIUTD.
[IpumennmM 31oT anroputM. [lomyunM nocaenoBaTeNbHOCTS!

Jo(xXi, oo X)), J1(X 0 oo X)), ooy Ju(X 0y oo X), -

[MocTpoum auaroHaabHYH0 (QYHKIUIO:

S (xp, .., x)F 1, IpU X=. .. =X,
g(X1, . Xn)=
0, B IpOTHBHOM clTyyae

Ipumep (myctb n=3)

£ (0,0,0)=£,(0,0,0)+1

2(0,0,1)=0

g2(0,1,0)=0

g (1, 1L,1)=fi(1,1,1)+1

g(1,1,2)=0

[lo mocrpoeHutro BHAHO, YTO QYHKOUA  g(Xj,...,X,)
apudmernyeckas. Jlokaxkem, dYTO, KpOMe€ DOTOTO, OHa SBISAETCS
BBIYMCTUMON. [[Is1 3TOrOo JOJDKEH CyYIIECTBOBaTh allOPUTM €€
BBIYHCIICHUSA. YKaXXEM allTOPUTM BBIUUCICHUS g(Xj,...,X,). s mo0six
3HAYEHHH X, ...,X, MBI MOJKEM CHaYalla IPOBECTH OTEPAIIMIO CPABHEHHS.

1) Ecmm x;,=..=x,, 3aIllyCcKaeM aJropuTM TepEUHUCICHUS
BBIYUCIMMBIX apuMeTHuecknx (GpyHKOMH fi(x,,...,X,). DTOT anropuT™m
CYIIECTBYET B CWIIy Hallero npeamnoioxenus. Haxomum QyHKIuo c
HOMEpOM X;, T.e. fu(Xj....x,). Jamnee mpumeHMM K Hell anroputm
BBIUMCIIEHUS B TOYKE (X, ...,X;), T.€. BBIYHCIUM fy;(X,,...,X;). Takoi
JITOPUTM  CYIIECTBYET B CHIIy BBIYMCIUMOCTH (YHKIHMHA BUAA
fix,...,x,). IlpubaBienne K pe3ynbTaTy BBIYNCICHUS C€IUHHYKHA €CTh
TpUBHAJbHAS apu(METHUECKas omepanus, T.0. IPU OJUHAKOBBIX
3HAYCHHSIX apTYMEHTOB g(Xy,...,X,) = fri(X},...,x;) +1 BeIUUCIUMA.
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2) Ecnn ycnoBue x;=...=Xx, He BBIIIOTHSIETCS, T.C. HE BCE 3HAYCHUS
apryMeHTOB paBHBI, TO 3HAYCHUE g(X, ...,X,) TPUPABHUBAETCS HYIIIO, T.O.
MpU  pa3IUYHBIX 3HAYEHHUSIX  apryMEeHTOB  g(X,....X,)=0  TOXe
BBIYUCIIMA.

Otcroma BUAHO, 4YTO JWaroHaimbHass GYHKIOUS — g(X),...,X,)
MPUHAUIEKUT MHOXKECTBY BBIYMCIMMBIX apu(MeTHIecKuX (YHKIUH 7
MEPEMECHHBIX.

Pa3 noctpoeHHas (QyHKIMA OpUHAUIEKUT K MHOXECTBY
BBIUMCIIMMBIX apu(pMeTndecknx (yHKIHA, TO OHa JOJDKHA OBITH Cpenu
paHee dPPEKTUBHO TIEPEUUCICHHBIX (DYHKIUI, HO TIO TIOCTPOCHHUIO OHA
HE MOXeT OBbITb Cpeliu HUX, TaK KaKk OT KaxA0oh (QYHKUMH OHa
oTauyaercss XoTs Obl B oxHoW Touke. [lomyumnm npotuBopeune,
ClleIoBaTeIbHO, MCXOTHOE TPENIOI0KEHHE HEBEPHO W BBIYHCIUMBIC
apupmernyeckue (QYHKUMH 7 TEPEMEHHBIX Hemb3s 3(QeKTuBHO
nepeunciauts, Q.E.D.

T. 3.1.(4) Teopema

MHo0:KeCcTBO HEBBIYMCJIAMMBIX apu(pMeTHYEeCKUX
(pyHkuuii HecueTHO.

Joka3aTeJibcTBO

Panee nokazaHsl 1Ba yTBEPKACHUSA:

o AD (apudmMeTnuecKux QyHKIHIT) HECUETHOE MHOKECTBO.

e BA® (Bbluucnumbix apudmeTnueckux (YHKIUH) CUYETHOE
MHOECTBO.

Ho npu srom BA® ectb mnoaMHoxkecTBO A®, a 3HAYUT
noronHeHue BA® 1o A®D (T.e. MHOXECTBO HEBBIYMCIUMBIX (DYHKIIHN)
ABJTSICTCS.  HECUYETHBIM.  3HAYMT,  MHOXXECTBO  HEBBIYMCIMMBIX
apupmerndyeckux QyHKuui HecuetHo, Q.E.D.

CrnenoBaTesibHO, JOKa3aHO, YTO HEBBIYUCIUMBIC apu(PMETHICCKIEC
(YHKIIMH CYHIECTBYIOT. boiee TOro, mx O4YeHb MHOTO — HECYETHOE
MHOXXeCTBO. [IpuBemeM mpuMep Hegbluuciumon @yukyuu OITHOH
MIEPEMEHHOM.

Hycrs Ty T; ,T» ... ,Tx - mamunsl Tetopunra. Omnpenenum
¢yHKIHIO f1(X) cnemyommM 00pa3om:
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1, ecau T, OCTAHOBHUTCS HA YUCTOM JICHTE;

fikx) =

0, B IPOTHBHOM CJiy4ac.

Ota GyHKOHA BE3JE OINpEIeNieHa, HO alIrOpUTMa I PEIICHUS
npoOJIeMbl OCTAaHOBKH IMPOU3BOJIBHON MamMHBI ThIOpUHTa Ha YUCTOM
JIEHTE HE CYLIECTBYET, 3HAUUT, HE CYILECTBYET aJrOPUTMA BBIUUCIICHUS
Fi).

[lo Gompmiomy cueTy, MpH MOCTPOSHHHM TaKoTo poja (GyHKIuH
(HEeBBIYMCIMMBIX) HEOOXOIUMO COOJIIOAaTh BAa OCHOBHBIX NPaBUIIA!

e CnenuTh 3a TeM, 4TOOBI 3HaueHHE (YHKLIUH B KaXIOW TOUKE
OBUIO OMPENENEHO U SIBJISIIOCH YMCIOM HATypaJIbHBIM (3HAYMT, (PyHKIHS
NPUHAIUICKUT MHOXKECTBY apU(PMETHIECKUX (PYHKLUH);

e B onmcanne ¢yHKuMM 100aBUTH yClloBHE BbIOOpa OAHOTO W3
HECKOJIbKMX 3HAY€HWH NpU 33JaHHOM apryMeHre, IMpHYeM CaMo
yclioBHE BbIOOpa JOJKHO TapaHTUPOBAHHO SIBIATHCS AITOPUTMHUYECKH
Hepa3pemuMon mpodaeMoi (Kak MHHIMYM Il OMHOUW TOYKH 00JIaCTH
OTIPEIEIICHHOCTH, a B OOIIEM CITydae JIsl BCeX).

Torna nomyuenHass QyHKuus OyIeT SIBIATHCS HEBBIYUCIUMOI
apupmeTndeckoil QyHKImeH.

BaxxHo mOHMMaTh, YTO MOTYT CYIIECTBOBATh pPa3lUYHEIC
(YHKIHA, KOTOPBIE HE SIBISIIOTCS BBIYHUCIMMBIMH HH B OJHOW TOYKE.
Hampumep, npuBeneHHas HiKe (QYHKIUS TaKXKe HeGblYUCIUMA HU B
OJIHOH TOYKE:

8, eciu Ty HameuaTaeT OECKOHEYHOE YMCIIO HyJIeH Ha JICHTE;

fx) =

3, B IPOTHBHOM CJiy4ac.

C aktuueckoll TOYKM 3pEeHUS HHUYEr0 HE W3MEHHTCS: TIO-
OpeXHEMY HHM B OAHOM Touke (GYHKUUS fr(X) HE MOXKeT ObITh
BBIYMCIICHA, TOYHO TaK e, KaKk HU B OJHOW TOYKE HE MOXET OBITh
BbIuncieHa pyukuus f1(x). Ho, Tem He mMenee, fi(X) u f2(X) - 3TO coBceM
pasHble QYHKIIHU, TAaK KAK OHU HMEIOT Pa3JInUHbIC ONUCAHUSL.
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T.o. ¢ Touku 3peHus (HopMambHO-ONHCATENBHOH, AaXe €CcIH
paccMaTpuBaTh HUTZIE HE BHIYMCIUMBIE (PYHKIMH, BCE MPUBEIACHHBIC B
COOTBETCTBHM C HW3JI0)KEHHBIMH BBIIIE PEKOMEHIAIMAMH  MPUMEPHI
OyayT ompenensaTh (3amaBaTb) pasHble (YHKIMHA. OTHUX (QYHKIHUHA
0ECKOHEYHO MHOI'0, OJHAKO BONPOC O TOM, CUETHO JIU MHOXECTBO
(YHKIIHIA, OTMCBIBAEMBIX TAKUM 00pa3oM, HE BIIOJTHE OYEBH/ICH.

T. 3.1.(5) Teopema

MHoxecTBO apugMeTHYecKuX yHnxuuii,
ONKCBIBAEMBIX KOHEYHBLIM YHCJIOM CJIOB, CYETHO H
3¢ (peKTUBHO NEepPeYUucInMo.

Joka3aTesbCTBO

Cpenn (QyHKIMHA, ONMCHIBAEMBIX KOHEYHBIM YHCIIOM CIIOB,
coneprkatcst BCE BbruncnumMele QyHKIUN (JITOPUTM WX BBIYUCICHUS U
eCTb ONKCaHWE) M elle KaKhe-TO HWHble, THUMa NpPUBEACHHBIX BBIIIE
npumepoB fi(x) u f>(x). OmHako Ha npumepe Hymepauuu [ émens,
paccMOTpeHHOM B XoJe Aoka3arenbcTBa Teopems 1.7.(2), BuauM, 9T0
MHOKECTBO ~ (YHKUUH, ONHMCHIBAEMBIX KOHEYHBIM YHCIIOM CIIOB
(TIOHSTHIA / TEPMUHOB / UAEH U T.J.), TOKE MOXET OBITh COIIOCTABIEHO C
PSIOM  HATypalbHBIX YHCET, T.e. SBJISETCS CUETHBIM M Jaxe
3¢ GeKTUBHO MepeunciuMbiM MHOKeCTBOM, Q.E.D.

Hcxonst w3 BBIMIECKAa3aHHOTO, TOJYYHM, YTO CYIIECTBYET
HECYETHOEC MHOXKECTBO apuU(pMeTHIeCKUX (YHKIINN, KOTOPhIE HE MOTYT
OBITh JJa)K€ OIMUCAHBl KOHEYHBIM YHCIOM CIIOB (pasyMmeeTcsi, 00 uX
BBIYMCIMMOCTH HE MOXKET WUATH W peuu). [Ipumepbl Takux (yHKIHIA
HeNb3sl TPHUBECTH TIO0 OIpPENelIeHuI0, B CHIy TOro d9To Jr000i
3aBEpIICHHBI 1O CBOEMY ONHCAHHIO TPUMEp SBISETCA  YXKe
3aKOHYCHHBIM OMUCaHueM (YHKIUH, a 3HAYUT, caMa (QyHKIIHS [TOTa1aeT
B MHOKECTBO (DYHKITHIA, OTIMCHIBAEMBIX KOHEYHBIM YHCIIOM CJIOB.
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§ 3.2. Yactuunsle apupmMeTnyeckue PyHKIUH

Yacmuunasn apugpmemuueckan Qynxkyus (YAD)— smo
@yHKYUs, oOnpeodeieHHAs HA HEKOMOpom noomHodicecmee M
MHOJCECMBA HAMYPANbHLIX Yucenl N u npuHuUMarowads 3Ha4erus
u3 mroxcecmea N.

Knacc wactmuHbIX apudmerndeckux (QYHKIMA IIHpe  Kiacca
apudpmernyecknx QyHKIMH, T.K. moOas apudmerndeckas (GYHKIHS
SBJSICTCSL  BCIOAY  ONpENeNIeHHOH  YacTHYHOH  apuMeTH4ecKoi
(yHKIMEH ©, KpOMe TOro, CYIIECTBYIOT HE BCIOJIy OIIpE/ICICHHEIC
apudmernyeckne (GyHKuuu. [umarpaMma BXOXKIACHHS PacCMOTPEHHBIX
MHOKECTB JIPYT B JIpyra npejcrasieHa Ha puc.3.1.

BYHA® { BAD

Puc. 3.1. JIuarpamMmma BXOXJI€HUSI MHOXKECTB JPYT B JIpyTa
Ipumepui:

fn) =n—1.
Hns oroit ¢pyHKuMM ob6nacTe ompeaeneHHocTd: M= [1, o), obmacTsb
snauenmii: N. T.o. yHkums crpout coorBerctue {1/, 2, ...} — N.

fn) =1—n.
Jns stoit PyHkmuu obmacte ompenenernHoctd: M= [0,1], obGmacts
snayennii: [0,1]. T.o. pynkIus crpout coorsercteue {0, 1} — {0, 1}.
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MOXHO BBIJENUTh JBa KpPaWHHUX CiIy4as MHOXXECTBA YaCTHYHBIX
apupmernyeckux QyHKuuH f(n): M — N:

1)  scrody onpedenennvie pyukyuu. M = N. MHOKECTBO BCIOIY
OTIPEJICNIEHHBIX YAaCTUYHBIX apu(PMETHUYeCKUX (QYHKIHUA COBNANAeT ¢
MHOXECTBOM apumeTnueckux (yHKuuMd. Bce ocranpHble YyacTUYHBIE
apudmernyeckre QYHKIUN UMEIOT TOYKU HEOIIPEIEIIEHHOCTH;

2)  Hueoe neonpeoenennvle pynxkyuu. M = . Hanpumep, f(n)
= (0 — (n + 1). Hurne He ompeneneHHble (YHKIHH TAKXE SBILIOTCS
MOJIMHO’KECTBOM MHOYKECTBA YACTUYHBIX apU(PMETHIECKUX (PYHKIIUH.

Hdns  3amaHus 00NacTd  ONPENENEHHOCTH MM  MHOXECTBA
3HAYCHWH  YACTHYHBIX  apUMETHYCCKUX  (QYHKIUH  ymoOHO
UCIIOJIb30BaTh  CIIOCOO  3ajJaHusi  IMOJAMHOXecTBa A  MHOXECTBa
HaTypaNbHBIX YKcen N* yepe3 XapakTepUCTHYECKYIO (QYHKIHIO.

Xapakmepucmuueckoit ynKuyueii x4 Kaxo2o-Hu6yOb
noomuodcecmea A MHOJNMCECm8a HamMyparvHuix uducen N*
Hazvléaemcs (QYHKyus om O0OHOU nepemeHHou, paeuas 1 6
mouxkax mHodxcecmea A u paswas 0 6 moukax, He
npuraonexcauux A.

Hanpumep:

e xapakrepuctudyeckas QyHKOUS Yp=0 (A7 MyCTOro MHOXeECTBa
xapaktepuctudeckas pyHkuus Bciogy pasaa 0);

e xapakTtepucTuueckas QyHKIUS yn=1 (JUII MHOKECTBa HATypaJIbHBIX
YHCeN XapaKTepucTHUecKas (QyHKIHS BCIOAY paBHa 1);

e xapakTepuctudeckas (QyHKIHS ya=unsg(|x-a;||x-a,|"...[x-a,|) a5
MHOXecTBa A={a|,a,..,a,} : 31<a,<,..,<a, .

T. 3.2.(1) Teopema

MHoxkecTBO YACTHUYHBIX apuMeTrndyeckux (yHKUUIA
HeCYeTHO.

Jloka3aTeabCcTBO

[Tockompky wMHOXKeCcTBO AD ectb moaMHOXKECTBO YAD, u
MHOXeCcTBO AD HecueTHO, TO M MHOXKeCcTBO HA®D Takke HECUETHO,
Q.E.D.
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Boiuucnuman wacmuunas apupmemuueckan Qynkuyus
(BYAD) — osmo ¢hynxyus, 015 Komopou cyuecmsyem ancopumm
BbIYUCTEHUSL ee 3HadeHuss @ 000l mouke obracmu
onpeoeneHHOCHu.

T. 3.2.(2) Teopema

MHo:xecTBO BBIYUCIUMBIX YaCTHYHBIX
apupmMerudecKux (PyHKUMHA cuyeTHO U IPPeKTUBHO
nepevyuciaIumo.

Jdoka3aTe/ibCTBO

PaccmoTpuM mpou3BonibHYI0 (YHKOUIO f{X), TpPHHAIIEKAIIYIO
MHOkecTBY BUA®D. Pa3 QyHKIMsS BBIUMCINMA — 3HAYUT, €€ MOXKHO
BbIUMCIATh Ha MammHe Twiopuara T. [lycte Ha BxomHOUW neHTe OyneT
3anmca” mapaMmerp GyHKIWUU X B YHapHOM Koxe: | | | ... | (x+1 mamouka).
Pe3ynpTaT BRIYHMCICHUS — 3HAUEHHUE f(X) TakKe BBIIACTCA B YHAPHOM
Koze: | | . Ecnu a5 TaHHOTO X TakoW pe3ynbTaT MOJIydeH, 3HaYMT,
B TOUKe X QyHKuMsA omnpeneneHa. OIHAKO €CIIU MPOU3OILIHN CIEAYIOIIe
COOBITHSL:

e MalllMHa MCTIOPTUIIA UCXOAHBII MapameTp,

e MallliHAa HE OCTaHOBUJIACK,

e MalllMHa HalleyaTajga HeUUTaeMbli pe3ysbTar,

TO OyJIeM CUMTaTh, 4TO B JAHHOW TOYKe X (PyHKIUA f{x) HE ompeaeneHa.

Ecnn uMEHHO Tak HHTEpIpEeTHpOBaTh «HEYyHOOHOe» IUIs Hac
MOBeJleHNe KOHKPETHOW MamMHbBl TBIOPHHTA, TO TOTJa MOXKHO
YTBEpPXKIaTh, 4TO JIt00ast ManHa ThIOpUHra BEIYUCISET KaKyl0-HUOYIb
BUA®. Jlaxxe ecni MamInHa P JTFOOOM BXOIHOM 3HAYCHUH apTyMeEHTa
paboTaeT Mo COBEPIICHHO HEMOXO0XKEMY Ha BBIUYUCICHHE alTOPUTMY,
HalpuMep CTUpPaeT J000€e CIOBO Ha JICHTE, TO MBI IIPOCTO CUUTAEM, YTO
(GyHKUMS, KOTOPYIO BBIYMCIAET MallMHA, BOOOIIE HHUIAE HE
olpeJielieHa.

C npyroii cTOpOHBI, ISl BBIYUCICHUS OHON M TOM ke (YHKIIMU
MOXET CYIIECTBOBATH HECKOJBKO anropuTMoB. T.o. moboit BUAD
MOYET COOTBETCTBOBATh HECKOJIBKO MAaIIMH ThIOpHUHTA.

Paccmorpum MHOecTBO MammH Trropunra. OHE 3¢ (deKTHBHO
nepeuncaumel. I[lepeuncniuM  uX, MTOMYyTHO T.0. TEpeUHCIss BCe
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BUA®s1, mpaBma, Bo3MOXkHO, HekoTopple BYAD ™Mbl ykaxkem
HECKOJIBKO pa3. DTO AOBOJILHO TOHKHI MOMeHT. DopMaIbHO MOBTOPHOE
yKka3aHue ojnHoW u ToW xe BYUAD B croucke NepedncieHds Bcex
CYLIECTBYIOIINX BBIYNUCIUMBIX YaCTHYHBIX apU(PMETHUECKUX (QYHKIIUH
HECKOJIBKO pa3 €cThb SBHOH HapylleHHe HAeosorud 3¢ ¢eKTUBHOM
nepeuncaumMoctd. CTporo TOBOpS, IO ONpeAENCHHIO, TEPMUH
«(h(EeKTUBHO MEepPEeYUCINMO» O3HAYaeT «BO3MOXKHOCTH IEPEUUCIICHHUS
[0 aNropuTMy O€3 NPOITyCKOB W IOBTOpeHHMI». B maHHOM ciydae B
MIEPBOM TIPUOJIMDKEHUN HAOIIOMAeTCsl HApyIICHUE TOTO OIPEIAeIICHUS.
OnHaKo eciii TOCMOTPETh Ha MpodaeMy 00iee MPUCTAIBHO, TO MOXKHO
UCTPaBUTh YKAa3aHHYI0 «IIOTPELIHOCTH» J10Ka3aTeNbCTBa CIEIyIOMNM
00pazoM.

Ilo cytm, BbluMcnUMas 4YacTH4yHas apupmerndeckas (QYHKIUS
3ajaercsi He Oojiee M HE MEHee, YeM alzOpummom €& BBHIUYMCICHUS B
m000# Touke 00JaCTH OMPENEICHHOCTH. DTOT allTOPUTM MOXKET OBITh
3agaH JIOOBIM yAOOHBIM 00pa3oM: B BHAE aHAIUTHYECKOH (HOPMEI
(popmyiel), B BuIe HabOpa MHCTPYKUMH MamuHbl ThIOpHHTA, B BUJE
anroputMa MapkoBa, B BuIe 3((EKTUBHOTO ONMHMCAHHUA C TOMOIIBIO
3apaHee COrJacOBAaHHOIO #A3blKa W T.O. B 3TOH CBA3M, Hampumep,
¢byHkuuA f(x)=x+1 MOXeT OBITh 3aJaHa Pa3IUYHBIMH CIIOCOO0aMH, W
Jake €CIM COCPElOTOUMTBbCA TOJBKO HA OINMCAHWM AlTOpUTMa B
TEpMUHAX Habopa HMHCTPYKUMH (TIporpaMMbl) MallWHbBI TbIOpHUHTa,
TaKUX MPOTPaMM TOKE MOXKHO COCTaBUTh HECKOJBKO (TOYHEE CUETHO-
OeckoHeyHoe MHOeCTBO). [loaTBep)kaeHNEM 3TOTO SIBIIIETCA XOTS OBl
TOT (hakT, 4To AoOaBICHHE HAOOpa «XOJOCTHIX» WHCTPYKIHHA (THITa
«HareyaTraTth 4YHCIO A B YHapHOM KOJE€ W 3aTe€M €ro CTepeTh) K
paboraromieli mporpaMMe He HM3MEHHT €€ CMBICHA, €CIH TaKOBBIM
CMBICJIOM CUUTATh MOIYy4EHHBIH [T0CIe OCTAHOBKU PE3yJIbTar.

IIpn Takoil mHTEpHpeTanuu TEPMHHA «BBIYMCIMMAs YacTUYHAsS
apupmernyeckass (QyHKIHMS» BCE CTAHOBHUTCS COBCEM «UHCTO» W IPH
nepevrciieHMH MaliuH ThIOPUHTa MBI JCUCTBUTENBEHO CHIPO2O0 OOUH Pa3
MEPEUnCIIieM KaKAYH BBIUUCIUMYIO YaCTHYHYIO apH(pMETHYECKyIO
(GYyHKIHIO, T.0. JOKa3aHO 4To MHOXecTBO BUA®D sBisieTcs CYETHBIM H
a¢dextuBHO nepeunciumbiM, Q.E.D.
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§ 3.3. DddexTUBHOE pacno3HaABaHUEe U cpaBHeHUE QyHKIMIT

Ippexmuenvim pacnosnaeanuem ynxyuii
Hasbleaemcsi  npoyedypa,  HO3GOMANOWAS  HPU  NOMOWU
HEKOMOpPO20 an2opumma Onpedenums, OMHOCUMCS U OaHHAS
DYHKYUS K paccmampuéaemomy Kiaccy.

T. 3.3.(1) Teopema

HeBo3mo:xkHO 3¢ ¢dexTHBHO pacno3HaTh (GyHKOMH-
KOHCTAHTBI CpPeAM BBIYMCIMMBIX apHpMeTHYECKHX

(pynxumii.
Jdoka3aTe/ibCTBO
Obuwas uodest.
[Myctp mammuaa Tretopunra T BeIYHCISET HEKOTOPYHO (YHKIIHIO
ftx). Ecmm  cymectByeT Takas  mpomenypa  d(pdeKkTHBHOTO
pacno3sHaBaHHs — 3Ha4yuT, cyllecTByeT M MamunHa Teropunra F, ee

peanusyronias. B xoxe cBoeii pabotsl MamuHa F 1omkHA OOYEpEHO
MIOACTABIATh B KA4eCTBE BXOMHBIX 3HAYECHHH It Mamuael T
HaTypaJibHbIC YKCJIa W CPAaBHUBATh pe3ysibTaT paboThl MamuHbl T ¢
3aJ]JaHHBIM YUCIIOM (KOHCTaHTOM). [1OCKONIbKY HATypalbHBIX YHCET —
CYETHO-OECKOHEYHOE  MHOXKECTBO, TIPOIIECC  CPaBHEHHS  MOXKET
MPOJODKATECS OSCKOHEYHO, a 3HAYMT, OJHO3HAYHOTO OTBETa JaTh
HEJIb3.

Cmpocoe doxazamenbcmeo.

Be3 orpannyeHuss OOIIHOCTH BO3bBMEM B KAadyeCTBE KOHCTAHTBI
gucio 0. [Toctponm GyHKITHIO:

0, ecn mammHaa T He ocTaHOBHTCS 3a MEpBEIC (x+1)
Jr(x)= 1aroB;

1, B IPOTHUBHOM CIIy4ae.

Hanpumep, ecnmu T ocTaHOBUTCS Ha n—OM Iare, 3HAYCHMS
(byHKUMY fr(Xx) OyAyT BHITIISACTH TAK:
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x  fr(x)
0 o0
1 0
2 0
n-2 0
n-1 1
n 1

Janee 3Hauenue pyHkuuu OyAeT Bceraa paBHo 1.

T.o. pyHKIUA f(X) OKaXKETCs KOHCTAHTOW - HOJb TOJBKO B TOM
ciydae, eciid MamrHa T HUKOTAa He OCTAaHOBUTCS Ha YHCTOM JICHTE.

[Ipenmosnoxxum NPOTHUBHOE: IIyCTb MBI MOXEM pPacllO3HATh
KOHCTaHTy - HoNb cpenu BA®. Torma ans mpou3BOJBHON MAaIlIWHBI
ThropuHra Mbl CMOXEM C YBEPEHHOCTBIO CKa3aTb, OCTAHOBUTCS JIM OHA
KOTMa-HUOynmb B Xome cBoed paboTel. IlomoOHBIH BBEIBOA MPSMO
NPOTHBOPEYUT TEOpEME O HEepa3pelIMMOCTH MpPOOIEeMbl OCTaHOBKH,
CIIeZIOBATENBHO, MPEANONI0KEHIE HEBEPHO U KOHCTaHTA-HOIb (a Takxke
nmro0ble Opyrue KOHCTAaHTBI) He pacrmo3Haercss 3QQeKTUBHO cpenau
BBIYMCIMMBIX apumernueckux Qynkmmid, Q.E.D.

Ippexmuenvin cpagHeHuem apugpmemuueckux
@yHryuil Hazvieaemces npoyedypa, NO360A0OWASR NPU NOMOUWU
HEeKOmMOopOo2o ANi20pumma onpeoeiums, COGna0arom iu 3Ha4eHus
@dyHKYULL 80 BCEX MOUKAX.

T. 3.3.(2) Teopema

Berunciaumeie apujdmeTrnyecKue dyHxunu He
noaaaTces 3¢ GpeKTHBHOMY CPaBHEHHIO.

JokazaTeabcTrBo

ITycTs MMeIOTCS JBE BBIYHCIHMBIC apudMeTHueckue (GyHKIUN
fi(x) u f>(x). lloctponm pyHKIHIO g(X) = |fi(X) - f>(x)|. JanHas dyHKIHS
SBIIETCS apuUpMETHUECKON (T.K. OmpejeliecHa Ha BCEM MHOXECTBE
HATYPANbHBIX YKMCEN) U BBIYUCIUMOU (B CHIY BBIYUCIUMOCTH f7(X) W
f>(x), a TakKe BBIUMCIMMOCTH TIPOLEAYPHl HAXOXKACHUS MOMIYJISI
pa3HOCTH MX 3HAYCHHN).
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OyHkuus g(x) sBusgercss (GYHKUMEH KOHCTaHTOM - HOJIb, €CIH
CpaBHHBaeMble (YHKIUM paBHBL Jlanmee NMpOIOIKAM J[0KAa3aTeNbCTBO
TEOPEMBI METOIOM «OT MIPOTHBHOTOY.

[Ipeamonoxxum mnpotuBHOoe. IlycTh cymiecTByeT anroputm
s pexkTHBHOTO CcpaBHEHHS nBYX (YHKOHA. OTO 3HAYUT, YTO
CYIIECTBYET aITOPHTM pPAacloO3HaBaHWs (PYHKIUM-KOHCTAHTHI HOJb
CpeAM BCEX BBIYMCIMMBIX  apHPMETHYeCKMX  (QYHKOHMH, YTO
MPOTUBOPEYUT JIOKA3aHHOM paHee TeopeMe. 3Ha4YuT, MCXOJHOE
NPEATNOJIOKEHHE HEBEPHO, M BBIYUCIUMBIC apudMeTHYeCKHe (QYHKIMH
He nojaatotcs 3¢ dexkTuBHOMY cpaBHeHuto, Q.E.D.

T. 3.3.(3)Teopema

HeBo3MOkHO J(PPEKTHBHO pacno3Hartb (QPyHKIHMHU-
TOKIECTBA CpPeAHd BbIYMCIUMBIX ApH(PMETHYECKUX
(pynxumii.

Jloka3zaTeJibCTBO
[Hoctpoum ¢yHKIIIO

x, ecnu MamrHa T He ocTaHOBUTCS 3a TiepBbIe (x+1)
fr(x) = I1aroB;
x+1, B IPOTUBHOM CITydae.

Hanpumep, ecnu T ocraHoBUTCS Ha n — OM IIare, 3HAYCHUS
¢byHKUMY fr(Xx) OyAyT BHITJISACTD TAK:

X Jr(x)
0 0

1 1
n-2 n-2
n-1 n

T.o. byuknus fr(x) okaxkercs GYHKITHEH - TOXIESCTBOM TOJILKO B
TOM ciyyae, ecid MamumHa T HUKOrJa HE OCTAaHOBUTCA Ha YHUCTOM
JICHTE.
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[Ipeanonoxxum mnpotuBHoe. IlycTh MBI MOXEM pPAacIO3HATH
¢byHkiuu-ToxkAecTBa cpeau BAD. Toraa ais npou3BOJLHON MalldHBI
TrrlopuHTa MBI CMOJKEM C YBEPEHHOCTHIO CKa3aTh, OCTAHOBUTCS JIU OHA
Korma-HuOynp B Xoxe cBoed pabotrel. [lomoOHBI BEIBOJ TMPSMO
MPOTUBOPEYUT TEOpPEME O HEPa3pemIuMOCTH TPOOJIEeMBl OCTaHOBKH
IIPOU3BOJIBHOM MalIKHbI ThIOpUHIa HA YHUCTOM JIEHTE — CIEI0BAaTENbHO,
CACNaHHOE TIPEANONIOKCHUE HEBEPHO, W (PYHKIMU-TOXKACCTBA HE
pacmio3HaroTcss 3(Q(PEKTHUBHO Cpeau BBIUYMCIUMBIX apH(PMETHIECKIX
¢ynkuuii, Q.E.D.

T. 3.3.(4)Teopema

HeB03M0:kHO 3(p(PeKTUBHO PACHO3HATHL BHIYMCIUMbIE
apudpmernyeckue (PYHKOUM CpeaId BBIYHCIMMBIX
YACTUYHBIX apuPpMeTHUecKUX QYyHKIUI.

Joka3aTeqbCcTBO

Obwas uoes.

[lo cytm 3TO oO3Ha4aeT, 4YTO HE CYLIECTBYET AJITOPUTMA, IIO
KOTOPOMY MOJKHO pAacCIO3HATh SIBISAETCS JIM BHIUYMCIHMAs YacTUYHAs
apupMeTndeckas GYHKIUAS BBIYACTAMON aprHPMETHICCKOH (yHKITHCH.
JleficTBUTEIBHO, IS TOTO YTOOBI MOHSATH, siBisieTcst 11 BUAD Bcromy
ONpEIeIEHHON, HaM MPHUIUIOCH OBl  BBIYMCIHTH €€ JUIS  BceX
HaATypallbHBIX YHUCel, 4To, 1o cioBam [.H. [loBapoBa, «mos cuiy JvIib
OCCKOHETHOMY PazyMy».

Cmpocoe doxazamenbcmeo.

1.ITo Teopeme Ilocra (mpuMeHUTENHHO K MHOXecTBaM BA®D wu
BUA®) muO)ecTBO BAD 2ddextrBHO pacmosnaercs B BUAD Torma u
TonbKO Toraa, korna BA® addekruBro nepeuncinmo 1 BHAD\BAD
3¢ (EKTUBHO MTEPEUUCITUMO.

2. llpenmonoxum mpoTtuBHOE. [TycTh BA® MokHO 3¢ (heKTHBHO
pacriozHate B BUA®. Torga BA® s>¢dextuBHO mepedncinmMo, a 310
npotuBopeunT Teopeme 3.1.(3), cornacHo koTopoit BA® s>¢ddexkruBHO
HE TePEYnCITMO.

CrnieoBaresibHO, MCXOJIHOE MPEeNNnojoxkeHue HeBepHO U BAD
3¢ dexTUBHO He pacno3HaBaeMo B MHOkecTBe BUAD, Q.E.D.
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T. 3.3.(5)Teopema Yepua

HeBo3Mo0O:kHO 3((PekTUBHO pacno3HaTb  TOYKH
HeOoIpeJeIeHHOCTH BbIYHCJIUMOI YaCTUYHOI
apupmMeTndyeckoi GyHKIMH.

Joka3aTeabcTrBo

Obwas uoes.

OTO0 03HAYaeT, YTO HE CYLIECTBYET aJrOpUTMa, IO KOTOPOMY IS
npou3BobHOH BUA®D MOXKHO BBIIBUTH BCE TOYKHU HEONPEICICHHOCTH.
JeiicTBUTENBHO, [UIL TOTO 4YTOOBI pacmo3HaTh Jake OIHY TOUKY
HEONPEAEICHHOCTH, HaM Obl IMPULUIOCH JKOAaTh pe3yibraTa paldoThI
aNropuT™Ma BBIUMCIEHHUS (QYHKIHMU CKOJb YTOXHO AOAro (o Tex mop,
1oka He OyJIeT OCUMTAaHO 3HaueHHe (QPyHKIHMH, YETO MOXKET U BOBCE HE
CIIy4HTCS, €CTIM 3TO TOUKA HEOIPEAEIEHHOCTH).

Cmpoeoe doxazamenbcmeso.

1. Iockoneky MHOXecTBO BUA®D n mepeMeHHBIX 3P (HEKTHBHO
nepeunciumo 1o Teopeme 3.2.(2) , TO mepeyUCINM HX:
Ji0xs, -y Xn), o(X1 ooy X), .

2. [TocTpouM AuaroHaIbHYIO (YHKITUIO

, €CITA fr;(X1,...,X,) HE OTPEICIICHA;
g(x;,...,x,,)Z
HE ompejeneHa, eciau fy(Xj,...,X,) OIpeeNeHa.
Bumno, wuwro g(xj,...x,) SABIASETCA YACTHYHOW apu(METHIECKOI
(GyHKITHEH.

3. IIpeanonoxuM NpoTHBHOE, a UMEHHO 4YTO Teopema Uepua He
BEpPHA U CYIIECTBYET alropuT™M 3()(PEKTHBHOTO pacro3HaBaHHs TOYEK
Heomnpenenennoctn BUA®D. Torma g(x,...,x,) CTAHOBHUTCS BBIYHUCIUMOM
YacTUYHOH apudmeTnueckor pyHkuuei, To ectb BUAD.

4. 3nauut, g(xj,...,.X,) MOIDKHA ObLIa MMOMACTh B MEPEUYHCICHHUE
MHOkecTBa BUA®D n nepemenHbIx. OHAKO MO TOCTPOSHHUIO g(Xj,...,X,)
OTJIMYAeTC OT BCEX IMEPCUYMCICHHBIX  (QYHKIUH, 3HAYMT B
MEPEUUCIICHUH €€ HET.

5. lomyunnmu mnpormBopeune. 3HAYHUT, MPEATIOIOKEHUE
HEBEPHO, T.€. HE CYIIECTBYET anroputMa dYH(PEKTUBHOTO pacIIO3HABAHUS
Touek Heomnpeaenennoctdu BUAD, Q.E.D.
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3agaum K riaase 3

YcaoBue pius 3agav 3.1.-3.6.

[TycTe 3amana gactnuHas apudmerndeckas GyHKIUA f(x). MHOXKECTBO
A- e€ oOnactp OmpeneNneHHOCTH, a MHOXecTBo B — e€ obmacts
3HaueHuid. HaliTi xapakTeprctuieckue QyHKIMKM MHOXKECTB A 1 B.

3anaua 3.1.
f(x) =x-15.

3anaua 3.2.
f(x) =2x+5.

3anaua 3.3.
f(x) =3x-5.

3anaua 3.4.
fx)=x-5.

3anaua 3.5.
f(x) =(x-6) / (9-x).

3anaua 3.6
f(x) = 3x+4.

YcaoBue pias 3aaay 3.7.-3.12.
[lycth 3amana ¢yHKIMS f OT OAHOTO WIM JIBYX apTyMEHTOB. Y KaKHUTE
Bce MHOXecTBa (AD, BAD, UAD, BUAD), k KOTOPEIM MPUHAIICIKUAT

¢byHkuus f.

3anaua 3.7.
J(X,y) = -x-1-y.

3anaua 3.8.
f(x,y)=2x-1+3y.
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3anaua 3.9
f(x) =2x+3.

3anaua 3.10
x+4, ecitu MamHa TX HE OCTAaHOBHUTCS HA YHUCTOM JICHTE;

fx)= 1, ecnii OCTaHOBHTCSA 3a EPBBIE 15 TaKTOB;
3x-1, eciu ocTaHOBUTCA MO3Hee 15-0ro Takra.

3agaya 3.11
1, ecniu mammHa TX ocTaHOBUTCH 3a nepBhle 18 TakTOB;
fx) =

x+2, ecn MamHa TX ocTaHOBUTCA mo3aHee 18-oro TakTa.

3anaua 3.12

3x-2y, ecnu X >y;

fx,y)=) y-x, ecm x<y;
(x+y)/2 ecnu x=y.

Ycaosue pis 3aaay 3.13.-3.15.

Jns HekoTopoil wacTHuHOW apudmermueckod (QyHKIMM f(X) 3a7aHbI
MHOXeCTBO A (00JIacTh ONpEeeNeHHOCTH) U MHOXecTBO B (00macTb
3HaueHunit). Halitn amamuthuecknii BUO QYHKIMH  f(X) W 3amaTh
MHOKeCTBa A 1 B ¢ mOMOIIbIO XapaKTepUCTHUECKUX (PYHKIINH.

3anauya 3.13
A: (x>11) N (mod(x,2)=0);
B: N.

3agaya 3.14
A: mod(x,2)=1;
B: y>8.
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naesa 4. PekypcueHble ¢hyHKUyuUU

§ 4.1. Posib pexypcuBHBIX QyHKIMA

3amada TOYHOTO OIPENEeNeHHs MOHATHA aiNropuTtMa ObuLIa
MOJTHOCTRIO pemieHa B 30-x romax XX Beka B JBYX (popmax: Ha OCHOBE
ONMCaHUs aJITOPUTMHUYECKOrO IIpolecca M Ha OCHOBE IOHATHS
PEKYPCUBHOM (PYHKITHH.

[lepBriit moaxon moapoOHO omWcaH B TiaBe | M 3aKIIOYaeTcs B
TOM, 4YTO OBII CKOHCTPYHpPOBaH (OpMaNbHBIA aBTOMAT, CHOCOOHBI
OCYILECTBIISITh ~ OIPAaHMYEHHBIH  HAa0Op  CTPOro  ONPEAEIEHHBIX
3JMIEMEHTAapHBIX omepanuii (MammuHa ThIOPHHTA). AJNTOPUTMOM CTaJH
Ha3pIBaTh KOHEYHYIO IIOCJIEJOBATEIbHOCTh TaKUX oOmnepanuil U
MOCTYJMPOBANIN TPEIJIOKEHHE, YTO JI000H HMHTYWTHBHBIH alrOpUTM
SIBJISIETCSL AITOPUTMOM U B ¢(hOPMYTIMPOBAHHOM BBILIE CMbICTE. TO €CTh
JUIL  KaXJOro ailropuTMa MOXHO TOA00paTh pealu3yIoUlylo ero
MamuHy TeropuHra.

PazButne  9TOM  TEOpMHM  MO3BOJWJIO  CTPOro  JOKaszaTh
AITOPUTMHYECKYIO0 HEPa3peUIMMOCTh pPsila BaKHBIX MaTEMaTHUECKHUX
npobieM. OpHako e€ CyIECTBEHHBIM HEJIOCTATKOM  SIBIISIETCS
HEBO3MOYKHOCTb peallM3allii TaKOil IOJNE3HOW KOHCTPYKLHH, Kak
pexypcusi.

JToro HemocTaTKa JWMIEH APYrod MOAXOA K (opMatu3aluu
MOHATHS aNropuT™a, pas3Butbii ['€nenem m Yépuem. 3pmech Teopus
MIOCTPOEHA Ha OCHOBE INIHMPOKOIO KJIacca TaK Ha3bIBAEMBIX YaCTHYHO
PEKYPCHUBHBIX (DYHKITHA.

3ameuarenieH TOT (akT, 4ro o0a OaHHBIX IOAXOAa, a TAaKKe
Jpyrue Moaxosl (B TOM 4yHciie anroputMsl Mapkosa, MaimuHbl [locta)
MPUBOAT K OJTHOMY M TOMY K€ KJIACCY JITOPUTMHYECKH BBIYHCIHMBIX
¢yukimii.  [losromy  gamee  mpeACTaBIseTCs  [EJIECOO0pa3HBIM
paccMOTpeTh TEOPHUIO YACTUYHO PEKYPCUBHBIX QyHKUUH Uépua, Tak Kak
OHA TO3BOJIAET J0Ka3aTh HE TOJBKO ANTOPUTMHUYECKYIO Pa3pelIMMOCTb
KOHKPETHOM 3aJaud, HO M CYIIECTBOBAHHUE M1 HEE PEKYPCHUBHOTO
anropuTMa.

BaxHo oTMeTHTh, YTO peKypcHs cama IO cebe He SBIseTcs
QNTOPUTMOM, OHA ABISETCS METOAOM MOCTPOEHHUs anropuTMoB. Ee
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OuYeHb YJNOOHO MPHUMEHATh (HO He o0sa3aTenbHO A(H(QEKTHBHO) B TEX
cllydasix, KOTJla MOXXHO BBIJICNUTh CaMONOJO0OHE 3aJla4d, T.e. CBECTH
BBIYKCIICHUE 33/layd HEKOTOPOH pa3sMepHOCTH N K BBIYUCICHHIO
aHAJIOTUYHBIX 33]1a4 MEHbIIIEH pa3MEepHOCTH.

[Ipu »TOM, ecnu momydaeTcst CAeNaTh alrOpuTM 0e3 MPUMEHEHHS
peKypcum, TO, CKOpee BCero, WM H HaJO0 BOCIIOJIb30BaThC.
PexypcuBHbIE BBI30BBI MTOANIPOrPaMM HUMEIOT CBOMCTBO peliaTh OAHY U
Ty K€ 3a/1a4y OecunCIeHHOE KOJIMYECTBO pa3 (BO BPEMs IIOBTOPOB), UTO
3HAYUTEIHHO CKa3bIBAETCS HA BPEMEHH.

Kpowme Ttoro, pexypcuBHble (QYHKIUU OUeHb omacHbl. HecMmoTps
Ha TO, YTO CYIIECTBYET MHOXKECTBO 3a/1a4, Ha PEIICHUE KOTOPHIX IPSIMO
HamnpaluBaeTcs peKypcus, He CTOMT cpa3y ke OpocaThbCs
pean30BbIBaTh PEKYPCUBHBIE BHI30BHI. BIOIHE BEpOSTHO, YTO BCE 3TO
obepHercss 10O OONBIIMMHM W  HEONPABJAHHBIMH  PacxoJaMH
OTIePATHBHON MaMATH, THO0 OyneT OYeHb MEIJIEHHO PadoTaTh.

[Iupokwmii Kjacc 4acTUYHO-PEKYPCHUBHBIX (YHKIMHA, Kak OyaeT
MOKa3aHo Jajiee, MOXKHO JI€TAIU3UPOBaTh, CTPOTO BBIACIUB JOBOJIBHO
UHTEpECHBIE 110 CBOMM CBOWCTBAaM  IOJAKJIACChl NPUMHUTHBHO-
PEKypCUBHBIX W oOmiepeKkypcuBHBIX (yHKiuil. I'mmoreza Yepua (o
TOXJCCTBEHHOCTH KJiacCca OOIIePeKYPCUBHBIX (YHKIMI U Kiacca
BCIOJTy OTpEAENICHHBIX BBIYMCIUMBIX (YHKIWA) U rumoTe3a KimHu (o
TOXKJECTBEHHOCTH KJIacCa  YaCTUYHBIX (YyHKIUH, BBIYHCISEMBIX
MOCPEICTBOM aJITOPUTMOB, U KJIaCcCa YaCTHYHO-PEKYPCUBHBIX (PYHKIINHA)
XOTS U SIBIISIFOTCS. HEJIOKa3yeMbBIMH, TTO3BOJIIIIN TPUAATE HEOOXOAUMYIO
TOYHOCTHb (OPMYJIHPOBKAM aJTOPUTMHYECKAX TIPoOIIeM W B pAle
CIIy4aeB CZeNaTh BO3MOYKHBIM JI0Ka3aTENbCTBO UX HEPA3pPEIIUMOCTH.

§ 4.2. [IpuMUTHBHO-pPEeKYPCHBHBIE (PYHKIIUH

Kracc mpuMUTHBHO-pEKYPCUBHBIX (DYHKIIHIA OTPEACIIAETCS MyTeM
yKa3aHHS KOHKPETHBIX HCXOMHBIX (yHKIMH (OHH HA3BIBAIOTCS
0a3WCHBEIMH) W (DPUKCHPOBAHHOTO MHOKECTBA OIepaIluii HaJ HUMH,
MPUMEHSIEMBIX JIJIS IOJTYYCHUS HOBBIX (DYHKIUI U3 paHee 3aJaHHbIX.

B kauectBe 0a3zucHBIX (QYHKIHN OOBIYHO OEpYyTCS CIICIYIOIIUE
pocTerIe QyHKITHH:

e  (yHnkIuA caenoBaHMSA;
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e (¢yHKUuSA ToxknecTBa (PYHKUMS NOPOCKIWH, WIH (QYHKIHS
BBIOOpa apryMEHTOB);
¢ (yHKIUS KOHCTAHTBI.
JonycTUMBIMK ~ OllepaiisiIMi ~ HaJl (QYHKUUSMH  SIBJISIFOTCS
oTepaluy CyNneprno3nnuu (MoJCTaHOBKH) U IPUMHUTHUBHON PEKYPCHH.

Yacmuunas apugmemuyecxkas @yukyus f Hazvieaemcs
RPUMUMUBHO-PEKYPCUBHOIL, eCiU OHA MOJICem Oblmb NONYYeHa
us npocmetiwux ¢gynxkyutt C;", S, U," komeunvim uuciom
onepayuili NOOCMAHOBKU U NPUMUMUGHOU peKypcuu  (m.e.
3adana 6 bazuce Kiunu).

Takum obpazom, 6aszuc Kiunu COCTOWT U3:
e Tpex MPOCTHIX PYHKLUI;
e JIByX pa3pelICHHBIX ONepanuil.
PaccmoTpumM cHaudana QyHKITHH:

1) dynkuus caemoanmsi:  S(x) = x' = x+1, Toe X’ — 4HcIoO,
HETIOCPEICTBEHHO CJIEAYIOUIee 3a HaTypalbHBIM yucioM X. Hampumep,
0=1,1"=2,...u1.0,;

2) ¢yskums — toxmectBa:  U'(X,..Xx,)=Xx,, roe n —

KOJIMYECTBO TIEPEMEHHBIX, a 1 — HOMEp MEpPEeMEHHOW, IO KOTOPOH
Oepetcs ToxaecTBO. DYHKIMS TOKIACCTBA — (DYHKIIMS, PaBHAS OJHOMY

u3 cBoux aprymentos. Hampuwmep, U (X, y,2) =y ;
3) dyuxuus womcrantei: C/(X,...,X,) =¢, L€ n — YKCIO

MEpEMEHHBIX,  — 3HA4YeHUe, KOTOpoe MpuHUMaeT QyHKuus. OyHKIUs
KOHCTaHTa MpUHHMMaeT BCIOQY OAHO 3HaueHwe. Hampumep,
C,*(16,9,10)=2.

Hanee paccMoTpuM onepanuu.

1. Onepanus npuMUTHBHON pekypcnu R.

Ecnun MBI nmeeM QyHKIMIO OJHOH HepeMEeHHOH f(X), TO cxema
PEKypCHH Ha3bIBaeTCs «peKypcus 0e3 mapaMeTpoB» U 3a/JaeTcs
CHUCTEMOH ypaBHEHUI:

f0)=q

&) =x(f ), %)

OyHKUWA, 33JaHHAs TAaKUMH ypPaBHEHHUSMH, KpaTKO 3aJaeTcs
cxemoii Buna Ry (7 ). Ilockonbky Bu cucteMsl ypaBHEHHH (M cOCO0
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3aJaHusl TPEeX Pa3pelieHHBIX (DYHKIMH) CTPOro OmpeAesieH, TO cxXema
SIBIISETCSI OJJHO3HAYHOM.

Ecru wMbl  wMeeM  (QYHKUMIO HECKOJNBKHX  IMEPEMEHHBIX
f(x1,X3...,x,), TO CXeMa PEKYpPCHM Ha3bIBAE€TCS «PEKYypCUs ¢
napaMeTpaMu» U 3aJ1aeTcsl CHCTEMOH ypaBHEHUI:

O, x35...,x,) =W (X2, Xn)

f(x'b X2yeees xn) =X (f(xb-“’ xn), Xlyeoos xn)

OyHKIMS, 3aJaHHAs] TAaKUMH YPaBHEHUSMH, KpaTKO 3a7aercs
cxemoii Buza R" (W, %)

2. Onepanys NOACTAHOBKH (Cynepno3uuuu) S.

IIycte 3amaHbl m Kakux MO0 YaCTHYHBIX apU(PMETHUECKHX
¢byHkuuit fi, fo...fy OT OJHOTO M TOTO K€ YWCIA N TEPEMEHHBIX,
ONpEAEICHHBIX Ha MHOXKECTBE A CO 3HAa4YE€HUSAIMH B MHOXKecTBe B.
Ilycte Ha w™HOXecTBe B 3amanma wactmuHas ¢yHkmms P ot n
MepPEeMEHHBIX, 3HAYEHHsI KOTOPOH mpuHajuiexar MHoxkecTBy C. Benem
Teneph YacTUYHYI0 (DYHKIHUIO g OT N TIePEeMEHHBIX, ONpEACIeHHYIO Ha
A co 3HaueHusiMH B C, mosarasi 10 ONPEIENIEHUIO Ul MPOU3BOJIBHBIX
X1geeeoX p.

g(xb---’ xn) =@ (fl (xb---: xn)’.ﬁ (xb"-: xn)’"-;fm (xb-'-y xn))

T'oBopsT, uro hyHKIMS g MOTydaeTcsl onepauueii cyneprno3unuu
WJIH TIOICTAHOBKY U3 DYHKUUH fi, fo,...,fm. OO03HaUACTCS 3TA Omeparus
OykBOH S ¢ OBYyMs MHIAEKCAMHU: BEPXHHUIl (N) MOKa3bIBAET OT CKOJIBKUX
MEPEMEHHBIX 3aBUCST BHYTPEHHHE (QYHKUUH f; (Xiy.e..y X ), @ HIDKHHHA
(m) — xomm4ecTBO caMuX (PYHKIUH fi, f2yesfon

E(X1yeees X 1) =S 0 (Dy f1s [rseees [ ),
ITpu sToM QyHKIMsS @ TMpU MOJCYETe BHYTPCHHHUX (DYHKIUH HE
YYHTHIBACTCA.

§ 4.3. YacTu4HO pekypcuBHBIe (PyHKIHMH

Krnacc yacTHYHO-pEKYpCHUBHBIX (YHKIHUI OIpeaernsieTcss MyTeM
yKa3aHUg KOHKPETHBIX HMCXOAHBIX (QYHKUMH UM (QUKCHPOBAHHOTO
MHOJKECTBA OTepaInii MOyYeHNs HOBBIX (DYHKITHIT U3 paHee 3aJaHHbBIX.

B kauecTBe 0a3uCHBIX GYHKIMNA 00BIYHO OepyTCs ClEayOIIHUE:

e (ynkIuA cAeno0BaHMSA;
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e (¢yHKUuSA ToxknecTBa (PYHKUMS NOPOCKIWH, WIH (QYHKIHS
BBIOOpa apryMEHTOB);
e (GYHKUIUS KOHCTAHTHI.
JlonyCcTUMBIMH  OTlepanusiMi  HaJl (QYHKIHSAMH SIBISIOTCS OTEPaIluy
cynepno3uuuy  (IOJACTaHOBKM),  IPUMUTHBHOH  pEKypcUHM U
MUHUMHU3ALHH.

DyHKYUs HA3LIBAEMCS YACHUYHO-DEKYPCUBHOI, eClu
ona modxcem 6vims noayuena uz npocmenwux gynkyuti C;", S,
U," Koneunvim uuciom onepayuii NOOCMAHOBKU, NPUMUMUEHOT
PEKypCUl U MUHUMU3AYUY (M.e. 3a0aHA 8 PACUUPEHHOM ba3uce
Knunu).

Taxum o0pazoM, pacuiupennwtii 6azuc Knunu COCTOUT H3:
® Tpex MpOCThIX (YHKIWH (@aHAIOTWYHBI CTAaHAAPTHOMY Oasucy
Knunn);
e Tpex paspelleHHBbIX omnepanuil (IBe W3 HUX aHAJIOTMYHBI
cTangapTHOMy Oasucy KimHu, TpeTbs Has3pIBaeTcsi omepanuei
MHHHMH3AITAN ).

OnepaTop MUHUMM3ALUHT

IIycte wumeercss  QyHKITHSA flxy,...x,), TIpUHAIITISKATITAS
MHOXECTBY 4acTW4HbIX apupmermyeckux ¢ynkuuii (HAD). Ilycts
CYIIECTBYET KaKOW TO MEXaHU3M €€ BBIYUCIICHUS, MPUYEM 3HAuCHHUE
(YHKIIMH HE ONpeeNIeHO TOT/Ia M TOJBKO TOT/Ia, KOT/Ia 3TOT MEXaHU3M
pabotaer OecKkOHEYHO, HE BbIAaBas HHUKAKOTO OIPEAETICHHOTO
pesyJbTarta.

OukcupyeM Kakne-HHOYyIb 3HAYCHHS Xj,......,X, ; U TIEPBBIX n-1
apryMeHTOB (YHKIHH f M pACCMOTPYM ypaBHEHHE:

Sty Xn 1Y) =Xy
UroObl HaliTH penieHue ) (HATypajdbHOE) 3TOT0 ypaBHEHUs, Oylem
BBIUYMCIIATH IPU  TMOMONIIM  YKa3aHHOro  Bbllle  '"MexaHu3Mma"
MOCIeI0BaTeNbHO 3HAYeHU f(X,,...,. X, 1,y) Wit y=0,1,2,... Haumensiee
3HaYeHHWe a, JUIA KOTOPOTO MOJy4HuTcs f(xj,...X,.;,a)=x,, OOO3HAYNM
yepes

,Lly(f()f], .. -;xn-by) :xn)
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OnucaHHbI OpoLECC HAXOXKAEHHS BBIPAKEHUS L, (f(X),..., X,
1,Y)=x,) OyIeT MpoNoIIKaTECA OECKOHETHO B CISAYIOMINX CITydasX:

e 3Havenwue f(xj,.....,X,.;,()) He OIPENEICHO;

o 3naueHus f(xj,.....,X,.,y) mas y=0,1,..,a-1 ompenencHsl, HO
OTJIUYHEI OT X,,, @ 3HAYCHHUE f(X},.....,X,.;,d) — HE ONPENICIICHO;

e 3HaueHus f(Xy,.....,X,.;,}) OmpeAencHsl s Bcex y=0,1,2,.. u
OTIIMYHBI OT X,,.

Bo Bcex 3TuX ciydasx 3Ha4E€HHE BBIPAKEHUS L, (f(X1,...,Xp-1,)) =Xn)
CUMTAETCS] HEOINpENeJICHHBIM. B OCTaNbHBIX CIydasxX ONHCAHHBIN
mporecc oOphIBaeTCS W JaeT HauMEHbIee pElIeHue y=a ypaBHEHWUs
Sty X, y)=X,. DTO pelleHne, KaK CKa3aHo, W OyaeT 3HaueHUEM
BBIPAKEHHS Ly(f(X ..., X0-1,1) =Xy).

Hanpumep, mis dyHKunu pazHocTH f(X,))=x-y B COOTBETCTBHH C
YKa3aHHBIM CMBICIIOM CHMBOJIA L, IJIsl BCEX X,y UMEEM:

J%.y)=x-y=pw(v+2=x)

Ioncuer 3HavyeHuit QyHKOMM f(X,y)=Xx-y B ITOM ciydae Oyzaer
MPOXOJIUTH MO ABYM CLIEHAPHSIM.

Ilpumep I: Tlycts x=5, y=3. IlocnenoBarenbHo, HauuHas ¢ z=0,
nepedupaeM BO3MOKHBIC 3HAUCHUS TSI HAXOXKICHUS [, (V+Z=X):

e 1pu z=0 momyunm BeIpaxkeHue 3+0=5, ero 3Ha4eHUE «IOKb;

e 1pu z=1 momydnM BeIpakeHue 3+1=5, ero 3Ha4eHUE «IOXKb;

® TIpu z=2 MOJyYWM BBIpaXKeHHE 31+2=5, ero 3HaUeHUE CHCTHUHA,
CIIEIOBATENBLHO, MPOLECC OOPBIBAETCS, U TOIy4aeM pe3yJIbTar:
W(3+z=5)=2.

Takum o0pa3zom, He yMmed NPOU3BOAWUTH OMNEPAIUIO BBIYUTAS
(koTopast orcyTrcTByeT B Oasuce KimHM), MBI CMOTJH ITOCYHTATh
3HaYeHHE YaCTUYHOW GYHKIMH f{(X,y)=Xx-y HOIs JOBYX 3aJaHHBIX
3HAYEHUN apryMeHTOB.

Ipumep 2: Ilyctp x=3, y=5. IlocnenoBatensHo, HaunHasg ¢ z=0,
nepedupaeM BO3MOXKHbBIE 3HAYCHUS TSI HAXOKACHUS [, (Y +2=X):

e 1pu z=0 nmonyyum BeipaxkeHue 5+0=3, ero 3HaYCHUE «IOKbY;
e 1pu z=I noxy4yum BeIpaxkeHue 5+1=3, ero 3HaYCHUE «IOKbY;
e  [pu z=2 MOJYYUM BbIpaxkeHUe 5+2=3, ero 3HaYCHUE «JIOKbY;

U TJ. — T.e. TPH YBEIUYECHUH Z CHUTyalus, MPH KOTOPOI
BbIpaXeHne JS+z=3 OyneT HUMeTh 3HaueHHEe «UCTHUHA», TaK U He
HACTYNHT, a 3HAYUT 3HaueHHe (QYHKUUM [ (5+z=3) Tak ¥ He Oyner
HalEHO.
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[Mpumep 2 — 3TO WILIOCTpaIs Ciaydas, IPU KOTOPOM OIepaTop
MUHUMH3AIMK HE JaeT pe3yjbTara HMMEHHO TOTr[a, KOrJa TaKoi
pe3ysIbTaT HE MOXKET OBITh MOJIYYCH B MPUHIIUIIE, IO TOW MPUYUHE, YTO
B 33JJaHHOH TOYKE (PYHKIHS JCHCTBUTENBHO HE ONpeIeieHa.

OTO TpeTtuil ciaydail, B KOTOPOM IIPOILIECC TOUCKA BBIPAXKEHHUS
W(f(X1,....%Xn-1,Y)=X,) TIPOJIOTKAETCH OECKOHEYHO.

Hamporus, 3Hauenue BbIpakeHHs wu,((y+1)(y-(x+1))=0) =He
OTIpeIeNICHO, TaK Kak yxe mpu y=0 3HadeHue tepma [-(0-(x+1)) nns
mo0oro X He onpeneneHo. B To xe Bpems ypaBHenue (y+1)(y-(x+1))=0
uMeeT peuieHne y=x+/, HO OHO HE COBNAJaeT CO 3HAYCHUEM
BBIpaXKEHUS 1, ((v+1)(v-(x+1))=0).

OTOT TpuMep TOKa3bIBae€T, YTO [UISI YACTUYHBIX (YHKITHHA
S(x1,.c..Xnp,y) BBIpAKEHUE Uy (f(X),...,X-1,Y)) =X,), CTPOrO TOBOPSI, HE ECTh
HaMMEHbILIee PelIeHUe YPaBHEHHUS f(X,.....,. X, 1, ) =X, Ecin xe QpyHKIMA
f(x1eccsX,y)  BCIOIY OTIpENENICHHAs W YPaBHEHUE f(X,....., X, 1, V) =Xy
UMEET PEMIEHHUs, TO L,(f(X},...,X,-1,))=X,) €CTh HAUMEHBILIEE PELICHHUE JUIs
aToro ypaHeHus. OTciofa BO3HHKAaeT 3aKOHOMEPHOE >KENaHHhe
UCTIONB30BaTh TMOJ ONEPaTopoM MHUHHMH3AIHUHA TOIBKO  BCIOIY
onpeaencHuble QyHkuud. Hawnmydmmid crnoco® yOeauThCs B TOM, 4TO
(GYHKIMSI BCIOJY OIpEJeNieHa, — UCIOIb30BaTh 3aBEAOMO PUMUTHBHO
peKypcuBHbIe QYHKIMU (WM (QYHKIUH, TPUMUTHBHAS PEKYPCHUBHOCTh
KOTOPBIX YK€ JJOKa3aHa paHee WIIM BBITEKAaeT W3 CIocoba WX 3a/aHus).
B atom ciywae 3Hauenus f(xj,.....,x,) OyJAeT HEONPEIEICHHO TOJIHKO B
OIHOM W3 TpeX Ciy4yaeB, a HMMEHHO €CId 3Ha4YeHHs f(Xj,.....,X,..,))
ompezaeneHsl anga Bcex y=0,1,2,... W OTIAWYHBI OT X,. g 3TOro
uMeronIyocs (GyHKIUI0 HYHO IpeoOpa3oBaTh TaKuM 00pa3oM (IyTem
MEPEeHOCA CIaraeMbIX, YMHOXKEHHUs 00euX YacTel, u T.1. ), 4ToObl 0 00¢
CTOPOHBI PaBEHCTBA CTOSUIM TPUMUTHUBHO PEKYpPCHBHBIE (a 3HAYUT
BCIOJTy OTIpe/ieJIeHHbIe) BhIpaKeHUs. B o0mieM Buze, 1Moja omneparopom
MUHUMH3AIMA TIOJYYUM HEKOE PEKYpCHUBHOE YpaBHCHHE, YaCTH
KOTOPOTO 3aBUCAT OT MEPEMEHHBIX (Xj,.....,X,.;,Xp,)). DTO ypaBHEHHE
MPUHAMAET 3HAYCHHE «HCTHHA» WIH IOXKB» TPU TMOCIEIOBATENHHO
BBIOMpAEMbIX 3HAYCHHSX ITapameTpa y.

Ipumep 1. Hurne veonpenenennas pyuxuus f(x)=-x—1.
[TocTponM pekypcHBHOE ypaBHEHUE:

S(@) = 41, (z+x+1=0)
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Pesynprar onepanyu MHHUMHU3AIMU HE ONpPEIETCH HaKe ISl TOYKH
x=0.

Tpumep 2. ®yHKUWs, ONPe/IeNeHHas B OMHOU Touke, f(X)=—Xx.
[TocTponM peKypcuBHOE ypaBHEHHE:

J(x) =4, (z+x=0)

Pe3ynbrar onepanud MUHUMHU3AIUH OTPEISIICH TOIBKO JUTS TOYKH X=0,
IPU OCTAJbHBIX 3HAYCHUSX X BBIUYUCICHUE (110J00p HY)KHOTO 3HAUCHHS
Z) HUKOT'Z1a He OyAeT 3aKOHYEHO.

3HaueHue Olepalui MUHHMHU3ALUH, NMPHUMEHEHHOe K (YHKIHH
f(x,y), MoxHO 3anmcaTh Kak Mf (x,).

OnepaTop MHUHMMHM3ALMH s (QYHKIWI __OJHOI _1NepeMeHHOi
(oOpamenne GpyHKumii)

IIpencrasnsieT UHTEpeC YaCTHBIMA Cilydaid PUMEHEHUs ONepaluu
MHUHAMH3AIUN — QYHKIHA OAHOW TepeMeHHOU. Torma Bmecto Mf(x)
ucrnonk3yercs 3amuch f'(x). B stom cayuae f (x)=1,(f(y)=x)
Ha3bIBaeTcs oOpaieHueM GyHKuu f(x).

Ilpumep 1. Jlns 3HakoBoil (yHKIMH sg(x) oOpamenue Oymer
BBITJIAZIETH CIIETYIONTUM 00pa3oMm:

x opu x=0,1;
sg” () = w(fy)=x) ={

HE OMpeaeseHa mpu x> /.

Ipumep 2. JIna pyHKoum cnenoBaHus s(x) oOpaiieHue Oyner
BBITJIAIETE CIIEIYIONTUM 00pa3oMm:

x-1 ipu x>0,
1) = wlfy)=x) = {

He omnpenaesieHa npu x=0.
Te3suc UYepua. Kracc ancopummuyecku (Ui MAuUHHO)
BLIYUCTUMBIX — HACMUYHBIX — apupmemuyeckux  QyuKyuil

cognadaem ¢ KIacCcoM 8Cex HaCMUYHO PeKyPCUBHBIX (YHKYUIL.

WNupiME  cnioBamu, yacTuyHas apudmMerndeckas QyHKIHA,
BBEIYHCIIIMAs B OOIIEM CMBICIE, €CTh CYTh UYaCTUYHO PEKypCHBHAS
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¢ynkuus (puc. 4.1.). D10 He cTporoe ompeneleHHe, 3TO BHIBOJ Ha
ypoBHE Te3uca (He JOKa3aHHOE, HO M HE ONPOBEPTHYTOE YTBEPKICHHE).

BUAD (—)

Puc. 4.1. DxBuBaneHTHOCTH KiaccoB Qynkiuii BUHAD u YPD

Wraxk, mist Toro 9To0BI 331aTh YaCTHYHO-PEKYPCUBHYIO (YHKIIHIO
B BHJIC 2JICMEHTAPHOMN CXEMBI €€ BBIYHCIICHUS, HEOOX0UMO PacIIUPHUTh
BBEJICHHBIN paHee Oa3uc KnnHM 3a cyeT mosBIeHHsI HOBOW Olepaniy —
oTieparii MUHUMHU3aIuH. 371eCh BAXKHO TIOHUMATh, YTO B PACIIMPEHHOM
0aszuce KnuHM B UTOTe MOTYT OKa3aThCs 3aJIaHbI TAK)KE U IPUMHUTHBHO-
PEKypCHBHBIE QYHKIIMH — HO IJIsl IPUMUTHBHO-PEKYPCUBHBIX (YHKIUH
UCIIOJIB30BaHKE 3TOTO OIIEPaTOPa, IO CYTH, SIBISETCS U30BITOUHBIM.

Ilpumep 1. PaccMOTpUM BCIOAY OIpeAeNeHHyo (QyHKINIO
f(x)=x+8. [Toctpoum PEKypCUBHOE ypaBHEHHE:

f(x)=p,(x+8=2z). HecMoTpst Ha TO, YTO B JAHHOM OINpPEICICHHN

¢GyHKIMH f(X) TPUCYTCTBYET ONEpPaTOp MUHUMH3AINH, caMa (YHKIHS
MPUMHUTHBHO-PEKYPCUBHA, €€ MOXKHO BBIpa3uTh W 0€3 JTaHHOTO
omeparopa B BUIC OOBIYHON CXEMBI

f(x)=x+8.
f(0)=0+8=38
() =x+14+8=(x+8)+1=(x+8)'=[f(0)]'=S(f(x)) =
= S(UL(f(x),x)) = S(U) = S{(S,U})

f(x)=Rs (S'(S,U))
§ 4.4. O6mepexypcuBHbIe PyHKOHHI

Oneparuss MHHAMHU3AllMW, BBEJIEHHAas paHee, CTaBUT B
COOTBETCTBHE JIFO00H 3a/JaHHOM (QYHKIUH f ONPEJCTCHHYI0 YaCTHIHYIO
¢yukiuio Mf. Beemem eme OAHY OIEpanyioo, KOTOpYK Oyaem
0003HaYaTh CUMBOJIOM M, 'f 1 Ha3BIBaTh C1a00i MUHIMH3AIHEIH.
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Io onpenenenuto monoxum Mf = Mf, ecnu pyuxius Mf Bcromy
oIIpezeNeHa.

Yacmuunas apugpmemuyeckas Gynkyus [ Hazvleaemcs
00WEePeKypPCUGHOL, eciu oHa Modcen Oblmb NOLYHEeHA U3 U3
npocmeiwux gynxyuir C,", S, U," koneunvim uuciom onepayuil
NOOCMAHOBKY, — NPUMUMUGHOU  peKypcuu U  c1abou
MUHUMUZAYULL.

Tak kak omnepauuy IMOJACTAHOBKU, NPUMUTHUBHON DPEKYpCUU H
c1aboif MHHHMH3AIlMW, BBHINIOJHEHHBIE HAJl BCIOJIy OIPEACICHHBIMHU
GyHKIUAMHA, THOO HUYETO HE JAf0T, JIMOO JTaf0T CHOBA (YHKITHH, BCIOTY
OmnpesieNicHHbIE, TO BCE OOINEPEKYpPCHBHbIE  (YHKIMH  BCHOIY
oTnpeseNeHHBIE.

C npyroil CTOpPOHBI, €CIIM pPE3yJbTaT OIepalluu  CIa0ou
MUHHMU3AIMHA TOJYYEH, TO OH COBMAJAeT C PE3yJIbTaTOM OOBIYHOM
MuHHMU3aud. [losToMy Bce oOuiepexypcuBHBIE (QYHKIHMU SBISIOTCS
BCIOJly  ONpENCIICHHBIMH  YaCTUYHO-PEKYPCUBHBIMU  (DYHKITUSMHU.
OOpaTHOe TOXX€ BEpHO: KaxKgas BCIOAY OIpEeTeHHas YaCTUYHO-
peKypcuBHas QyHKIHS SBISIETCS OOIIEPEKYPCUBHOM (3TO yTBEPKICHUE,
BOOOIIIe TOBOPS, TpeOyeT J0Ka3aTenbCTBa, KOTOPOE B JAaHHON KHHUTE HE
paccMaTpUBaETCs).

OPCD

Puc. 4.2. OTHOIIEHHS MEXY KITacCaMu PeKypCUBHBIX (YHKLIUI

YPd

CormacHo ompeneneHuro, Kaxkaas NPUMUTHBHO-PEKYPCHBHAs
¢GyHKIHS ABIseTCs 00mepeKypcuBHON. Kitacchl peKypCHBHBIX (GYHKIUN
otoOpaxkeHHI Ha puc. 4.2.

CormacHo Ttesucy UYepua, Kjacc BCIOLY  OIPEICICHHO
BBIYMCIIMBIX YHCJIOBBIX (DYHKIWH Takke OyAeT COBMANaTh C KIacCOM
o01IepeKypCUBHBIX QyHKIUH (puc. 4.3.).
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Puc.4.3. DxBuBaneHTHOCTH KiaccoB pyHKIuit BA® u OPD
§ 4.5. 3aganue pekypcuBHBIX QpyHKIUIA

4.5.1. 3ananme pekypcHBHbIX (YHKOMI NpH TOMOIIH
CHCTEMbI YPABHEHUH

B ob6mem ciryuae pekypcHeii Ha3pIBacTCsl TaKOH CIIOCO0 3aaHUS
GYHKIUHM, TpU KOTOPOM 3HAUCHHS OMNpPENeNIieMONd (QYHKIMH st
NPOM3BOJIBHBIX 3HAYEHWH apryMEHTOB BBIP@KAIOTCS HW3BECTHBIM
o0pa3oM uyepe3 3HAueHHUs ompeaensieMold (YHKUUU JUIsI MEHBIIUX
3HAYEHHUH apryMEHTOB.

Paccmotpum paBeHcTBO f(x)=g(x), rae f(x) u g(x) HeKoTopbIe
¢ynkunu. Korga roBopsiT, 4To 3TO paBEeHCTBO €CTh YpaBHEHHE, TO 3TO
03Ha4yaeT, YTO PABEHCTBO pAcCMAaTPUBACTCA KaK HEOIPEICICHHOE
BBICKAa3bIBaHWE, TIPH OJHUX 3HAYCHUSX X HUCTUHHOE, MPH JPYTUX
JIOKHOE.

IIpousBonbHas cHUCTEMa PEKYPCHBHBIX YpaBHEHUH 3a7aeT
YaCTUYHO — peKypcuBHyr QyHkumoo. Ecmu panHas QyHkums
ompejesieHa Ha BCEM MHOXECTBE HATypaJIbHBIX YHCEI, TO OHa Oyner
oouwepexypcuenoii. Taxxe BepHO Apyroe yTBepxkjaeHue. DyHKIUSA
ABJISIETCSl OOLEPEKYPCUBHOM, €CIIM OHA onpedeseHa TIOCPEACTBOM psaa
YpaBHEHUH HEKOTOPOTO THIIA.

3aTpyAHEHHE BBI3BAHO TEM, YTO IPOCMOTP Habopa ypaBHEHHI
00bIYHO He yOeXmaeT Hac B TOM, YTO 3TH YPaBHEHHUS ‘‘ONpeneisior”
Kakyto-mibo ¢yHkuuio Booduie. Korga roopurcs “GyHKUus”, 0ObIYHO
MOHUMAETCS TMOA 3THM “IPaBHIIO, KOTOPOE KaKIOMY 3HAUECHHUIO (WM
HaboOpy W3 7 3HAYEHW, eclii MBI MMeeM (YHKIHMIO 7 TEPEeMEHHBIX)
CTaBUT B COOTBETCTBUE pe3yJbTHpyloliee 3HaueHue . Ho B oOuiem
ClIy4ae CUCTEMa ypaBHEHHI HE BCETa JaeT ONPEEIEHHOE 3HaUECHHUE.
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Hanpumep, cuctema ypaBHEHMI:

D(x) +3x=f(x);

S+ D=f)+2;

N0)=3
3amaeT HekoTopyro ¢(yHkmmio @(x). OaHako OTBETHTH Ha BOIPOC,
onpedensiem W JaHHAas cucTeMa STy QyHKIu0 @ B oldmieM ciydae
HEBO3MOKHO. B JaHHOM KOHKPETHOM Cily4yae TaKye€ BBIBOABI OYEBHJIHO
MOJKHO CJeNlaTh Ha OCHOBE OOBIYHOTO IOJCYETa 3HAYCHWH W HAIIAX
HaONIOCHWI KacaTenbHO TMOBEACHUS (YHKIIMHM TIPH  pOCTE €e
aprymenTa. Pe3ynbTaThl pacyeToB MpeacTaBiIeHbl B Ta0I. 4.1.

Tabanma 4. 1. [loBenenne QyHKIHUN IpU POCTE €€ apryMeHTa.

X = | YpaBHeHue ftx) YpaBHeHHE D(x)

0 £0)=3 @(0)+0=3 D(0)=3

1 f0+1)=f(0)+2=3+2=5 | f{(1)=5 D(1)+3*1=5 | d(1)=2

2 | f(+D)=f1)+2=5+2=7 | f(2)=7 D2)+3*2=7 | @2)=1

3 fRe+D)=12)+2=7+2=9 | f(3)=9 D(3)+3*3=9 | @(3)=0

4 | fBHD)=/(3)+2=9+2=11 | f(4)=11 | D(4)+3*4=11 (()DH(;ZH He

W3 tabnuibl BUAHO, YTO JUIs 3HAYEHHNW X=4 M BBIIIE 3HAYEHUE
¢yukiuun @ He omnpeneneno. CrenosarenbHo, (QyHknus D(x) —
YaCTUYHO-PEKYPCUBHAS (YHKIIHSL.

Taxum 00pazoM, BIOJTHE AOITYCTHUMOM SBIISICTCS CHUTYaIlMsl, KOTIa
IUIST HEKOTOPBIX (MM Jaxe ISl BCeX) TOYEK 3HadeHHe (DYHKIMH He
ONpEACNICHO — CUMTACTCSA, YTO B ITHX TOYKax camMa (yHKIUS HE
ompejeneHa. JTO sBJEHHWE BechMa XapakTepHo. I[loatomy, nenas
MIPEAMOJI0KEHNE, YTO CHCTEMa YpPaBHEHUHN JIEHCTBUTEIHHO OIMpEaeiseT
001IepEeKyPCUBHY IO (GyHKIHIO, HYKHO BCETAa MPOSIBIATH
0CTOPOXXHOCTh. OOBIYHO TpeOyeTCs AOMOTHUTEIHHOE TOKA3aTEebCTBO
3TOr0 MOJIOKEHUSI, HAPUMEpP, B BHUJE WHAYKTUBHOI'O JOKA3aTEIbCTBA
TOTO, YTO IS KQXKIOTO 3HAUCHHS apryMEHTa BBHIYHCICHUE 3aBEPIIacTCs
BBIJaUel eTMHCTBEHHOTO 3HAUCHMS.

Hanpumep, cuctema ypaBHEeHUM

D(x) +x=f(x);

S+ D=f)+2;

S0)=3
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3amaer QyHKIUIO @(X), KOTOpas, KaKk BHJIHO W3 TaONHIBI HAIIAX
HaAOII0ICHNIA KacaTeNbHO MOBEACHN (DYHKITUH IPU POCTE €€ apryMeHTa
(trabm. 4.2.), oxaseiBaeTcs 6ciody onpejeneHHod. HeoOxomumo
o0paruth 0co00O€ BHUMaHHE Ha TO, YTO TaKOW BBIBOJ MBI MOMKET
cAenaTh TOJIBKO MPH PaCCMOTPEHUH KOHKPETHOW 33/laHHON (DYHKIINH, B
obmeM e ciydae, Kak OyneT IOKa3aHO IO37HEE, HEBO3MOXKHO
OpUAyMaTh aJIrOpPUTM, KOTOpPHIi Ha OCHOBE aHajlh3a CHUCTEMBI
PEKypCUBHBIX ypaBHEHHH HEKOTOPOTO THIIA CMOXET OTBETUTh Ha
BOIIPOC O MPUHAJIEKHOCTH (PYHKIHH K KJIACCy OOIIEPEKyPCHBHBIX.

B nmanHOM cnywae BbluMCieHHe 3HaueHHs (GYHKUMH D(x) naer
clenyroIme pe3ynbTatsl (Tadm. 4.2):

Tabnnma 4.2. IloBenenne GyHKIMH IPH POCTE €€ apTyMEHTa.

YpaBHeHue fx) YpaBHeHUE D(x)

f0)=3 | o0)+0=3 | ®0)=3

f0+1)=f0)+2=3+2=5 | fi)=5 | o)+ 1=5 | o(1)=4

fI+D)=f)+2=5+2=7 | f2)=7 | @)+ 2=7 | ®2)=5

fe+D)=f2)+2=7+2=9 | f3)=9 | ®3)+3=9 | ®(3)=6

AW~ |O|R

f3+1)=f(3)12=9+2=11 | fl)=11 | ®A)+4=11 | O4)=7

OdeBHIHO, YTO pa3HHUIA MEXIy 3HaueHHeM QYHKIHU f(X) U
COOCTBEHHO 3HAu€HHEM apryMeHTa X C POCTOM apryMeHTa TOJBbKO
YBEIMUMBAETCS, a 3HAYUT ypaBHeHue @(x) +x=f(x) Bcerma Oyner
MMETh COUHCTBEHHOE pemieHue. Takum oOpasoMm, ¢yHKIHI D(x) —
obuiepekypcuBHast QyHKIIHS.

Cucrema ypaBHEHUII MOKeT OBITh 3aJaHa uepe3 Oa3uUCHBIE
omepauuy B BUIE cxeMbl pekypcuu. Hampumep, paccMoTpum cucremy
ypaBHEHUH, 3anaronyo GyHkiuo F(x):

E(x)=Ry(U"));

{ F(x)=E"(x).

Ecnu packpeITh onepanuy peKypcur W oOpamieHust (QyHKIH,
MOy YHM:

E0)=0;

E(x+1)=E(x);

Fe)=[E()=x].
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Hus x=0 3nauenue F(x) ompeneneno u pasHo (. Ho mis x=1

13

Hale  OmpeaesieHne He paboTaer’, TaK KaK GulpadiceHue
F(1)=u,[E(y)=1], o3Hauaer:

-CHayaJia IoCMOTpH, UCTHHHO 1 E(0) = I,

-€CIIM HET, IIOCMOTPH, UCTHHHO 1u E(1) = I

-€CIIH HET, IIOCMOTPH, UCTHHHO 1u E(2) = I

-€CJIH HET, TO ... U T.1.

Brluucnenne HUKOTIA HE 3aKaHUMBAETCA, MOTOMY dTO FE(X)
BCer/la paBHa HYJIO, u Juig F(1) He OyJeT HaiiIeHO HUKAKOTO 3HAYCHUSI.

BcenencTBre 3TOr0 NMpH  paccMOTpPeHMHM (DYHKITHH, 3aTaHHBIX
CHUCTEMaMH PEKYPCHBHBIX YpaBHEHHH, OyjaeM OOBIYHO TOBOPHUTH O
yacmuuHo-pexypcusHoi @ynxkyuu. Korga rTOBOPUTCS O YacCTHYHO-
pekypcuBHOW (yHKIMH F(X), TO HaAO NOHWMATh, YTO MOXKET HE
CYIIECTBOBATh 3HAYEHHS, OIMPENEICHHOTO IS HEKOTOpOro (WU Jaxe
moboro!) 3nauenus x. Eciu F(x) oka3piBaeTCs ONMPECICHHON IS BCEX
3HaYeHH X, TO OyIeM Ha3bIBaTh €€ 00WEepPeKyPCUBHOU @hyHKyuell.
Koneuno, mob6as oOmepekypcuBHas (QYHKOHS TakKe SBISCTCS
YaCTUYHO-PEKYPCUBHOM.

4.5.2. JlomonHUTeNbHbIe CMOCOObI  3aJaHUS  NPUMHTHBHO-
PEeKYPCHBHBIX QyHKIMI

Pacmmpum  kiacc  omepanuii, KOTOpble, TaK € Kak u
CyHEepNo3uLMs C IPUMUTUBHOM pPEKypCcHEl, MJAal0T B KayecTBe
pe3yJbTaTa MPUMUTHBHO-PEKYPCUBHBIE (DYHKIIHU.

T.4.5.(1)Teopema

IMycTh n-MecTHasl bynxuus G(XyeeeeesXn_15Xn)
NPUMUTHBHO-PEKYPCUBHAS. Torma n-MecTHasi
GyHKIUSA f(X1yeeeees X1, Xn), ONPEICICHHAS PABEHCTBOM
S tyeeeeesXnots Xi)=2_ 8(X1seeeees X1y i)y THE i U3MEHHAETCS OT
0 no x,, TaK’Ke NPUMUTUBHO-PEKYPCUBHASL.

Joka3aTeancTBO
3anumieM cxXeMy TNPUMUTHBHOM pEKypCcHUM IO IOCHIeAHen
MIEPEMEHHOM:
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JteeesXns, 0) = (X1 Xg, 0);

f(X1, ..... WXn-1, Xn +1) =f(x1, ..... 3 Xn-1, Xn) + g(x1, ..... WXn-1, Xn +1)
W3 sToro omucaHus OYEBUAHO, YTO f — MPUMHUTUBHO PEKYpPCHUBHAs
¢yukmus, Q.E.D.

T.4.5.(2)Teopema
IMycTh n-MecTHasl bynxuus G(XyeeeeesXn_15Xn)
NPUMUTHBHO-PEKYPCUBHA. Toraa n-MecTHasi

GyHKUMSA f(Xyeeiees X1y Xp) OTIPEAEJIEHHASI PABEHCTBOM
f(X1900e00sXn-15 Xo)=] [ E(X15000e0sXn-15 1), TA€ § H3MEHSAETCS OT
0 no x,, TaK}Ke NPUMUTHBHO-PEKYPCUBHA.

Jloka3aTeJabCTBO
3anuiieM CcxeMy DOPUMHTHBHOW pEKYypCMHM MO MOCIEAHEH
TepeMEeHHOM:

TxnenXng, 0) = g(XpeeesXng, 0);
St Xnoty Xo 1) = f(X 1 Xty Xn) * (X 1yeees Xnot, X T1).

W3 storo ommcaHus OYEBHOHO, YTO f — MPHUMUTHBHO DPEKypCHBHAs
¢yukmus, Q.E.D.

Ilycmv  3a0anvl  Hexomopvle  QyHKyuu  fi(xy,.....,x,),
i=1,...,s+1 u yrasanwl kakue mo ycnrogus Pj(xj,......x,), j=1,...,s,
Komopwle 0ns 00020 Habopa uuceun Xj,.....,X, Mo2ym Ovimb
UCTMUHHBIMU UAU JIOJCHLIMU. Jlonycmum, ymo Hu 071s 00OHO20
HAboOpa uces X,.....,.x, HuKaxue 06a u3z ynoMsaHymix yCio8ull He
Mocym Obimb 00HOBPEMEHHO UCMUHHBIMU. DYHKYUSA f(X],.....,X,),
300AHHASA CXEMOU:

(fi(x1,....x,) ecau Py(xj,...,x,) ucmunno,
(X1, ..,x) ecnu Pay(xy, ...,x,) ucmunno;
S heinX) =N ee e
fi(x1, .0, X,) ecau Py(xy, ..., x,) ucmunno,
c1(X1, 000, Xy) O OCMANBHBIX X, ..., Xy,
HA3b16AEMCSI KYCOUHO-3a0ARRON PYyHKYUel.
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Bonpoc o Tom Oyner nu ¢yHKUUs f IPUMHUTHBHO-PEKYPCHBHOM,
3aBHCHUT OT MPHUPOJIEI GYHKIWH f; U yCIoBui P; 3aTo IS IPOCTEUIIEero
Cclly4asi MO>KHO J10Ka3aTh OUCHb MOJIE3HYIO TEOpEMy .

T.4.5.(3)Teopema

yctb 3aJaHbI n-MecCTHBbIE NPUMHUTHBHO-
peKypcuBHbIe QYHKIMH f1(X1ee0sXn)y [o(X1peesXi)y oons
f;‘+l(xb"-)xn)) al(xb"-,xr)) aZ(xb--')xn)) ceey as(xb--')xn))
npuyeM HU NPH KaKUX 3HAYEHHSX TMepeMeHHbIX
HUKaKHe aBe U3 GyHKUMiIi a; oqfHOBpeMeHHO B ( He
o0pamarorcsa. Torma  ¢yHkuus, omnpenejeHHast
KYCOYHOM cXemMoi
[1(X15e+05Xn)y €CTM A1(X1ye..0Xy) =0;
fo(X1yeesXn)y €CTM A2(X1y...0X,) =0;
S XiyeeeesXn)= ceveeeeees
Js(X1yee0Xn)s €CIH A(X1ye . 0sXy) =05
Ss+1(X15+ 205X p)y IS OCTANBHBIX X150 000Xy
OyaeT NPUMHUTHBHO-PEKYPCUBHOM.

Joka3aTeabcTBO
QOyHKIHIO f MOYKHO TIPEJICTABUTD B BUIE
f=fiunsga;+...tfunsga,+fsg(araz .. ay).
Bce nmnpumeHeHHble ~(YHKIMH — HPUMHTHBHO  PEKYPCHBHEIE,
CIIeIOBATEHHO, / — IPUMUTHBHO peKkypcuBHas ¢yHKus, Q.E.D.

B nanHOl TeopeMe pacCMOTPEHBI TPOCTEUIINE Cllydau, KOTa BCe
ycioBusi p; uMeroT Bua «@;=(0. Ha camom nene ycioBust MOTYT OBITh
chopMymMpoBaHEl ~ WHA4Ye, OJHAKO C  TOMOIBI0  (DYHKIUU
MICEBAOPA3HOCTH HMX MOXKHO MPeo0pa3oBaTh K BHIY, YKa3aHHOMY B
TeopeMe.

Hanpuwmep,

a;=b; >xBUBaNEeHTHO |a;+b;|=0,

a;<b; >KBUBaJIEHTHO «;~b;=0,

a;<b; sxBuBanenTHo unsg(b;~a;)=0.

Takum 00pa3oM, TeopeMa OKa3bIBACTCS CIPABEIIMBONM M B JTHX
clTydJasix.
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§ 4.6. Maxxopupyemble HesiBHbIe (pyHKIMHI

Kak yxe rosopmiocs B m.4.3., Oonpmoil ommoOKoid ObIIO OB
OyMaTbh, 4YTOo (YHKOMS, BBIpaXEHHas MpU IIOMOLIM OIEepaTopa
MUHHMU3AIHAH, OJJHO3HAYHO SBISIETCS HEMPUMUTHBHO-PEKYpPCHBHOW. B
psze ciaydaeB HCIIONB30BaHUE OlepaTopa MUHUMHU3AINH €CTh He Oolee
4yeM yI0OHBIH croco0 3aaHusl PO yphl BEIYUCICHUS, MO3BOJISIOIINHA
o0oiiTu ompenencHHble (popManbHble TpyaHocTH. Kak Mbl mokaxem
HUJKE, MHOTJa MYCTh U OoJiee CIOXKHBIM 00pa3oM, HO BCE )K€ yHaeTcs
3aMEHHUTH NPOLEAYPY MOMCKa MUHHMAIBHO BO3MOKHOTO DPEIICHUS IUIs
YpaBHEHHS, 3aJIaI0ILET0 BCIOLY ONPEACICHHYIO (QYHKIIHIO.

Paccmorpum ypaBHeHue g(x,...,x, ¥)=0, IeBas 4acTh KOTOPOTO
€CTb BCIOAY ompeneneHHas QyHKuus. JomycTum, Uit Kaxaoro Xxj,...x,
ypaBHEHHE UMEET €UHCTBEHHOE penleHue y. Toraa ato penienue Oynet
OJTHO3HAYHOHM BCIOJY OIpeneleHHOW (GyHKIHUEH OT Xj,...X,. AKTyajleH
Bompoc: Oyner nu ¢yHKuus y=f(x,,...,x,) — IPUMATUBHO-PEKYPCUBHOIH,
€CIIY JIeBasl 4acTh YPaBHEHMS, & UMEHHO g(X, ...,X,,)) €CTh IPUMHUTHUBHO
pexypcuBHas QyHKIHSA.

B obmem ciydae 3TO0 He Tak. 3aTO B HEKOTOPBIX OTAEIBHBIX
Cllydasix OTBET OyJeT MOJI0XKUTEIbHBIM.

T.4.6.(1)Teopema 0 MaskOpPUPYeMbIX HeSIBHBIX QYHKIMAX

Iycrb g(X1y..Xn ¥)y a(X1y...,X,) — TAKHE NPUMHUTHBHO-
pexypcuBHble (QYHKIHUH, YTO YPABHEHHE 2(X7y...Xp,
»=0

IJISL KAXKABIX Xj,...,X, UMeeT N0 MeHblIeid Mepe OIHO
pelIeHue U Uy (g(X1 .. Xn ¥)=0) < a(xy,...,X,) NI JH0OBIX
XpyeensXy o Torma ymkumas f(xg...X)= p(8(X1..Xn,
»)=0) Tak:ke NIPUMUTHBHO PEKYPCHUBHA.

Jdoxa3aTeabcTBO
QOukcupyeM Kakue-HUOyIOb 3HAYeHUs Xj,...,X, U TYyCTh b=
W(g(xy, ..., x,, y)=0). PaccMOTpUM HOCIIEI0BATEIBHOCTD IPOU3BEACHUI:
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g(xy, ..., %, 0)
gxp Xy, 0) - g(xp, 00Xy, 1))
gx, ... X 0) - g(xp, oo Xp, 1) - (X1, ... X0, 2);

gt eeXy, 0) - @(xpy X, 1) - @(X1, X, 2) oo @(X 1, oo Xy B);

Taxk kak y=b ecTb HaUMEHbIIIEE PEIICHUE YPAaBHEHUS g(X}, ..., X,, V) =0, TO
NepBbie b YICHOB ATOM MOCIEIOBATEIBHOCTH HYJIO TOYHO HE PaBHBL,
3aTO BCE OCTAJIbHBIC COJIEPXKAT PABHBIA HYIIO COMHOXHUTENb g(X], ..., Xy,
b) 1 MOTOMY paBHBI HYJIIO.

W3 ycnoBust p,(g(xy, ...,xs, ¥)=0) < a(xy, ...,x,) BBITEKAET, 4TO

b= z Sg (Xt e Xp, 0) (X1, .0, 1) oot (X1, Xy 1))
i=0
BBeneM NpUMUTHBHO-PEKYPCUBHYIO (YHKIIHIO:

z
h(Xp, .o Xp, Z):H &(X1, e, X, 1).
i=0
Teneps nonyyum:
a(xy,....x,)
fxp, . x,)= Z Sg h(xy,....Xp, §).
i=0
B crmry Teopem o0 CI0KEeHUH U MYJTbTUTUTUITUPOBAHUA (X, ..., X,) —
MPUMUTUBHO-peKypcuBHas Qynknus, Q.E.D.

§ 4.7. Bo3epatHas pexkypcusi 4 pyHkuusi ®udoHaqumn

Ilyems a (x),..., a(x) — 6cio0y onpedenenHvle GyHKyuU,
yooesnemeopsrowue 0Jisi 100020 3HaveHus X yeaosuim a(x+1) <
x (i = 1,..,5). Toeopam, umo yuxyus f(y) noryuaemcs
6036pamuoll  pexypcueii u3 Qyuxyuu  h(y, z5...z) U
8CnOMO2amenbHblX QYHKYul a;(x),...,as(x), eciu O0as ai0ObIX
3HAYeHUll Y GbINOIHEHO!

f(0) = q (koncmauma);

Jo+1D) = h(fla,(y+1), ..., fla(y+1).y).
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T.4.7.(1)TeopeMma (0e3 1oKka3aTeILCTBA)

ycts ¢ynkuusa f — Bo3BpaTHasi peKypcus
OTHOCUTEJbHO (GyHkuuii h, a...,a, Toraa f
NPUMUTHBHO PEKYPCHBHA, €CJIU COOTBETCTBYKOIIHE
(GyHKIMHM NTPUMHUTHBHO PEeKYPCHBHBI

B xagectBe mpruMepa BO3BpaTHOW peKypcHH I (GyHKITUH OIHOM
TepeMEHHON JaIle BCero MpuBOIAT pyHKINI0 OrOoHATIH.

Hns OGonee MOCTYIMHOTO M3JIOKEHHS MPOOJeMbl, MpUBEAEM
ompeneneHne U (QOPMYIMPOBKY IJIsi Cilydash OJHON-€IMHCTBEHHOW
MepeMeHHOM.

Yucna @(n) , obpasyrowue nocredosamenvruocms 1, 1, 2,
3,5 8, 13, 21, 34, 55, 89, 144, 233, ... nazviearomcs "uucinamu
Duoonauyu', a cama NoCcIe008amebHOCHb -
nocneooeamenvrnocmovio Dubonauuu, eciu Kadxtcovlll HOBbII
YjleH NOCe008AMENLbHOCNU PABEH CYMMe O8YX NPeOblOYUUX.

Uro0bl WMETHh JAETO0 CO BCIOAY OIPENeIeHHBIMH (QYHKIHSMH,
noomnpeaenum @(n) B Touke n=0. Ilycts @(0)=0. CnenoBaTeisHO,
¢ynkuus @PubonHayunm MoOkeT OBITH NpeACTaBlieHa CIEAYIOIINM
00pazoM:

D(0) =0,
D(1) =1,
DPn+2)=Dm)+Dmn+1),
13001
{QD(O) =0; {1, ecnmu x > 0;
, The sg(x) =
DO +1)=>dm) +Dm +1)+ (1 +sgn) 0, ecmu x = 0.

3mech W Janee 3HAK «+» — 3HAK ICeBaopasHocTH. Mcxoms w3
oTpeeNIeHHsI BO3BPATHON PEKYPCHU, TIOTYYHM:

@(n) — BO3BpaTHAsI peKypCcHs U3 PYHKIHHL;

h(n, a;, ax) = (1 ~sg(n)) +a;+ a:
U BCIIOMOTATENbHBIX (QYHKIUH
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a;n) =n+l;
a(m) =n+2.
[Toscuenue:
D(nt+1)=(1+sgm) + @ (a;(n+l)) + Dlaxn+1)) =
= (1 +sgmn)) + ® (n+1<1) + ®n+1+2)) =
=(1 +sg(n)) + @ (n) + O(n-1).

Tak kak Bce 3TH (QYHKIMM MPUMHTUBHO PEKYPCUBHBI, TO
¢byHkus @(n) Takke NIPUMUTUBHO PEKYPCHBHA.

§ 4.8. DpdexTUBHAN MEPEUYNCTUMOCTH H PACIIO3HABAEMOCTh

T.4.8.(1)Teopema

IIpumMuTHBHO-peKypcuBHBIe (PyHKIHMH 3Q(eKTUBHO
nepevyucaIuMBbl.

Joka3aTeqbCcTBO

U3 Tteopembl KimHu cnemyer, 4TO NMPHUMUTHBHO-PEKYPCHUBHBIE
(YHKUIMH MOTYT OBITH IIPEACTaBICHBI B BU/IE ONIEPATOPHOTO TEpPMa, T.C.
B BUJI€ CXEMBI IPUMUTHBHOM PEKYPCHH, B KOTOPOH HCIIONIB3YETCs] BCETO
HECKOJIBKO (DYHKIIMOHAIBHBIX CHMBOJIOB: Juisl Tpex ¢yukuuit C,”, S (6e3
unnekcoB), Uy," u OByx omepamuii: S," ¢ JABYMS HHICKCAMH ISt
MOJICTAHOBKK ¥ R" JUIs IPUMUTHBHON PEKYPCHH.

[Toctponm  nokazatenbCTBO A((EKTUBHON MEPEUUCINMOCTH
MPUMHATUBHO-PEKYPCUBHBIX ~ (QYHKIMHA HAa  OCHOBE  TEIeNIeBOM
HyMepaLuH.

J71s1t 3TOr0 HaI0 BBECTH KOJOBBIE HOMEPA AJIsl BCEX CUMBOJIOB!

S (cnmenoBanue) — 1;

C-o>2

U-—>3;

S (moacranoska) — 4;

R (mpumuTHBHAS pexypcus) — 5;

(= 6;

)—> 7,

;> 8

X; = 119 (31ech i — HOMep epeMEeHHON).
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BosbemeM pspg npocteix uucen: 2,3,5,7,... JlanpHelimas npouenypa
aHAJIOTWYHA T'e/IeJIeBON HyMepalny, HampuMep, aliropuTMoB MapKoBa.

Hamnpuwmep,

x+y=R[U,',S3(S,U,)]= 27#3 2% 50735 | 10 310%  78%

Takum oOpa3om, HONMy4Wnu renesieB HOMEP NPUMHUTHUBHO-
pEeKypcUBHOTO oOmucaHus (YHKIHH CYMMBI JBYX apTyMEHTOB.
I'eneneBsl HOMepa AS(GGEKTHBHO PACHO3HAIOTCS CPEAM HATypalbHBIX
YHCe, CIEI0BATEIbHO UX ONUCAHUS MOXKHO 3(Q(QEKTUBHO MEPEUHCIINTD,
a 3HauuT MHOXecTBO [TP®D — saddexruBHO nepeuncimmo, Q.E.D.

T.4.8.(2)Teopema

MHO0xKeCcTBO YaCTHYHO-PEKYPCUBHBIX pyuxnmii
3¢ (peKTHBHO NepevUucIumo.

Joka3arejibCTBO

Jns Hammx 1enedl BakHO, 4YTOOBI MEpPEYHCICHHE YacTHYHO-
PEKYpPCUBHBIX (GYyHKIUHA OBIIO 3(h(DEKTUBHBIM, T. €. YTOOBI Y Hac ObLI
3G PEKTHBHBIN CITOCOO HAXOXKICHUS 1-i QYHKIUH CIIMCKA I XOTs OBl
CrIoco0 HaxXOXKICHHs €€ OmIpenesieHus. XOTs 3TO MOXKET IMOKa3aThCs
CTpaHHBIM, HO OyZeT JOCTaTOYHO 3HAaTh, 4YTO MEpeUYHCICHHE
CyLIECTBYEeT - HaM Jlake He TOTpedyercss BBISICHATh KaKue-THOO
nogpoOHOCTH O ero cBoicTBax. ClenoBarenbHO, BMECTO MOJIPOOHOTO
JIOKa3aTeNbCTBa, JOCTATOYHO NPUBECTH YOCAUTEIBbHBIN JOBOJ B TOJIB3Y
€ro BO3MOXKHOCTH, T. €. YTO MBI MOTJIM OBl IOCTPOHTH €T0, €CIH OBbI 3TO
NOTpeOOBAIOCE.

[Toyemy MBI BCe K€ MOIJIHM TPEAIIOJIIOKHTh, YTO CYIIECTBYET
s pekTHBHOE TIEepeUnclIeHne YacTUYHO-PEKYypCHUBHBIX (yHKIHH? B
KOHIIE KOHIIOB, OHU 00pa3yioT paHTacTHUECKH OoraTroe, IpudyIIHBOE H
HEYTOPSI0YCHHOE ~ MHOXECTBO  OOBEKTOB, MOCKOALKY 6  2MO
MHOXHCECMBO 8X005IM 00BEKMbI, COOMBEMCMBYIOWUE BCEM BOIMONCHBIM
PEKVPCUBHBIM ONpeOeNeHUsIM.

Ha camom gene mpu OmmkaiiiieM pacCMOTpEHHH SICHO, YTO
Olpe/ieieHHe KaXJIOH YaCTUYHO-PEKYPCHBHOW (DYHKIMH COCTOUT W3
KOHEYHOro Habopa ypaBHEHHH, KaXI0e W3  KOTOPBIX BKIFOYAaeT
KOHEYHOE YHUCII0O CHMBOJIOB, OOO3HAYAIOUIMX HYIb,  MONMCOECME0,
credosanue, NPUMUMUGHYIO PEKYPCUIO, CYNEPno3uyulo U Haumenbuiee
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YYCI0 B COYETAHUM C KOHEUHBIM YUCIIOM 3animulX u ckob6okx. TodHbIe
MpaBHJIa X PACIMOJIOKEHHUSI He BaXXHBI. BakHO TO, 4TO B 000 Takoit
CUTYyallud, BCErJa MOXKHO BBECTH HEKOTOPOTro poja OecKOHEdHOe
JIEKCUKOTpapUIeCKOe YIOPSIOYEHHE COCTABHBIX OOBEKTOB. XOTS 3Ta
cUTyanusi KakeTcs Oojiee CIIOXKHOM, €CTh CIOCO0 cIenarh ee Jaxe
mpomie.  JIeHCTBUTENHHO, TIOCKONBKY  OONBIIMHCTBO  YaCTHYHO-
PEKYpPCHBHBIX (QYHKIMH (MJIH, CKOpee, OIpeIelieHuH) BOBCE He
ompeAeNsieT WCTUHHOTO OKOHYAHWS IpOIecCa BBIYHCICHHA, HaM He
HaJI0 CIHIIKOM 3a00TUTHCS, YTOOBI MPU MEPEUUCIICHUH OIpeIeICHHH
BCE  MOCIENOBAaTENBHOCTH  CHMBOJOB  OBUIM  TPaBHJIBHBIMH.
JlelicTBUTEIHHO, MBI MOXXEM PacCMOTPETh KaKy-IH0O MpOLEeAypY,
KOTOpas, B KOHIIE KOHIIOB, o0Opa3yer moOyio (1  Bce)
MOCJIEeOBATEIBHOCTH  CHMBOJIOB, TpeOyeMbIX JJsl  ONpelesICHHMH.
HmeeTcst TobKO OJTHA TEXHHYECKas MpoOJeMa - OCTaThCH B paMKax
¢ukcupoBanHoro andasura. OHA pemaeTcsi NCIOIB30BAaHUEM, CKAXKEM,
JIBOWYHOTO  KOJMPOBAHUSI HEOTPAaHWYCHHOT'O YHCJIAa Ha3BaHWH
NepeMEeHHBIX M (YHKOMH, KOTOpble MOryT TOTpeboBarbes. Toraa
npocTasi CcXeMa YHCIOBOTO YyrHopsimoueHus OyaeT 3¢QeKTHBHBIM
MePEYnCIICHIEM TPH YCJIOBUH, YTO CYIIECTBYET CHOCOO MpPaBUIIbHOM
MHTEPIIPETALNH /1-TO OTTHCAHHSL.

BeckoneuHoe IneKcHKOTpadUIecKoe YHOPSJAOYEHHE COCTaBHBIX
00BEKTOB JIETKO HyMepyeTcs MpH momomiu anroputMma lemens. U3
TeopeMbl KIHMHM  clefyeT, YTO 4YacTHYHO-PEKYpPCHBHBIC (DYHKIIUH
MOTYT OBITH TIPEACTABIECHBI B BHUJE ONEPATOPHOTO TepMa, T.€. B BUIC
CXeMbl YaCTMYHOW PEKypcHH, B KOTOPOM HCIIOJIB3YETCd BCETO
HECKOJIBKO (DYHKIIMOHAIBHBIX CUMBOJIOB: Juisl Tpex ¢ynkiwmit C,”, S (6e3
ungekcos), Uy" W Tpex omepamuii: S," ¢ ABYMS HHIEKCAMH JUIS
MOJICTAaHOBKH, R" /Il MPUMHUTHBHOW PEKYPCHH U |l JUIT MUHUMH3AIIHH.
YuuteBass  3TOT  (aKT, CHHMaercs BONPOC O  TPaBUIBHON
WHTEPIIPETALNH 7-TO ONHCAHUs: €CII KOTUPOBAaTh OyJeM HE CHCTEMBI
YpaBHEHUH, a CXEeMbl YacTUYHO-IPUMUTHBHBIX PEKypCHU B BHIIE
OTepaTOpPHBIX ~ TEPMOB, TO  TakKas  WHTepHperamus  OyneT
aBTOMAaTU4ECKOH.

[MoctporM nokazarenbcTBO A(P(GEKTUBHON NEPEUUCIMMOCTH Ha
OCHOBE TejeneBod HyMmepanuu. [lis 3TOro Hajgo BBECTH KOIOBEIC
HOMeEpa JUIs BCEX JIIEMEHTOB IIPH MOMOINM TeeleBON HyMepaliH.
BBenem takue Homepa:
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S (cnemoBanme) — 1;

C (xoHcTaHTa) — 2;

U (ToxmecTBa) —> 3;

S (monacranoBka) — 4;

R (mpumuTHBHAs pexypcusi) — 5;
M (MuHHUMU3aLUA) —> 6;

(=7
)—>8;
,—9;
Xi—)i+10.
Bo3smem psng  mpocteix  uwmeenm:  2,3,5,7,... JanpHeitmas

npolenypa AaHalOTM4HA TeleleBOM  HyMepalud  [PUMUTHBHO-
pekypcuBHBIX (yHKImMHA. Takum 00pa3oMm, MOIy4YMIM TeIesieB HOMEp
YaCTHYHO-PEKypCUBHOTO onucaHus. ['eneneBsl Homepa 3(QeKTHBHO
pAacIio3HaIOTCsl CPEeAN HATyPaJbHBIX YHCEN, CIeJ0BaTeNbHO, YaCTHYHO-
peKypcuBHBIE QYHKIUH MOXKHO 3 (hekTUBHO nepeunciauts, Q.E.D.

IIpenocrepekeHUE: HE [eNaiTe HHUKAKUX Jaleko HAYIIHAX
MIPENOI0KEHHH! Hekoropeie ¢ynkuun f,(x) He MOTYyT OBITH
ompeJnesieHbl Aaxke XOTs Obl sl OZHOro 3HadeHusi Xx. HekoTopeie
(GyHKIMH ¢ pa3sHBIMU HHAEKCAMU, HAaIpuMep  f; (x) U f; (x), MOTyT OBbITh
OJMHAKOBBIMU: fi(x) = fi(x) nnsa Bcex X. JIeHCTBUTENBHO, HEKOTOpHIE
(GYHKUMM MOTYT TOSIBISITACS B CIUCKE OECKOHEYHO 4YacTo, 4YTO
COOTBETCTBYET COBEPLICHHO pa3HbIM omnpeneneHusM. EnuHcTBeHHOE, B
YeM MbI YBEPEHBI, 3TO TO, YTO €CIM (PYHKIHsI YaCTUYHO-PEKYPCHUBHA, TO
OHa MMEET 10 KpaliHell Mepe OIWH UHIEKC B EPEUNCIICHHH.

T.4.8.(3)Teopema

O0mepexypcuBHble  (YHKOMM  He  TNOAJAIOTCS
3¢ PpeKTHBHOMY NepPeYHCTICHHUIO.

Ha ypoene mesucos:

N3 tesmca Uépua: Besakas —apudmermueckas — (HyHKIHS,
BEIYHCIIIMasg B OObigHOM cMmbiciie (BA®D), ecte o0mie pexypcuBHas
¢yukuus (OP®), a Beskas wactuuHas apudmerndeckas (QyHKIHMS,
BEIUMCIMMasg B 0ObryHOM cmbicie (UBA®), ecTth dYacTHYHO
pexkypcuBHas ¢yuknus (UPD). M3BecTHO (Ha OCHOBAaHHHU TEOPEMBI
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Trropunra), uto BA® s>ddextuBHo He nepeuncianmMel. OTcIona cieayer,
410 U OP® 3¢ eKTUBHO HE TePEUNUCTUMBI.

Jdoka3aTe/ibCTBO
JomyctrM, 4TO MHOXECTBO OOIMIEPEKYypCUBHBIX (YHKIHHA n-
NepeMEHHBIX () PEKTHUBHO MEPEUHCITHMO.
Torma cymiecTByeT aaropuT™, IO KOTOPOMY HUX MOXKHO
MEePEYUCITUTD. [Tpumenum 3TOT AJTOPUTM. IMonyuum
MOCTIETOBATENEHOCTb!

JoCxt, s Xn), J1(X0 e X)s o Ju(Xis s X), .

[MocTporM AMaroHaIbHYIO (QYHKIHIO:

S (Xg, .. x,) 1 ipU X;=... =X,
gxl,....xn)=
0, B IpOTHBHOM ClIy4ae.

YkaxkeM mponeaypy BeuuciaeHus g. [ moObIX 3HAYCHUH X,),Z
MBI MOKEM CHayajia MPOBECTH OIEPalMI0 CPaBHEHHs, U 3aTeM, €CIIH
X=y=z, OTBICKaTh (YHKIHWIO f,. DTO BIIOJNHE PEKypPCHUBHAs OIlepanus
(cpaBHEeHME apryMeHTOB). Eciu pe3ynbrar cpaBHEHHS OTpULIATENbHBIN
(710%b), 3HAaUeHUEe QYHKUUH (X, ...,X,)=0. Ecnu pe3ynbrar cpaBHEHUS
MOJIOKUTENIbHBIN (MCTHHA), lajlee MOXKEM IPUMEHHUTh K HEH alropuTMm
BBIUMCIIEHNA (YHKIUH fy(X,X,x) B 3aZaHHON Touke. Takoil anroputm
CyLIECTBYET B CWIy PEKypCHBHOCTH (QYHKUUH BuUAa fi(Xy,...,X,).
[TpubaBneHne K pe3yabTaTy BBIUYMCICHHUSA €AWHUYKU €CTh TPUBHAJIbHAS
pekypcuBHas QyHKus. T.0. BHIHO, YTO 3Ta JUArOHAIbHAS (QYHKIHSI
OyJIeT Toxe O0IIePEKYPCUBHOM.

Pa3 moctpoenHas ¢QyHKUMS TOPUHAUICKUT K MHOXECTBY
o0mIepeKypCUBHBIX (YHKIHHA, TO OHAa JOJDKHA OBITh Cpeau paHee
(G PEKTUBHO MEPEUHCICHHBIX (YHKIUH, HO MO TIOCTPOCHHIO OHA He
MOXeT OBITh Cpeld HUX, TaK KaK OT KaXI0W (YHKLUUH OHA OTIMYACTCS
X0Ts1 Obl B ofHO# Touke. Ilomydmnn mpoTuBOpeuMe, CIEAOBATEIbHO,
obmepexypcuBHbIC HYHKIIMH HETB3s (P PexkTuBHO nepedncinTs,Q.E.D.
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T.4.8.(5)Teopema

IIpuMHUTHUBHO-PEeKYPCUBHbIE (DYHKIMU HEe MOIIAIOTCS
3¢ pekTUBHOMY pacno3HaBaHUIO cpeau
001IepeKYPCUBHBIX (PYHKIIUIA.

Joka3arTejibCTBO
Bo3pmeM 00miepeKypcuBHYI0, HO HE NPUMHTHBHO-PEKYPCHUBHYIO
¢ysaxmmio f(x). [loctpoum g(x) crnemyromum o6pa3om:

f(x), ecnmu mammHa 7' HEe OCTaHOBUTCS 3a EPBbIE X +/ TaKTOB;
glx)=
0 BO BCEX MHBIX CIIydasXx.

OyHknus g(x) Toxke oOmepekypcuBHA (B CHIy TOTO, YTO OHA
Be3Jle ompeneneHa u Bpruncanma). Ho Ha camom nene, ecnu 7' Bce-Taku
OCTaHOBHTCHA, TO g(X) OyAeT ABIATHCA TAKXKe MPUMHUTHBHO-PEKYPCHUBHOM
(moromy 4uro (pyHKIMS, OTIIMYHAS OT HYJIS B KOHEYHOM YHUCIE TOUYEK
BCErJa NMPUMUTUBHO-peKypcuBHa). [lycTh MBI yMeeM (3HaeM Kakod TO
AIITOPUTM) Pacro3HaBaTh MPUMHTHBHO-PEKYPCUBHBIE (BYHKIUH Cpean
obmepekypcuBHbIX  (pyHKImMA. IIpuMEHMM  3TOT  alroputT™M K
obmepekypcuBHO# pyHkuuu g(x). Ecim ynactest cka3arb, SBISETCS JTH
OHa NPUMUTHBHO-PEKYPCUBHOMN, 3HAUYNT, OKAXKETCSl PELICHHON U 3a/1a4a
00 oOcTaHOBKe MalIMHbI TBHIOPHWHTA, YTO MPOTHBOPEYUT paHee
JOKa3aHHOH TeopeMe.

3Ha4yuT, HaIle INPEAINOJIOXKEHHE HE BEpPHO, CJIEI0BATENBHO,
MPUMHUTHUBHO-PEKYPCUBHBIE (YHKIIMH HE TMOANAIOTCA 3(PPEeKTHBHOMY
pacro3HaBaHUIO CpeH Bcex obIepekypcuBHbIX Gynkiuii, Q.E.D.

T.4.8.(6)Teopema

O0mepexypcuBHble  (yHKOMM  He  NOAJAIOTCS
3¢ PeKTUBHOMY PpACIHO3HABAHMIO Cpeld YaCTHYHO
PEeKyPCUBHBIX (PyHKIMIA.

Ha yposne me3zucoas:
[onsitne oOmepekypcuBHBIX (QYHKUUH coBmagaer ¢ BA®D, a
MOHATHE YaCTUYHO PeKypcuBHOW (hyHKIMHU coBnagaeT ¢ BUAD. A tak
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kak BA® He pacnosnaercs cpean BUYAD, To oOmepexypcuBHBIE
GyHKIIMM He mnoanarTcs 3(PPEKTUBHOMY PpAaClO3HABAHHUIO CpEAH
YaCTHYHO PEKYPCUBHBIX (DYHKIIUH.

Joka3aTeJibcTBO

MHOKECTBO YacTUYHO PEKYpPCHBHBIX (QYHKIUH — 3(h(heKTHBHO
MEepevnciIuMO, a B3HA4YWT, K HEMy H© K €ro IOAMHOXECTBY,
COOTBETCTBYIOIIIEMY KiIacCy OOIIepeKypCHBHBIX (QYHKINH, MOMXKHO
npuMeHnuTh TeopeMy Ilocta. [Ipeamnonoxum npoTuBHOE, & UMEHHO, YTO
peKypcuBHBIe (QYHKIMU MOAAAIOTCS A(PQPEKTHBHOMY pPaclio3HABAHHIO
CpeIy YaCTUYHO PEKYPCHBHBIX (PYHKIHNA. DTO O3HAYAET, YTO BO3ZMOIKHO
TaKke 3PPEKTUBHO MEPSUUCTUTE KaK OOIepeKypCHBHBIC (QYHKIIUN, TaK
W 4aCTUYHO PEKYpPCHBHBIE, HO He oOuiepexypcuBHble GpyHKmu. Hacuer
BTOPOTO HHUYETO HEW3BECTHO, a BOT IEPBOE SBHO NPOTUBOPEUUT
JTIOKa3aHHON paHee TeopemMe 4.8.(3). CreoBaTeIbHO,
obmepexypcuBHbIe (YHKIHA HE pacro3HaBaeMbl d(H(PEKTUBHO cpemu
YaCTHYHO peKypcUBHBIX ¢yHKuui, Q.E.D.

§ 4.9. HepexypcuBHbIE 1 HEIPUMHUTHBHO PeKYPCUBHbIE (DYHKUIMHU

Hepexkypcugnoii HA3b16AeMCsl  (PYHKYUs, 3HAueHue
KOMOPOU Helb3s BbIYUCIUND, HECMOMPS HA MO, YMO 8 OAHHOU
paccmampugaemoti mouke cama QyHKyus onpeoenena.

Hanpumep, 3agaaum GyHKIHO f{x) CIEAYIOUUM 00pa3oMm:

1, ecnu M. Teropunra T, ocTaHaBIMBAaEeTCS HA YUCTOU JIEHTE;
f(x)= ] 0, ecmu m. Trtopurra T, He ocTaHaBIMBaeTCS HA YUCTOH JICHTE.

3uaueHus ¢pyHKIMH Be3ze onpeneicHsl (0 wiu 1), HO BEIYUCICHBI OBITH
HE MOTYT, HHa4Ye 3TO O3Hayajao ObI, UTO pelieHa 3amgada 00 OCTaHOBKE
IIPOU3BOJIBHOM  MalMHbl ThIOpMHIa Ha 4YMCTOM JIEHTE, 4TO
npoTuBopeduT Teopeme 1.5.(2).

Henpumumueno pexkypcusHoil Hazviéaemcs QyHKYus,
AGIAIOWAAC  00WePeKYPCUBHOL, HO He  HpuHadielcauas
MHOHCECMBY NPUMUTNUBHO-DEKYPCUSHBIX DYHKYULL.
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OmHMM W3 METOIOB pEHICHHS 3ala4yd O HaXOXICHHH
HEIPUMUTHUBHO PEKYPCHBHBIX (YHKIIMH MOXET CIYXHTbh METOJ
MOCTpoeHUs! QYHKINH, pacTyliel ObicTpee 000 (HyHKIMU 3aJaHHOTO
KJlacca. JTOT METOJ] O4Y€Hb y00eH MPH HCCIEeOBAaHUH CPABHUTEINBHOMN
CHJIBI Pa3jMYHOTO poja peKypcuil. V3mokuMm ero MpUMEHHTENBHO K
YK€ PaCCMOTPEHHOMY KJIACCY MPUMUTHUBHO PEKYPCUBHBIX (PYHKIINH.

Hrak, Hy)XHO HaWTH MO BO3MOXHOCTH NPOCTbIE, HO OYEHb
osicTpopactyne ¢GyHKIHA. OMNBIT IMMOKa3bIBaeT, YTO IPOW3BEICHHE
pacter ObICTPEEe CyMMBI, CTEEHb ObICTpee mpou3BeicHus. HasbiBas
CJI0KEHHUE, YMHOXXEHUE U BO3BENICHNE B CTETIEeHD JeicTBusamu 0-i, 1-if u
2-1i CTYTIEHHU ¥ BBOJS JUIS HUX B LENSIX €AUMHOO00Opa3us 0003HAUYCHUS:

Py(a, x)=a+tx, P;(a, x)=ax, Py(a, x)=a’,

MPUXOJIUM K 3HAKOMOM BCeM HJee O MPOJODKCHUM  ITOH
MOCIIEIOBATEILHOCTH TYTEM BBEACHUS JCHCTBUN BBICIINX CTYIICHEH.
IIpu sToM neficTBUE BBICIIEN CTYNEHU AOKHO BO3HUKATh U3 ACHCTBUS
OPEbIAYIICH CTYMeHH TaK JKe, KaK YMHOXXCHHE BO3HHKAeT U3
CII0’KEHUS, 8 BO3BEJECHUE B CTENEHb U3 yMHOXeHus. Oynkuuu Py, P;, P,
CBSI3aHBI CIEAYIONUMH COOTHOIICHHUSIMH:

Pi(a, x+1)=Py(a, Pi(a, x)), Pi(a, 1)=aq,

Ps(a, x+1)=P;(a, Py(a, x)), Py(a, 1)=a.

[IponomkuM 3Ty 1ETOYKY, ToIaras 1mo ONnpeneIeHuto i n=2, 3, ...

P,ii(a, 1)=a,

P,ii(a, x+1)=P,(a, P,:i(a, x)).

Urobbl ¢yHknmu P,(a, x) ObLIM OIpENeNeHbl BCIOAY, MOJIOXKUM
P,ii(a, 0)=1 ipu n=1, 2,... ¥ yKa3aHHbIE COOTHOIIIEHUS OyJIeM CUHTATh
onpeneneHusMu  GyHKkumd  P,(a, x) mna n=2, 3,.. SlcHO, dTO
HEo0X0AMMO J100aBUTh cooTHOIIeHuE P;(a,0)=0. Torna, Hanpumep,

Ps(a, 0)=1, Ps(a, 1)=a, Ps(a, 2)=a", Ps(a, 3)=(a")".

Brenem HOBBIC OyHKUIMU  B(n, x)=P,(2,x), A(x)=B(x, Xx).

Oyrkunto B(n, Xx) 9acTo HA3BIBAIOT (hyHKuueil AKKepmaua, a
¢ysxmo A(x) — ouazonanvrol GyHKIMEH AKKepMaHa.

Husa ¢ysxkumm B(n, X) M3 yKa3aHHBIX COOTHOIIEHWH BBITEKAIOT
CJIEAYIONINE TOXKICCTBA:

Bm+1, xt1)=B(n, B(nt+l1, x));
Bm+1, 0) =sgn;
B(0, x) = 2+x.
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[TonoOHbI crmoco0 BO3HUKHOBEHHUS PEKYypCHBHOH —(QyHKIMN
B(n,x) 3 IpUMHUTHBHO-PEKYPCUBHBIX (YHKIWUN HA3BIBACTCS peKypcueil
6mopoil cmyneHu.

§ 4.10. TI'panuubl npuMeHHMOCTH (OpPMANBHBIX  Mojaesel
aJrOPUTMOB

Kax mokasano B 3To#t kaure, MamuHa Trropunra, MamuHa [locTa,
HOpPMaJIbHbIE aNropuTMbl MapkoBa, peKypcHBHbIE (PYHKIMH SIBISIOTCS
pasHOBHIHOCTAMU  (popManm3anmyl  TOHATHH  "BBIYMCICHHE" U
"anroputMm". Bce 3T QopManuzanuy SKBUBAIECHTHBI ApPYT IPYTy, T.€.
CYILIECTBYIOT CTaHAAPTHBIEC aJrOPUTMBI, II03BOJISIONINE IPOrPaMMy VIS
MammHbl  THIOPHHTa TEPEeBECTH B HOPMAIBHBIN aJITOPUTM WM
nporpaMmy Uit MaiuHel [locTa u T.1., U Takke BO3MOXKEH U OOpaTHBIH
nepesof. JIroOas QyHKOMs, BeMHCIMMAS 1O THIOPHHTY, BBIYHCIUMA
TaKXXe IOCPeACTBOM MamuHbl 1locTa, HOPMaJIBHBIX AJITOPUTMOB HIIH
PEKYpPCUBHBIX (YHKIHH.

Otcroga MOXKHO ClIeNIaTh BBIBOJ, YTO CYIIECTBYET (IIOTEHIIMATBHO
OCCKOHEUHBIH) Kiacc "yHHUBEPCATbHBIX BBIYHCIATCIBHBIX MAIIHH",
CHOCOOHBIX (B CHIIy TOTO, YTO Ka)KAas M3 HUX ABISETCS aJeKBaTHOM
(dopmanmuzanueil MOHATHS aJrOpUTMa) BBIYHCIHTH JIOOYI0 (DYHKIHIO,
BBIYMCIMMYI0 B HWHTYUTHBHOM cMbIciie. T.e. mobas dopmanuzanus
aNropuTMa, IpUHAAIEKAaIas K JaHHOMY KJIaccy, IMO3BOJISET aJIeKBaTHO
NPEACTaBUTh 000 BBIYMCIHUTENBHBIA Tpoluecc (IpH YCIOBHH, YTO
3TOT MPOLIECC MOXET ObITh NPEACTaBICH B BHIE SCHOW, YETKOM,
OJITHO3HAYHOM MHCTPYKLMHU, HAIIUCAHHOW, HalpUMeEp, HAa €CTECTBEHHOM
S3BIKE - T.€. €CIHM OJTOT TPOLECC MOXXHO TMPEACTAaBUTh Kak
"anropuTMHUeCKuil" B MHTYUTHBHOM CMBICJIE 3TOTO  CIJIOBA).
VYTBepkaeHne O  CyIIECTBOBAaHMM  Kjacca  YHUBEpPCAJIbHBIX
BBIYMCIIUTEIBHBIX MAIIUH, CIIOCOOHBIX BBIYUCIUTE BCE, YTO BBIUYMCINMO
B UHTYUTHUBHOM CMBICJIE, U3BECTHO Kak "Te3uc Uepua".

Tesuc Yepua Hepenko paccMaTpUBAIOT KaK Ba)KHBIM apryMEHT B
07163y BO3MOKHOCTH MCKYCCTBEHHOI'O MHTEIUIEKTa. JleficTBUTENbHO, 13
Te3uca Yepua BBITEKAeT, UYTO BCE YHUBEPCAJIbHBIE BBIYMCIUTEIHHBIE
YCTPOHCTBA KaYeCTBEHHO YKBUBAJICHTHBI IpyT Apyry. VHBIME clioBamH,
OJHa YHUBEpCAJIbHAas BbIUMCIUTEIbHAS MallMHA HE MOXET OBITh
KayecTBEeHHO '"yMmHee" JApyroi - B TOM CMBICIE, YTO 3a/Ja4H,
NPUHIMIIMAIGHO HEpa3peluMble ISl MallMHbl OJHOTO THIA, OyayT
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TaKXe Hepa3pelIMMbIMU U U MAIlUH JIOObIX APYTHX TUNOB. Paznuuns
MEXIy YHHUBEPCATbHBIMH BBIYHCIUTEIHHBIMH MAIIUHAMH MOTYT
KacaThCs JIMIIb KOJUYECTBEHHBIX MapaMeTpOB, a UMEHHO, OHH MOTYT
OTIMYATHCS JIMILIB 10 CKOPOCTH BBIYHMCIICHUH U IO 00bEMY HaMsTH.

OnHako 3TH Te3HUCHI, OECCIOPHO, MPUMEHMMBI IPU CPaBHEHUHU
WCKYCCTBEHHBIX BBIYMCIUTENBHBIX MammH. Korma pedsr 3axomuT o
HallleM MO3re, CO3HAaHWM WM B TJI00aJbHOM CMBICIE YeJOBEYECKUX
CIOCOOHOCTSIX, CUTyalusi B KopHe MeHserca. [lomumo Qrmocodcknx
aCIeKTOB B TOJB3y MOBOJOB O BO3MOXKHOCTH WIJIA HEBO3MOXXHOCTH
CO3/1aHUSI UHTEJUIEKTYaIbHbIX CHUCTEM, COITOCTABUMBIX C U€JIOBEYECKUM
MNOTEHLIUAIOM, MOSABISIIOTCS W CTPOro (OPMaJMCTUUECKUE TOBOABI HA
OCHOBAHUH IIPUHATON aKCHOMATHUKHU.

[Ipeamonoxxum, 4To MareMaTu4eckue CIIOCOOHOCTH HEKOTOPOTo
MaTeMaTuka, HasoBeM ero Yernoek PazymHbli, MOJHOCTBIO
ONMCBIBAIOTCST HEKOTOPOH (popmanbHO# cucteMoit F. D10 03HauaeT, 4to
moboe MaTeMaTHYeCKoe yTBepiaeHHe, kotopoe YenoBex PazymHbIi
MpU3HaeT "HeOCHOPUMO BEPHBIM'", SBISIETCS TEOPEMOM, NoKa3bIBaeMoil
B F, u HaoGopot. [Ipeanonoxum takxe, uro Yenosex PazymHbIi 3HaeT,
gto F  omuceiBaer  ero = MareMaTHYecKHe  CIIOCOOHOCTH.
Uenoeek Pa3yMHblii, Takke monaraer, 4to TOT (akT, yTo F onuceiBaeT
€ro  MaTeMaTH4YeCKHE  CIIOCOOHOCTH, OKBUBAJIEHTEH Bepe B
HEMPOTUBOPEYMBOCTh U HEMOTPEIIMMOCTh F (B MPOTUBHOM Cilyyae MBI
JOJDKHBI ObTM OBl MOCTaBUTH TIOJ] COMHEHHE HCTHHBI, KOTOpPBIE
MPEJICTABIIAIOTCS HAM "HEOCITIOPUMO UCTUHHBIMU").

CormacHo Teopeme I'emenst o HemosgHOTE (OPMATBHBIX CHCTEM,
MOCKOJIBKY F  HempoTWBOpeuMBa,  CYIIECTBYeT  TeAeNIeBCKOE
npeanoxenne G(F), koropoe TOMKHO OBITH UCTUHHBIM, HO KOTOPOE HE
spiusercss  Teopemod B cucteme F.  OnHako,  IOCKOJBKY
Uenosek Pasymubléi Beput, yto F - HempoTtuBopeuuBas cucTeMa U
3HaeT, 4To F mpexacraBnseTr ero cCmocoOHOCTh K MaTeMaTHYECKHM
paccykKaeHusIM, OH JIOJDKeH npuiith K BeBogy, urto G(F) sBisercs
"HeocropuMoit  uctmHOU". TakmM  o0Opa3oM, MBI  IIONyYaeM
matemarnyeckoe yTtBepxkaeHne G(F), koropoe Yemoex Pa3ymHbrii
MpU3HAeT WMCTUHHBIM, HO KOTOpOe He sBiseTcs TeopeMoil B F, dro
IPOTHBOPEYUT  IEPBOHAYANBHOMY  INpeanojoxeHuto, d4ro F
MPEJCTABIAET LEINKOM M TOJHOCTHIO MaTeMaTHYeCKHe CIIOCOOHOCTH
UYenoseka Pasymuoro.
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Otcrona BBIBOJ, YTO HUKakas (opMaylbHas CHCTEMa HE MOXKET
OBITh aJIeKBaTHBIM BBIPAKCHHEM MAaT€MaTHYEeCKHX CIIOCOOHOCTEH
YyeloBeKa W, CJeJ0BaTeIbHO, HEBO3MOXKHA IIOJIHAS KOMIIbIOTEpHAs
UMUTAINS YeJI0OBEUECKOTO CO3HAHMSL.

OnmHako 3Ta TOYKa 3pCHHS HE SBIAETCS OCECCIOpHOW W Yy Heé
JIOBOJIPHO MHOTO AaBTOPHUTETHBIX INPOTHBHUKOB. 3aMHTEPECOBAHHBIN
YUTaTeNb MOXET MPOAOCIDKUTh H3ydYeHHE OTOH TEeMbl B paMKax
¢bm3umonornu  Mo3ra, Gmwiocodun OBITHSI, MOJICKYJIIPHOW (HH3HKH,
KBAaHTOBOW MEXaHWKH W JPYTUX HaNpaBICHUH  COBPEMEHHBIX
HCCIIEIOBaHNM, KOTOPBIE CTABAT CBOEH 1IEJIbIO OTBET HA MPOCTEHIINH 1O
cBoell QopmynupoBke Bompoc A.TblopuHra: «A MOXKET JHM MalluHa
MBICJIIUTB?».

3amauu K riaase 4

3anaua 4.1.
JlokazaTh MPUMHUTHUBHYIO PEKYPCHBHOCTH ()YHKIIMH CyMMBI (IIpHUBEICH

npuMep peilieHds Uit (QYHKIMHA JBYX apryMEHTOB — PEKYpCHS ¢
rmapameTpaMu):

f(xy)=x+y.

f0,9)=0+y=y=U/(»)=U,;

Sy =x+l+y=(x+y)+1=(x+y)=[f(x,)]'=S(f(x,y)) =
=S (f(x, ), %) =SU]) =5/ (S,U}));

[, »)=R*(U,,S](8,U7}).

3anaua 4.2.
Jlokazath MPUMUTHUBHYIO PEKYPCHBHOCTH (DYHKIIMH MTPOU3BEACHUS IBYX

ApPTyYMEHTOB:
Jey)=H(x.y)=xy.

3anaya 4.3.
JokazaTp TNPUMHTUBHYIO PEKYpPCUBHOCTh (yHKIMH (akTopHal

(mpuBeAeH TpuUMep pelieHus A8 (QYHKIMA OJHOTO apryMeHTa —
pekypcus 0e3 mapaMeTpoB):
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S(x)=xl

fO)=1
f(x)=(x+DI=x(x+D) = f(x)-(x+1) = f(x)-S(x) =
=II(f(x),S(x) = U, SWUF) =HU,S8(S,UY)) =
=S, (I1,U?, 857 (S,U;));

f(x)=R, (S;(IT1,U},SE(S,U)).

3anaua 4.4.
JlokasaTh IPUMUTHBHYIO PEKYPCHBHOCTH (DYHKIIUH MICEBIOPA3HOCTH:

X-y, €CIU X2y,

Jixy)= x=y =
0, nHayge.

3anaua 4.5.
Jloxa3aTh IPUMHUTHBHYIO pEKYPCUBHOCTH 3HAKOBOM (PYHKIIWU:

0, ectu x=0;

Sg(x) =
1, ecmu x>0.

3anaua 4.6.
JlokazaTh IPUMHUTHBHYIO PEKYPCUBHOCTh (DYHKIIUH PAaBEHCTBA:

1, eciia x = y;

Eql (xy) =
0, u"aue.

3anaua 4.7.
Jloka3zaTh NPUMUTHBHYIO PEKYPCUBHOCTh (DYHKITUH CTCTICHH:

fley)=x".

3anaua 4.8.
Jloka3aTh IPUMHUTHBHYIO PEKYPCHBHOCTh (DYHKIIUH MOYJIS Pa3HOCTH:

Xy, €Clid X=y,
Mod (x,y)=
= X, NHa4ye.
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3anaua 4.9.
Jloka3aTh MPUMHUTHUBHYIO PEKYPCUBHOCTh (DYHKIIUHU OOJIBIIIE:

1, ecma x>y,
More (x,y) =
0, nHaye.
3anaua 4.10.
JlokazaTh MIPUMHUTHUBHYIO PEKYPCUBHOCTH (DYHKITUU OOIIBIIIE WIIH PABHO:
1, ecnu x>y,
Moreql (x,y) =
0, nHaue.
3anaua 4.11.

JlokazaTh IPUMUTHBHYIO PEKYPCUBHOCTh (DYHKIIMU OCTATOK OT JCJICHHS
apryMeHTa x Ha 2:
rests(x).

3agaua 4.12.
Jloka3aTh NPUMHUTHBHYIO PEKYPCHUBHOCTh PYHKI[HH MHHUMYM:

. X,eCIn x < y;
min(x,y) =
¥, BIIPOTUBHOM CJIy4ae.

3anaua 4.13.
JlokazaTh IPUMUTHBHYIO PEKYPCHBHOCTH (DYHKIIUH MaKCHMYM:

X,ECIIN X 2

max(x,y) =
V, BIIPOTHBHOM ClTy4ae.

3anaua 4.14.
Jloka3aTh NPUMHUTHBHYIO PEKYPCHBHOCTh (DYHKIMM Iedas 4acTb OT

JIeJICHHS apTyMEHTa X Ha 2:
divy(x).

3anaua 4.15.
JlokazaTh MPUMUTHBHYIO PEKYPCUBHOCTh (DYHKIMU Iieias 4YacTh OT

JICJICHUS apryMEHTa X Ha .
div (x,y)
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3anaua 4.16.
JlokazaTh MPUMHUTHBHYIO PEKYPCUBHOCTh (DYHKIIUU OCTATOK OT JCICHHS

apryMeHTa x Ha y:
rest (x,y).

3anaua 4.17.
JlokazaTh NMPUMUTHBHYIO PEKypCHBHOCTh (YHKLIMH YHCIO Pa3IHYHBIX

nenauTeneit x (BKIoyas uucio 1):
nd (x).

3anaua 4.18.
JlokazaTh TPUMHUTHUBHYIO PEKYPCUBHOCTh (GYHKIUH (n+1)-e mpocToe

YHUCIIO B HATYPAIBHOM psifie YHCel:

p(n).
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naea 5. CroxxHocmb anizopummoe

§ 5.1. CpaBHeHue PyHKIUIA C TOUKM 3PEHUSI CJIOKHOCTHU

BBenem noHsATHE 6epXHe20 U HUIICHEZ0 NOPAOKa OAHON QyHKIMK
OTHOCHUTENBHO ApYroi QyHKIuu.

Haszoeem apugpmemuuecxyio ¢yuxyuro f(x) ynkuueii
00H020 6epxHez0 nopAadKa ¢ Qyukyuell g(x) u nuwem f(x) =
O(g(x)), ecu cywecmeyem maxoe ¢ > 0, umo, 6 KoHye KOHYO8
(m. e. HauuHnas ¢ Hekomopo2o x) noayyum f(x) <c-g(x).

pumep:

PaccmoTpuM aBe GyHKIME: fi(x)= 2x + 3 u fi(x) = x° . Pe3ynbTarsl
pacyeToB 3HAYCHWH QYHKUMA NpHU Pa3HBIX 3HAUCHHAX apryMeHTa
MpeaCTaBIICHHI B Ta0m. 5.1.

Tabnuua 5.1. 3nayenus: QyHKIMNA OpU pa3HbIX 3HAYEHUSIX apTyMeHTa

X 2x+3 x>
0 3 0
1 5 1
2 7 4
3 9 9
4 11 16

Takum oGpa3oM, x° PaHO HIM MO3AHO OGTOHHT IOOYI JITHHEHHYIO
(DYHKIHIO B MOXKHO 3amucath 2x+3=0(x’).

Hazosem apugmemuuecxyro ¢gyuxyuro f(x) ynxyuei
00H020 HUWIICHe20 nopadka ¢ yukyuenu g(x) u nuwem
fx)=o0(g(x)), ecru cywecmeyem maxoe ¢ > 0, umo 6 KOHYe
KOHY08 (HAUUHAsL C HEKOMOPO20 X) ROAYYUM f(x) = c'g(x).

Ipumep: PaccmorpumM aBe QyHKIME fi(x)= 2° u  fi(x) = x + 2.
Pe3ynpTaTel pacueToB 3HaueHHH (QYHKUMH NpH pa3HBIX 3HAYCHUSX
apryMeHTa peCcTaBIeHbl B Talm. 5.2.
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Tabnuua 5.2. 3nayenus QyHKIHMNA OpU pa3HbIX 3HAYEHHUSIX apryMeHTa

X 2% x+2
0 1 2
1 3
2 4 4
3 8 5
4 16 6

Takum o6pasom, 2° paHO WIH MO3JHO CTaHeT OOJbIIe JTHOOOTO
MOJMHOMAa W MOXHO 3ammcath 2°=o(x+2). Ilpm MameIx pasmepax
BKCHOHCHHHaHLHBIﬁ AJITOPUTM JIYHUUIC IMMOJIMHOMUAJIBHOI'O aJIrOpuTMa

Hazosem apugpmemuuecxyro @yuxyuro f(x) @ynxyuei
00H020 NOPAOKA ¢ IyHKUUel g(X), eciiu OHA 0OHO20 8EPXHEZ0 U
001020 HUdICHe20 nopsioka ¢ Qyukyuen g(x), f(x) = o(g(x)) &

Jx) = O(g(x)).

d)yHKlﬂtu 001020 6EPXHE2CO nop;z()m C NOJIUHOMUA/IbHBIMU
d)yHKlfuﬂMu HA3bleAOmMcsA ROJIUHOMUATbHbBIMU ([)yukummu.

OT0 HEe TOJABKO BCE IOJUHOMBI, HO M  HEKOTOpHIC
TPaHCICHACHTHBIE (hyHKIIH, Bce OCTaJILHEIE hyHKIIH
9KCIOHEHITUATEHBIE B IIMPOKOM CMBICJIE 3TOTO CJIOBA.

B cmpocom  cmwicne cnosa  IKCNOHEHUUATbHBIMU
HA3bI8AOMCSE  (DYHKYUU  OOHO20  HUJICHe20  NOpAOKa ¢
9KCNOHEHMOI.

Torma GYHKIUE MEXTy SKCHOHCHIHUAIGHBIMH M IMTOJTHHOMHAIBHBIMH
HA3BIBAIOTCS CyOIKCnOHenuuansubimu Qynxkyuamu. OOBIUHO WX HE
paccMaTpUBaOT. OKCHOHEHIMAIbHBIC (DYHKIHMU pa3aeisIFOTCS 110
CKOPOCTH €lIe Ha HECKOJIBKO KJIACCOB.

Apupmemuueckue ¢ynxyuu f{x) u g(x) Hazwviearomcs
HOTUHOMUATILHO-CEAZAHHBIMU unu HOTUHOMUATLHO-
IKGUGATIEHMHMHBIMU, €ClU CYWECEYIOM MAKUe MHO20UeHbl
Pi(x) u Py(x), umo, 6 Konye Konyos (Hauunas ¢ HEKOMOpPo2o

uucna) f(x)<Prg(x) u g(x)<Prf(x).
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Ipumep:

f(x)=2x+3, pi(X)=3x+7, p(X)=1+x",  g(x)=x".

2x+3 < (3x+7)x° nx’ < (14x°)-(2x+3)

=> f(X) 1 g(X) MOJIMHOMHAIBHO CBSI3aHBI WJIM SKBUBAJICHTHBI.

§ 5.2. IlonuHOMMAJILHBIE H IKCIMOHCHIHAJIIbHBIC aJITOPUTMbI

Bpemennas cnoxcnocmo anzopumma — 3mo, 6 xyouiem
ciyyae, yHkyua pasmepa  8XOOHBIX OAHHBIX, KOMOPAs
noKasvlgaem MAaKCUMANIbHOE — KOIUYECHMBO  INeMEeHMAaAPHbIX
onepayutl, 3ampayueaemvie  aI2OPUMMOM  ONd  peuleHus
9K3EMAAAPA 3A0aYU YKA3AHHO20 pa3mepa.

B nauwnyuwem cnyuwae - yuxyus pasmepa 6XoO0HbIX
OAHHBIX, KOMOpAsi NOKA3bI6Aem MUHUMAIbHOE KOAUYECBO
NEeMEHMAPHBIX Onepayull, 3ampavusaemvle ai20pUmmom Onsl
peuteHus IK3eMNIAPA 3a0aiu YKa3aHHo20 pasmepa.

IIpocmpancmeennas cioicCHOCMb An2opumma — 3mo, 6
Xyowem cayuae, QyHKYUs pasmepa 8X00HbIX OAHHBIX, KOMOPAs

nokasvleaem MakcumanivHoe KOUu14ecmeo namamu,
3ampavusaemoe aieopummom OJis peueHUs IK3eMIIApa 3a0aiu
VKA3AHHO20 pasmepa.

B nawnyuwem cnyuwae - @yuxyus pasmepa 6X0OHbIX
OAHHBIX, KOMOpPAsi NOKA3bI6Aem MUHUMAIbHOE KOAUYECBO
namamu, — 3ampadugaemoe  ANCOPUMMOM  OA  peuleHus
9IK3EMAAAPA 3A0aYU YKA3AHHO20 pa3mepa.

Teopuss CHOKXHOCTH aNTOPUTMOB OIpEAENseT OOIue THIIBI
anropuTMoB, auddepeHIupyst UX Mo TPYTOEMKOCTH Ha JBa Kjiacca:

® [IOJINHOMHUAJIHHBIC aJITOPUTMBI,

® SKCIIOHCHIIUATBHBIC aJITOPUTMBI,

Aneopumm, obe  @yHKYUU  CRONCHOCU  KOMOPO2O

NOJUHOMUAIbHbIE, Ha3vleaencs nOJIUHOMUATITbHBIM
anzopummonm.
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Aneopumm, y komopoeo xoms Obl 00HA U3 08YX GYHKYUL
CILOICHOCTU 9KCHOHEHYUATbHAS, HA3bI6AEMCSL
IKCHOHEHUUATbHBIM AI20PUMMOM.

3a0aua, pewaemas NOAUHOMUATBHLIM — AI2OPUMMOM,
HA3bl8aemcsi J1e2Kopa3peuumoil 3a0auell.

3aoaua, xomopyr Henb3s pewumv HOAUHOMUATLHBIM
AN2OPUMMOM, HA3bI8AEMCS MPYOHOPA3PEUIUMOIL.

B umncno TpyaHOpaspemmMbIX 3ajad BXOIAT aITOPUTMHYECKH
HepaspeluMble 3ajaud. HepaspemmmocTh €cTh KpaWHuM ciydait
SKCIOHEHUIUATBHOCTH.

§ 5.3. BpeMmeHHast 1 IPOCTPAHCTBEHHAS CJIOKHOCTH MAIIMH
TeropuHra

Bpemennaa cnoscnocmoe mawunvt Toropunza T(x) —
MO YUCTO WA208, HEOOXOOUMBIX 05l peuleHuss OaHHOU 3a0adu
pasmepa x 6 xyouiem ciyyae.

Ilpocmpancmeennasn cnoncunocmos mamunst Toiopunza
S(x) — smo uucno edunuy namsamu, Heobxo0UMbLX OISl peueHUs
OAHHOI 3a0a4u pasmepa X 6 Xyouiem cayuae.

OOBIYHO HE HYKHO TOYHOE ompejelieHue (yHKIIUHN CIOXKHOCTH, a
HaJI0 HAalTH €€ BEpXHUM WJIU HIXKHUUM TOPSIOK.

J1si OTHONMEHTOYHBIX MamH ThIOpPUHTA BPEeMEHHAs! CIOXHOCTh
OIICHMBAETCS B TaKTax pabOTHI, a MPOCTPAHCTBCHHAs B KOJIHYECTBE
KJIETOK, MpOHIEHHbIX MamMHOW B Xxofe paborel.  S(n)<T(n)
(pocTpaHCTBEHHAsS CIIOKHOCTH BCETJ]a MEHBIIE MM paBHA BPEMEHHOU
CJIOKHOCTH aJITOPUTMA).

Hns  MHOroneHTouHod  MamuHbl  ThlIOpUHTa  BpEMEHHas
CIIO)KHOCTH TAKKE OTpe/eseTcs B TaKTaX paOdOThI MAIIMHEL, HO 32 OJHH
TaKT MalImHa oOpabaThIBaeT BCE CBOM JICHTHI, MoaToMy S(n)=0(T(n)).
IIpocTpaHCTBEHHAs CIOXHOCTh HMMEET OIMH BEPXHUH TOPSIOK C
BPEMEHHOU CII0KHOCTBIO.
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T.5.3.(1)Teopema

MHoOro/1eHTOYHAS MalIuHAa MOJMHOMHATBHO
npeodpa3yercsl B OJHOJEHTOYHYI0 MAIIIUHY.

Jdoka3aTe/ibCTBO

k-nenrounyro Mmammuy Ty mpeoOpazyeM B OJHOJCHTOYHYIO Kak
mokazano B Teopeme 1.2. (1). CocraBum Matpuiy u3 2k cCTpok.
HeuerHsie cTpoku M300pa)karoT JIEHTHI MHOTOJECHTOYHOW MammHBL. B
YETHBIX CTPOKaX M300paxkaeTcs 0cOO0N METKOW MOJOXKCHHE MAIIMHBI
Ty Ha COOTBETCTBYIOIIEH JIEHTE. YKPYHNHEHHBIH 3HAaK MamuHbl T
coctouT u3 2k THNMWYHBIX MPOCTEWITNX 3HAKOB. Bce, 4To 3ammcaHo B
OJIHOM BEPTUKAJIBHON KOJIOHKE, €CTh TOJIBKO OJUH YKPYIHEHHBIN 3HAK
Mammebel  T. Temepp cMomenupyem TakT wMamuHel Ty Ha T
[IpeanonoxuMm, 4yTo BHavajge Moaenupyemas MamuHa T HaxoguTcs He
OoJlee UeM Ha JBE KJICTKH BJICBO OT CaMOM JICBOM METKH IOJIOKEHHS, HO
He mpaBee ee. MammHa T JBWXKETCS BIpPaBO, CUMUTAasl BCE METKHU
MOJIOKEHUSI W 3allOMHUHAsi COOTBETCTBYIOIIME 3HAKU JIEHT. MeETok -
KOHEYHOE YHCIIO, CJIEOBATEIbHO, Yepe3 KOHEYHOe BpeMs mamuHa T
JIOWJIET IO MOCJIETHEH METKA U BOCCTAHOBUT KOH()UTYPAIIMIO MAITHHBI
Ty. Takum oOpazom, mammHa T dYepe3 KOHEYHOE BpeMs Y3HAET
KoHurypanuto MamuHbel Ty. D10 mpousoiiner 3a Bpems T(n), paBHOe
cinoxuoctrn mammHbl Ty, Ha nente mammmer T Oymer 3ammcaHo He
oonee, uem kT(n) cumBonoB. Koudurypauus npu 3ToM OyneT
onpenensarcs 3a O(T(n)) TakToB.

Mammna T MozmenupyeT OTBET, OHa HAET BIEBO U 00pabaThIiBaeT
KaXIyl0 BCTPEYCHHYI0 METKYy M COOTBETCTBYIOLIMM 0Opa3oM ce
nepeasuraeT. B KoHIle KOHIIOB OHA NOHAET N0 caMoil jeBoid MeTku. B
caMoil JIeBOW BOCHPHHHMAEMON KJIETKE MOXKET OBITh cpa3y HECKOJIBKO
MeToK. OJHU MONAYT BIPABO, APYTUE BIEBO. TeM caMbIM MBI BepHEMCS
B MpeanojiaraeMoe MOJIOKEHHUE. TaktoB CTOJIBKO xKe:
O(T(n))+O(T(1))=0O(T(n)), Bcero TakroB: T(N)O(T(n))=0O(T2(n)).
HoBass pyHKIMS CIOXHOCTA MOTHHOMHAILHO JKBHUBAJIICHTHA CTapoOH,
Q.E.D.
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3agaum K riaase 5

3anaua 5.1.
Ha#iTh TpOCTpaHCTBEHHYI0O W BPEMEHHYIO CIOKHOCTh MAIIHHBI

TrroprHTa, BEIMUCIISIONICH B YHapHOM Koje dhyHKInto f(x)= 2x+3.

3anaua 5.2.
HaiiTt mnpocTpaHCTBEHHYI0 M BPEMEHHYIO CIOKHOCTH MAIIMHBI

ThHIOpUHTa, BEIYUCIAIONIEH B yHapHOM Koje dyHKumio f(x)= x°.

3anaua 5.3.
HaiiTy mnpocTpaHCTBEHHYI0 M BPEMEHHYIO CIOKHOCTb MAIIIMHbI

TrropuHTa, BEIYUCISIONICH B yHApHOM Kozie yHKimio f(x)= 2%,

3anaua 5.4.
HailTu mnpocTpaHCTBEHHYI0O M BpPEMEHHYIO CJIOKHOCTh MAalIWHBI

TrropuHra, BEIYUCISIONICH B yHAPHOM Koae QyHKuuio f(X)=X - y.

3anaua 5.5.
HaliTu mNpOCTpaHCTBEHHYI0O M BPEMEHHYIO CIIOXKHOCTb MalllMHbI

TrropuHra, BEIYUCISIONICH B yHapHOM Kozie (yHkimio f(x)= x7.
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Kpamkuu cnpago4YyHUK UMEH

Tannneo TAJTUJIEH

Galileo Galilei, 1564 - 1642

Uraneauackuit ¢unocod, mareMaTHk, (PU3NK, MEXaHWK W acTPOHOM,
OKa3aBIIMK 3HAUUTEIILHOE BIMSHKE HA HAyKy CBOEro BpeMeHu. ["anuneit
NEPBBIM HCIIOJIB30Bal TEJIECKON Ul HaOMIOACHMS IUIAaHET M OPYTuX
HEeOeCHBIX TeJl, a TaKKe CAeNal PSAA BBINAIOIINXCS ACTPOHOMUYECKUX
oTKphITUd. [lpm >XM3HW OBUT W3BECTEH KaK AaKTUBHBIM CTOPOHHHK
FeJIMOLEHTPUUECKOM CHCTEMBl MHUpa, 4TO IpuBeno [lamwies k
Ccephe3HOMY  KOH(MIWUKTY ¢  KaTONWYeCKOH  mmepkoBbo.  OH
chopMynupoBalI Tak Ha3bIBaeMbIN «mapagokc ['amunes»: HaTypaIbHBIX
YHCeNT CTOIBKO XKe, CKONBKO MX KBAAPATOB, XOTS GOIbIIAS YaCTh YHCEN
HE SBISIIOTCS KBaApaTraMH. JTO MOATOJKHYJIO HayyHOE COOOILIECTBO B
JaJbHEHIIEeM K UCCIEIOBAHUIO IPUPOJBI OECKOHEUHBIX MHOXKECTB U UX
knaccudukanuu. [Ipouecc 3aBepmmics co3gaHUeM TEOPHH MHOKECTB.
Tlanmuneo I'amunelt ymep 8 sHBaps 1642 roma, B Bo3pacte 78 neT, B
cBoeit mocrenu. [loxopoHmn ero B ApueTpr 0e3 KaKux-1u00 MoYecTei.

Kypr TEJEJIb

Kurt Godel, 1906 - 1978

ABcTpmiickmii, 3aTeM aMepuKaHcKui wmarematuk. B 1931 romy
oIy OJIMKOBAJI TEOPEMY, TIOIYUHBIIYIO BIOCIEACTBUH ero uMs. B 1930-¢
roasl sMurpuposai B CIIA, HO 3aTeM BEepHYJCs B pOJHYIO ABCTPUIO U
keawicsa. B 1940 romy, B pasrap BOWHBEI, BBIHYXKICHHO Oexanl B
Awmepuxy TtpansutoM uepe3 CCCP u Smonmro. HexoTtopoe Bpems
npopaboranx B IIpMHCTOHCKOM  WHCTUTYTE  IEPCIEKTUBHBIX
uccnenoanuil. K coskaneHuro, NCUXMKa Y4EHOTO HE BBIAEPKAJIA, U OH
yMep B MICUXHUATPUUIECKON KIIMHHUKE OT TOJI0a, OTKAa3bIBAACh MPUHUMATh
MUY, TTOCKOJIBKY OBLT YOEK/IEH, YTO €0 HaMEpEBaIOTCSI OTPABHTH.

Jasuag THJIBBEPT

David Hilbert, 1862 - 1943

Hemeukuit matrematuk. Buéc 3HaunTEIbHBIA BKIIAJ B PA3BUTHE MHOTHX
MareMaTtudeckux pasfenoB. B 1910-x romax ['mmpbepT co3maér B
COBpeMEeHHOM BuAc (GYHKIMOHAIBHBIA aHaiwW3, BBEAS TIOHATHE,
MOJTyYuBIIee Ha3zBaHUE THiIbOepToBa mpocTpaHcTBa. B 1910—1920-e
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roasl (mocine cmeptu Anpu Ilyankape) Obul IpPU3HAHHBIM MHPOBBIM
muaepoM MatemMaTtukoB. Ymep ['mipbepr 14 deBpans B BoenHoMm 1943
roay B ['€rrunrene. 3a ero rpoOOM IIUIO BCETO OKOJIO ACCSATKA YETOBEK.

Puxapa IOmmnyc Buasreasm JIEJTEKWH]

Julius Wilhelm Richard Dedekind, 1831 - 1916

Hemeuxuit matematuk, wien bepmunckoir AH. Yumncs y laycca u
Hupuxne B I'érruarenckoMm yHuHBepcutere. OCHOBHBIE pPabOTHI
HenexnHna oTHOCATCS K Teopun anredpamueckux uncena. O000muB
TEOPHUIO0 MHOTOWIECHOB U alredpandeckux Yucell, OH BBEJ B MATEMATUKY
a0cTpakTHBIE anreOpanyecKue CTPYKTYPBI: KOJIbLA, UACaTbl U MOJIYJIIH.
CoBmectHO ¢ KpoHekepom oH co3man OOIIyIO TEOPHUIO0 JETMMOCTH.
JlenekuHa M3BECTEH TaK)Ke KakK aBTOp OJHOM M3 MEPBBIX CHUCTEM
CTPOTOT0 0OOCHOBAHUS TEOPUH JEHCTBUTEIHHBIX YHCEIL.

EBKJIN

Evicheron{

HpeBHerpedyeckuil MaTreMaTuk. Ero HayuHas NesTeIbHOCTh MpOTeKaia B
Anexcanypun B III Bexke mo H. 3. EBkiaua — mnepBblid MaTeMaTHK
anekcaHapuiickoii mkojiel. Ero rnaBHas pabora «Hauwama» (B
JMATHHU3UPOBAHHON ¢opMe — «DJIEMEHTHI») COICPKHUT H3I0KECHUE
IUIAHUMETPUH, CTEPEOMETPUU U Psla BOIPOCOB TEOpUU uucen. B Hel
OH TIOJIBEJI UTOT MPEIIIECTBYIONIEMY Pa3BUTHIO IPEUECKON MaTEMATUKHU
1 co3nai QpyHAaMEeHT JambHEHINero pa3BUTHA MaTeMaTtuku. M3 npyrux
COYMHEHHWH 10 MaTeMaTWKe HaJ0 OTMETUTh pabotry «O neneHun
¢buryp». EBximz — aBTOp paboT 110 aCTPOHOMHH, ONTHKE, MY3BIKE H JIp.

I'eopr KAHTOP

Georg Cantor, 1845 - 1918

Hewmerkuii matematuk. PazpaboTan Teoputo OECKOHEUYHBIX MHOXECTB U
TEOpUI0 TpaHC(PUHUTHBIX uymced. Jlokazan HECUETHOCTh MHOMKECTBA
Bcex jaedcTBuTenbHBIX uucen. CdopmymupoBan oOinee MMOHSATHE
MOIIHOCTH MHOXECTBa. Pa3BUI NPUHUMUIIBI CPaBHEHUS MOUIHOCTH
MHO>KECTBA M J0Ka3ajl SKBUBAJICHTHOCTh MHOKECTBA TOUEK JIMHEHHOTO
OTpe3Ka W TOYEK N-MEPHOT0 MHOT000pa3us. BBel moHsATHE MpeaeTbHOM
TOYKM TPOU3BOJHOIO MHOXECTBA, pa3BWJI OJHY U3 TeOpui
WPPAIMOHANBHBIX YHUCEl, CHOPMYJIUPOBAT aKCHOMY HENPEPHIBHOCTH,
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Ha3BaHHYI0 €ro MMEHEM, TMONyYyWsl pe3yibTaTbl MO mpobieme
€MHCTBEHHOCTH TpUTOHOMeTpHuyeckux psnoB. CosmanHas Kantopom
TEOpHsI MHOKECTB HE TOJIBKO JIEKUT HBIHE B OCHOBE MATEMATHUYECKOIO
aHaJM3a, HO M TOCIY>KWJIa IPUYMHOI 00IIEro nepecMoTpa JIOTHUECKUX
OCHOB MAaTE€MaTHKM M OKas3ajla BIMSHHUE HAa BCIO COBPEMEHHYIO
CTPYKTYpPY MAaT€MATHUKHU.

Crtusen Koya KJIMHHU

Stephen Cole Kleene, 1909 - 1994

AMEpUKAaHCKMH JIOTUK W MareMaTuk. Ero paboTel cOBMECTHO C
paboramu Anonzo Yépua, Kypra ['€énenss u Anana Teiopunra namnu
HA4ajo pa3fedy MaTeMaTHYeCKOW JIOTMKH — TEOPHH BBIYHCIMMOCTH.
Kpome Toro, usBecTeH M300peTeHHEM pEryJsIpHBIX BbIpakeHHH. Ero
uMeHeM HasBaHbl AureOpa Knnnam, 3Bé3nouka Kimau, Teopema Knnan
0 pekypcum, TeopemMa KimHH 0 HEmOABMKHON Touke. Paboranm Takxke B
o0JacTh WHTYWLMOHHUCTCTKOW MaTeMaTWKu bpayspa. BHEC BakHBIHI
BKJIaJ] B TEOPUIO KOHEYHBIX aBTOMATOB.

IMoa dxo3edp KOOH

Paul Joseph Cohen, 1934 - 2007

AMepuKaHCKu MaTeMaTuK. Bepuunoit npoheCCUOHANTBHOM
nesitensHocT KosHa B 00J7acTH TEOPHUM MHOXKECTB €ro KOIUIETH
Ha3pIBalOT  omyOnmWkoBaHHOe B 1963 romy  10Ka3aTeNbCTBO
HEBO3MOXKHOCTH  IOATBEPXKJCHHSI TaK Ha3bIBAa€MOW KOHTHHYYM-
TUTOTE3bl (I0KA3aTENbCTBO HEBO3MOXKHOCTH OMNPOBEPTHYTH KOTOPYIO
osu10 caemano B 1940 rogy Kyprom I'énenem). B 1964 roxy yuensrit
ObU1 ynocToeH npemun boxepa 3a mocTikeHHs B 00JacTH aHaIK3a, a 3a
M3y4eHue JOrukd B 1966 romy moxyuwmn meaans Ounica (SKBHBAIESHT
HobGeneBckoii mpemun). B ciemyromeM rofy WccieoBaHUS B O0JIACTH
JIOTMKH TIpUHECIH eMy Takke HarnumoHanbHyl0 Menanb 3a Hay4HBIC
nmoctxkeHns. KosH He 0CTaBIsuUT penolaBaHus [0 MOCIEAHUX MECSIEB
KU3HU.

T'ordppun Buabreabsm ¢on JEVBHUI]

Gottfried Wilhelm von Leibniz, 1646 - 1716

Hemenkuit (cakconckuit) puinocod u maremaruk. OnepeuB Bpemsi Ha
nBa Beka, 20-metnuit JleWOHWIl 3amymMan MPOEKT MaTeMaTH3alUu
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noruku. B 310  Bpems JleliOHum u300peraeT  COOCTBEHHYIO
KOHCTPYKIMIO apu(pMOMeTpa, ropa3ao Jydlle MacKaleBCKOr0o — OH
yMeJl BBINOJHATH YMHOXEHHE, JelleHHe M H3BJICEUeHHE KOpHEH.
Heo0xoauMo OTMETHUTH J1Ba BAXKHEHIIINX MAaTEMATHYECKUX JTOCTHIKEHUS
Jletioauma: co3ganue (Hapsamy ¢ Hpl0TOHOM) MaTeMaTHIecKoro aHaIn3a
(mudpdepeHINATEHOTO W WHTETPAILHOIO HWCYUCICHHS) W CO3JIaHHE
KOMOWHATOpUKU Kak Hayku. OH eIWHCTBEHHBI BO BCEH HCTOPHH
MaTeMaTHKH, KTO OJIMHAKOBO CBOOOIHO paboTan Kak ¢ HEMpEepHIBHEIM,
TaKk ¥ C JUCKPETHBIM BennmuuHamu. JIeHOHHII TakKe Omucail IBOMYHYIO
cucreMy cuuciaeHuss ¢ uuppamu 0 m 1, Ha KOTOpOH OCHOBaHa
COBpEMEHHas KOMITbIOTEPHAs TEXHHUKA.

Kapa Jlyn ®epaunana pon JUHIAEMAH

Ferdinand von Lindemann, 1852-1939

Hemenkuii marematnk. Haydnple paGoTel JIMHIZEMaHa OXBaTHIBAIOT
MHOTHE oOjacTh MareMatukd. [JaBHOW cdepoil ero HaydHBIX
WHTEPECOB ObLiIa TeOMETPHsl, 0COOCHHO AuddepeHIranbHas reOMETPHsL.
OnpeneneHHy0 3HAYMMOCTh TONYyYWIIM Takxke paborel JluHmemana,
CBS3aHHBIE C TeOpeTHdecKod (pu3mKoW, Teopueil nuHUi cnektpa. B
1882 romy OH 0Ka3aj, YTO YHCIIO T TPAHCIIEHAEHTHO.

Kozed ITNYBUJJIb

Joseph Liouville, 1809 — 1882

@paHiy3ckuii mareMatuk, uieH [lapwxckoii AH, wuHOcTpaHHBIM
noueTHbIN wieH [letepOyprckoit AH. B 1836 roxgy ocHoBan "XKypHaan
YUCTON W mpuKiagHod Marematuku'. Hayunsie mHTepechl JInmyBHInIsa
ObM OYeHb MUPOKUMU. OH TOCTPOMJI TEOPHUIO IIUIUNTHUECKUX
(GyHKUMI, KOTOpble paccMaTpuBajl KakK JIBOSKO HEPHOAMYECKHE
(GYHKIIMM KOMIUTEKCHOW miepeMeHHoW. Ha ocHoBe o0mmieir Teopun
aHaNMMTH4YeCKUX (QyHKUUH, JIMyBUIUIb HCCIIEAOBAN KPAeBYIO 3aady JUIs
TUHEeWHBIX auddepeHnuanbHBIX ypaBHEHHWH 2-ro  mopsaka. Emy
IPUHAUIEXKUT (PyHIaMEHTalbHasi T€0OpeMa CTaTHCTHUECKONH MEXaHHKH,
a TaKkKe TeopeMa 00 WHTErpUpOBAaHMM KAHOHWYECKHX ypaBHEHHI
OUHaMUKH. B Teopum uucen OCOOGHHO BaKHBI  PE3YJIBTATHI
rccaenoBanni JIMyBHyUIs, Kacalomuecs palHoOHATBHBIX MPHOIMKEHUH
anreOpamueckux umcen. B 1851 romy JlmyBwuie — JoKasan

168



CYHICCTBOBAHNUC TPAHCHCHACHTHBIX YHUCE]I, HWMCHHO OH BICPBLIC
IMOCTPOMITI KOHKPETHBIC KJIACChI TPAHCUCHACHTHBIX YUCEIL.

Hukonaii Usanosny JTJOBAYEBCKHM

1792 - 1856

Pycckuit matemaruk. Co3matens reomerpun JloGadeBckoro, AesTensb
YHHBEPCUTETCKOTO  00pa3oBaHMs M  HAPOAHOTO  IPOCBEHICHUS.
W3BecTHBIN aHMMACKUH MaTeMaTuk YwuiabaM Kimddopn nHazBan
Jlo6aueBckoro «KomepHUKOM TeoMeTpum.

Anpapeii Angpeesny MAPKOB

1903-1979

VYueHast cTeneHb NOKTOpa (PU3MKO-MaTEeMaTHUYECKHMX HayK NPHUCBOCHA
0e3 3amuThl aucceprauuu B 1935 rogy. OCHOBHBIE TPYABI MO TEOPHUU
JUHAMHYECKUX CHCTEM, TOIIOJIOTHYECKON anredpe, TEOpUU alropUTMOB
¥ KOHCTPYKTHBHOM MareMaTHke. /[oka3an Hepa3pemmnMoCcTb MPOOIeMbl
paBeHCTBa B acCOLMATHBHBIX  CHCTEMax,  co3fal  LIKOJY
KOHCTPYKTHBHOM MaremMaTuku U joruku B CCCP, aBTop mHOHATHSA
HOPMAaJILHOTO anropudma.

Jxy3enne IEAHO

Giuseppe Peano, 1858 — 1932

Uranpsaackuit MaTeMaTHK. Buéc CYUIECTBEHHBIN BKJIaJ B
MaTeMaTH4YEeCKyIO JIOTHKY, aKCHOMAaTHKY, (UIOCOMHI0 MaTeMaTHKH.
Co3parenb BCIIOMOTaTEIbHOTO HCKYCCTBEHHOI'O f3bIKA JIATHHO-CHHE-
¢uekcuone. bBonee Bcero W3BEeCTEGH Kak aBTOp  CTaHAapTHOU
aKCMOMaTH3alluK HaTypajibHOM apupmeTnkn — apudmernxu [leano.

Poxxep IIEHPOY3

Roger Penrose, 1931

Axrnmiickuéi  marematuk. HampaBienuss wuccnemoBanuii Pomxepa
[lenpoy3a BKIIOYArOT B ce0si MHOTHE acCleKThl T€OMETPHH, TEOPHIO
HEMEPUOTUICCKAX MO3aWK, OOIIYyI0 TEOPHI0 OTHOCHUTEIBHOCTH |
OCHOBBI KBAaHTOBOM TeopuH. IIeHpoy3 mosydms MHOXKECTBO Harpaj 3a
cBoii Biuan B Hayky. [Tomyuwmn nmpus Science Book Prize B 1990 romy 3a
kHuTY "HOBBIi yM KOpOms".

169



I'esmii Hukonaesnu IOBAPOB

1928 — 2004

Pycckuii maremaTuk, KHOEpHETHK, JIOTHK, (uiocod, aBTop TeopHH
KyMyJIATUBHBIX ceTei. Pomuncs 2 ¢espans 1928 roga B8 Mockse. B
1950 romy ¢ oOTIMYMEM 3aKOHYWI MEXaHUKO-MaTEeMaTUYECKUI
¢akynpTeT MOCKOBCKOTO TOCYy/AapCTBEHHOTO yHHMBepcuTeTra nM. M. B.
JlomoHocoBa. Ilocne okoHUaHuS YHUBepcUTeTa OBIT TNPU3BAH Ha
JIEHCTBUTEIbHYIO BOCHHYIO CIykO0y, OMHOBPEMEHHO YUMJICA B 3a04YHOI
acnmpantype Wuctutyta aBromarmku u Tenemexanuku AH CCCP.
[Mocne pemobunu3zanuu, ¢ 1953 mo 1960 roxsr padoran B cucreme AH
CCCP. B 1965 rony nepemen Ha paboTy B MOCKOBCKMII HHKEHEPHO-
¢u3nIecKuii MHCTUTYT (TOCYIApCTBEHHBIH YHHUBEpCUTeT), Trne ¢ 1967
rojga paboran Ha kadenpe kubepHeTuku, npodeccop ¢ 1994 rona.
IloBapos I'.H. BHeC 3HauMTENbHBIN BKJIaA B PAa3BUTHE M INpOIMAraHiy
COBETCKOH M POCCHUCKONW KHOEpHETHKH, (PHIOCODHIO M METOIOIOTHIO
sToi Hayku. llog ero pemakuuedl BBIIUIM BaXXHBIE TPYIOBI IO
KHOEGpHETUKE M TEOPHU CHCTEM. 3HAYWTENBHBIN MEPHUOJl ero Hay4YHOH
JOeSTeNbHOCTH OB CBS3aH C  pa3padOTKOW METONOB CHUHTE3a
YOPaBISIOMMX KOHTAKTHBIX CXEM, PE3yJbTaTOM YEro CTajo CO3/IaHue
MaTeMaTH4YeCKOW TEOPUHM CHHTE3a KOHTAKTHBIX CXEM C OJJHHUM BXOJOM U
HECKOJIBKMMHU BbIXOJaMu. lIpomoipkeHreM HcclieoBaHUH B 00JacTH
ceTeil CBS3M cTaja pa3paboTKa TEOpWH KyMYJATUBHBIX ceTeil. Ha
npotskeHun Bced xu3HU I H. IloBapoB uHTepecoBaics BompocaMu
MaTeMaTHYeCKOH JIOTUKM M HCCIECAOBAaHHEM OyJeBBIX (YHKIHM,
METOJaMH HUX CpaBHEHHWS M MHUHUMH3anuu. [Ipennoxun HOBYIO
KOHIIEHIUIO COOBITHIIHOM oruku. I'enuii HukonaeBud OBLI MOJMIJIOT,
BiIajiel GOJIBIIMM KOJHYECTBOM €BpOIEcKuX s3bikoB. B 1993 romy
n30paH JCWCTBUTENBHBIM WIEHOM MeXIyHapomaHOH  AKaleMuu
WNndopmatmzammu npu OOH. Jlo camoro mocienHero oH OHS He
npekpaman paboThl, YUTAN JIEKLUH, BET HCCIEAOBAHUS IO HCTOPHH
KUOCPHETHKH W BBIYUCIHUTENbHOM Texuuku. Ckonuancs 16 HOSOps
2004 rona B Bo3pacte 76 seT.

Imuiasb Jleon IIOCT

Post Emil Leon, 1897 - 1954

AMepUKaHCKUH  MareMaTMK M JIorMK. WM  momydyeH — psn
(yHIAMEHTaJIbHBIX PE3yJbTATOB B MaTeMaTH4YECKOH JIOTMKE, B TOM
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quciae OXHO W3 Haubojee yNOTpeOMTENBbHBIX ONpedeNieHHH MOHATHH
HENPOTHBOPEUYUBOCTH U MOTHOTHI (POPMANIBHBIX CHUCTEM (MCUHCICHHN),
a TaKkKe J0Ka3aTeIbCTBO (YHKIMOHAIBHON TONHOTHI M JEeIyKTHBHOM
MOJHOTHI (B IIMPOKOM U Y3KOM CMBICIIE) UCUHCICHHS BBICKa3bIBAHHM.
I[MToct man omHo wu3 mepBwIX (He3aBucuMoe OT A.M. Trropurra)
OmpeNieNieHNid  TOHSATHST ~ ajJropuTMa B TEPMHHAX «a0OCTPaKTHOM
BBIYUCIUTEIBHON MAIIMHBD U c(hOPMYITHPOBaT OCHOBHOH TE3UC TEOPUH
JITOPUTMOB O BO3MOKHOCTH ONMCATh JIIOOOH KOHKPETHBIH alrOpUTM
MTOCPEICTBOM 3TOTO OTIpeICTICHHS. [octy MIPUHAIEKAT
JIOKa3aTeNIbCTBA  BBIPA3UMOCTH  OOLIEPEKYpPCHBHBIX  (QyHKIMH
NPEAUKATOB 4Yepe3 NPUMHUTUBHO PEKYypPCHBHBIE (YHKLIHUH, B YaCTHOCTH
Tak Ha3bIBacMas TeopemMa 0 HopMaiabHOU (hopme. OH ke aBTOpP MEPBBIX
(omHoBpemMeHHO ¢ A.A. MapKOBBIM) J10Ka3aTeNbCTB aNrOPHUTMHUUECKON
HEepa3peLInMOCTH psia NpoOJIeM MaTeMaTHUYeCKOM JIOTUKU U alIreOphl.

Beprpan Aptyp Yuassam PACCEJI

Bertrand Arthur William Russell, 1872 — 1970

AHTIIMACKUN MaTeMaTuK, Guiocod U oOmecTBeHHBIN nesatenb. Co3man
KOHIICTIIIMIO  <JIOTHYECKOr0 aroMHM3Ma» M pa3paboTall TEOPHIO
neckpurniuii. CymecTBeHHBIE Pe3yIbTaThl ObLUTH MOTy4YeHB PaccenoM B
00JaCcTH CUMBOJIMYECKOH JIOTUKHA U €€ MPUMEHEHHUs K (PUIOCOPCKUM U
MaTeMaTudeckuM mpobseMaM. [Ipodeccop Paccen sBisercs aBTOpoM
MHOXXECTBa paboT B 00JACTH MaTeMaTHYECKOW JIOTWKH. BakHewreit
sBisgercss HanmucaHHas B 1913 romy B coaBtopctBe ¢ A. VYalitxemom
pabora «IIpHHIMITBI MaTeMaTUKW», KOTOpas JOKa3bIBAE€T COOTBETCTBHC
MPUHITUIIOB MAaTeMAaTUKW MPUHITUIAM JIOTHKH W BO3MOXKHOCTH
OTIpEeIeJICHUS] OCHOBHBIX TOHSATHM MaTeMAaTHKH B TEPMHUHAX JIOTHKU.
IToutn no camoii cmeptu 2 ¢eBpans 1970 roma 98-neTHuil y4eHbIi
OCTaBaJICSI SHEPTHUHBIM H JIEATEITHHBIM.

®puapux Joasur I'oti06 ®PET'E

Friedrich Ludwig Gottlob Frege, 1848 - 1925

Hemenkuii noruk, marematuk W ¢uiocod. IlpencraBurenb UIKONIbI
aHanuTu4eckoil Qunocoduu. CopMynupoBal HACIO JIOTUIH3MA, TO
€CTb HaIpaBI€HHE B OCHOBAaHMIX MareMaTHKu U ¢uiocodpun
MaTE€MaTUKH, OCHOBHBIM TE€3UCOM KOTOPOIO SIBJISIETCS YTBEPXKICHHUE O
«CBOJMMOCTH MATE€MAaTHUKH K JIOTHKe». Dpere sBILETCS OCHOBATEIEM
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COBpEMEHHOM Joruueckol ceMaHTHkH. YMep ®pere B ban-Kinsiinene
26 uronst 1925 rona.

Ipucer OPpuapux @epaunang HEPMEJIO

Ernst Friedrich Ferdinand Zermelo, 1871 — 1953

Hemenxwuit MmaTematuk. OCHOBHBIE HMCCJIEIOBAHUS OTHOCSITCS K TEOPUH
MHOJKECTB, TJIe OH Jajl OOIIyl0 aKCHOMAaTHKYy U JOKa3all, YTO BCSIKOE
MHOXKECTBO MOXET OBITh BHOJHE ymopsamodeHo. Paboter Llepmerno
OKazasy OOJBIIOE BIMSIHUE HA PAa3BUTHE DTOTO pa3feiia MAaTEMATHKU U
BBI3BAIA OXXUBIEHHYIO MUCKYCCHIO. 3aHUMAJCS TaKKe BapHAIIOHHBIM
HCYHUCICHHEM W BONPOCAMHU NPUJIIOKEHUS TEOPUU BEPOATHOCTEH K
CTaTUCTUICCKOMN (PU3MKeE.

Asonzo YEPY

Alonzo Church, 1903 - 1995

AMEpUKaHCKUI MaTeMaTUK M JIOTMK, BHECIUMH BKJIaJ B OCHOBBI
uHpopMaTuky. Yépu BHEC CYHIECTBEHHBIH BKIaJ B pa3BUTHE
KOMOMHATOPHOHN JIOTMKH: €My NpWHaIJIeKaT UCCIEAOBaHMS B 00NACTH
JIOTUYECKON CEeMaHTUKM M MojainbHOM Jsoruku. Kpome toro, Uépu
NpOCTIaBHIICS Pa3paboTKON TEOpHH JIAMOAa-HCUHCICHUH.

Kuaoa dasyny HIEHHOH

Claude Elwood Shannon, 1916 - 2001

AMepUKaHCKUII MaTeMaTHK W JJEKTPOTEXHUK. SIBIAETCS OOHUM W3
co3zarenedl MareMaTHdecKoil Teopuu HH(OpMAanM{, B 3HAYUTENbHON
Mepe TpeAoNpeaesni CBONMH pPe3yJIbTaTaMH Pa3BUTHE OOIIEH TEopHH
JTUCKPETHBIX aBTOMATOB, KOTOpBIE SIBIIAIOTCA BaYKHBIMU
cocrasnsomuMu knubepuetuku. Kiox Hlennon ymep 24 despans 2001
roga B Bo3pacTe 84 jer mocie MHOrosieTHeH OopbObl ¢ 0OJIEe3HBIO
Anpureitmepa.
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